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Preface

You have in your hands a compact symbolic and numerical computer that will
facilitate calculation and mathematical analysis of problems in a variety of
disciplines, from elementary mathematics to advanced engineering and science
subjects.  Although referred to as a calculator, because of its compact format
resembling typical hand-held calculating devices, the HP 50g should be
thought of as a graphics/programmable hand-held computer.

The HP 50g can be operated in two different calculating modes, the Reverse
Polish Notation (RPN) mode and the Algebraic (ALG) mode (see page 1-13 for
additional details). The RPN mode was incorporated into calculators to make
calculations more efficient. In this mode, the operands in an operation (e.g., ‘2’
and ‘3" in the operation ‘2+3’) are entered into the calculator screen, referred
to as the stack, and then the operator (e.g., ‘+ in the operation ‘2+3') is
entered to complete the operation. The ALG mode, on the other hand, mimics
the way you type arithmetic expressions in paper. Thus, the operation ‘2+3’, in
ALG mode, will be entered in the calculator by pressing the keys ‘2, ‘+, and
‘3, in that order.  To complete the operation we use the ENTER key. Examples
of applications of the different functions and operations in this calculator are
illustrated in this user’s guide in both modes.

This guide contains examples that illustrate the use of the basic calculator
functions and operations. The chapters are organized by subject in order of
difficulty. Starting with the setting of calculator modes and display options, and
continuing with real and complex number calculations, operations with lists,
vectors, and matrices, detailed examples of graph applications, use of strings,
basic programming, graphics programming, string manipulation, advanced
calculus and multivariate calculus applications, advanced differential equations
applications (including Laplace transform, and Fourier series and transforms),
and probability and statistic applications.



For symbolic operations the calculator includes a powerful Computer Algebraic
System (CAS) that lets you select different modes of operation, e.g., complex
numbers vs. real numbers, or exact (symbolic) vs. approximate (numerical)
mode.  The display can be adjusted to provide textbooktype expressions,
which can be useful when working with matrices, vectors, fractions,
summations, derivatives, and integrals.  The high-speed graphics of the

calculator produce complex figures in very little time.

Thanks to the infrared port, the RS232 port, and the USB port and cable
provided with your calculator, you can connect your calculator with other
calculators or computers. This allows for fast and efficient exchange of
programs and data with other calculators or computers.  The calculator
provides a flash memory card port to facilitate storage and exchange of data
with other users.

The programming capabilities of the calculator allow you or other users to
develop efficient applications for specific purposes. Whether it is advanced
mathematical applications, specific problem solution, or data logging, the
programming languages available in your calculator make it into a very

versatile computing device.

We hope your calculator will become a faithful companion for your school and
professional applications.
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Chapter 1
Getting started

This chapter provides basic information about the operation of your calculator.
It is designed to familiarize you with the basic operations and settings before
you perform a calculation.

Basic Operations

The following sections are designed to get you acquainted with the hardware of
your calculator.

Batteries

The calculator uses 4 AAA (LRO3) batteries as main power and a CR2032
lithium battery for memory backup.

Before using the calculator, please install the batteries according to the
following procedure.

To install the main batteries
a. Make sure the calculator is OFF. Slide up the battery compartment cover as
illustrated.

b. Insert 4 new AAA (LRO3) batteries into the main compartment. Make sure

each battery is inserted in the indicated direction.

To install the backup battery
a. Make sure the calculator is OFF. Press down the holder. Push the plate to the
shown direction and lift it.
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b. Insert a new CR2032 lithium battery. Make sure its positive (+) side is facing

up.
c. Replace the plate and push it fo the original place.

After installing the batteries, press [ON] to turn the power on.

Warning: When the low battery icon is displayed, you need to replace the
batteries as soon as possible. However, avoid removing the backup battery and
main batteries at the same time to avoid data lost.

Turning the calculator on and off

The key is located at the lower left corner of the keyboard. Press it once to
turn your calculator on. To turn the calculator off, press the right-shift key
(first key in the second row from the bottom of the keyboard), followed by the
key. Notice that the key has a OFF label printed in the upper right
corner as a reminder of the OFF command.

Adjusting the display contrast

You can adjust the display contrast by holding the key while pressing the
or (=) keys. The (ov)(hold) key combination produces a darker
display. The (hold) (=) key combination produces a lighter display

Contents of the calculator’s display

Turn your calculator on once more. The display should look as indicated

below.
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FAD HYZ HEX F= '&' ALY
mHOHES

EDIT | YIEW | KCL | ETOK |FURGE[CLERFR

At the top of the display you will have two lines of information that describe the
settings of the calculator.  The first line shows the characters:

For details on the meaning of these symbols see Chapter 2.

The second line shows the characters: £ ¥ indicating that the HOME
directory is the current file directory in the caleulator's memory. In Chapter 2
you will learn that you can save data in your calculator by storing them in files
or variables.  Variables can be organized into directories and sub-directories.
Eventually, you may create a branching tree of file directories, similar to those in
a computer hard drive.  You can then navigate through the file directory tree to
select any directory of inferest. As you navigate through the file directory the
second line of the display will change to reflect the proper file directory and
sub-directory.

At the bottom of the display you will find a number of labels, namely,

associated with the six soft menu keys, F1 through F6:

The six labels displayed in the lower part of the screen will change depending
on which menu is displayed. But will always be associated with the first
displayed label, with the second displayed label, and so on.

Menus

The six labels associated with the keys through form part of a menu
of functions. Since the calculator has only six soft menu keys, it only display 6
labels at any point in time. However, a menu can have more than six entries.
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Each group of 6 entries is called a Menu page. The current menu, known as
the TOOL menu (see below), has eight entries arranged in two pages. The next
page, containing the next two entries of the menu is available by pressing the
(NeXT menu) key. This key is the third key from the left in the third row of
keys in the keyboard. Press once more to return to the main TOOL menu,
or press the key (third key in second row of keys from the top of the
keyboard).

The TOOL menu is described in detain in the next section. At this point we will
illustrate some properties of menus that you will find useful while using your
calculator.

SOFT menus vs. CHOOSE boxes

Menus, or SOFT menus, associate labels in the lower part of the screen with the
six soft menu keys (7)) through ). By pressing the appropriate soft menu
key, the function shown in the associated label gets activated.  For example,
with the TOOL menu active, pressing the § key (%)) activates function
CLEAR, which erases (clears up) the contents of the screen. To see this function

in action, type a number, say (7 )(2)(3)@&m), and then press the key.

SOFT menus are typically used to select from among a number of related
functions. However, SOFT menus are not the only way to access collections of
related functions in the calculator. The alternative way will be referred to as
CHOOSE boxes. To see an example of a choose box, activate the TOOL menu
(press (00)), and then press the keystroke combination (P _84s (associated with
the key). This will provide the following CHOOSE box:

AD
HOH EREE HENU
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This CHOOSE box is labeled BASE MENU and provides a list of numbered
functions, from 1. HEX x to 6. B>R. This display will constitute the first page of
this CHOOSE box menu showing six menu functions. You can navigate through
the menu by using the up and down arrow keys, (@<, located in the upper
right side of the keyboard, right under the and soft menu keys. To
activate any given function, first, highlight the function name by using the up
and down arrow keys, (a\<3?, or by pressing the number corresponding to
he function in the CHOOSE box. After the function name is selected, press the
i soft menu key ((#)). Thus, if you wanted to use function R>B (Real to

Binary), you could press (6 (7).

If you want to move to the top of the current menu page in a CHOOSE box, use
()@ . To move to the bottom of the current page, use (9)<I>. To move to
the top of the entire menu, use (P)¢ay. To move to the bottom of the entire
menu, use (P ).

Selecting SOFT menus or CHOOSE boxes

You can select the format in which your menus will be displayed by changing a
sefting in the calculator system flags (A system flag is a calculator variable that
controls a certain calculator operation or mode. For more information about
flags, see Chapter 24). System flag 117 can be set to produce either SOFT
menus or CHOOSE boxes. To access this flag use:

@&E) Y

MODE)

Your calculator will show the following screen, highlighting the line starting with
the number 117:

103 ZyH. Factorize
110 NorHal Hatrices
111 ZiHp noen rat,
112 i siHpliFied
112 Lin@dar ZiHp on

114 Disp 1+x + x+l
115 Z@RT xinpliFied
116 Frefer cozil

By default, the line will look as shown above. The highlighted line (117
CHOOSE boxes) indicates that CHOOSE boxes are the current menu display
setting. If you prefer to use SOFT menu keys, press the ivi soft menu key

((3)), followed by ). Press i (7)) once more to return to

normal calculator display.
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If you now press () 8 , instead of the CHOOSE box that you saw earlier,
the display will now show six soft menu labels as the first page of the STACK
menu:

To navigate through the functions of this menu, press the key to move to the
next page, or () _ (associated with the key) to move to the previous
page. The following figures show the different pages of the BASE menu
accessed by pressing the key twice:

Pressing the key once more will takes us back to the first menu page.

Note: With the SOFT menu setting for system flag 117, the keystroke
combination (7] (hold) &7, will show a list of the functions in the current soft
menu. For example, for the two first pages in the BASE menu, you will get:

Ex OGIc
EC EIT
CT BYTE
IH

+B STHE
+R RCHS

[ EIT [EYTE] [ STH:]

To revert to the CHOOSE boxes setting, use:

MODE

Notes:

1. The TOOL menu, obtained by pressing (oD, will always produce a SOFT
menu.

2. Most of the examples in this User's Manual are shown using both SOFT
menus and CHOOSE boxes. Programming applications (Chapters 21 and
22) use exclusively SOFT menus.

3. Additional information on SOFT menus vs. CHOOSE boxes is presented in
Chapter 2 o f this guide.
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The TOOL menu

The soft menu keys for the menu currently displayed, known as the TOOL menu,
are associated with operations related to manipulation of variables (see pages
for more information on variables):

i EDIT the contents of a variable (see Chapter 2 and Appendix
L for more information on editing)
2 VIEW the contents of a variable

7 ReCall the contents of a variable
i STOre the contents of a variable
s PURGE a variable

78 CLEAR the display or stack

The calculator has only six soft menu keys, and can only display 6 labels at any
point in time. However, a menu can have more than six entries. Each group of
6 entries is called a Menu page. The TOOL menu has eight entries arranged
in two pages. The next page, containing the next two entries of the menu are
available by pressing the (NeXT menu) key. This key is the third key from
the left in the third row of keys in the keyboard.

In this case, only the first two soft menu keys have commands associated with
them. These commands are:

CASCMD: CAS CoMmanD, used to launch a command from
the CAS by selecting from a list

HELP facility describing the commands available

Pressmg the ) key will show the original TOOL menu.  Another way to
recover the TOOL menu is to press the (o) key (third key from the left in the
second row of keys from the top of the keyboard).

Setting time and date

The calculator has an internal real time clock. This clock can be continuously
displayed on the screen and be used for alarms as well as running scheduled
tasks. This section will show not only how to set time and date, but also the
basics of using CHOOSE boxes and entering data in a dialog box. Dialog
boxes on your calculator are similar to a computer dialog box.

To set time and date we use the TIME choose box available as an alternative
function for the (9) key. By combining the rightsshift button, (=), with the
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(9) key the TIME choose box is activated. This operation can also be
represented as (@) ™ . The TIME choose box is shown in the figure below:

RO WYZ HEW Fe 'H' ALG
HOHEZ

2 52t alarH.
.50t ting, date.
Yo Touls..

As indicated above, the TIME menu provides four different options, numbered 1
through 4. Of interest to us as this point is option 3. Set time, date... Using the
down arrow key, <3, highlight this option and press the soft menu key.
The following input form (see Appendix 1-A) for adjusting time and date is
shown:

% *ET TIME AND DATE

E:o1:34 PH
Z-30 02 MDY

EDIT |CHOOZ

Setting the time of the day

Using the number keys, (7T)(2)(3)#)(E)C6)(7)C8I(8I(0), start by
adjusting the hour of the day. Suppose that we change the hour to 11, by
pressing as the hour field in the SET TIME AND DATE input form is
highlighted. This results in the number 171 being entered in the lower line of the

input form:
ET TIAE AND GATE

Tine:  [H:81:34 PH
Date: 2-38-83 M-DoY

Press the | soft menu key to effect the chcmge The value of 17 is now
shown in the hour field, and the minute field is automatically highlighted:
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ZET TINE AND DATE 3

11 :E:34 PM
236883 MDY

Entgr Hinute
EDIT [CHonZ

Let's change the minute field to 25, by pressing: . The seconds
field is now highlighted. Suppose that you want to change the seconds field to

45, use:

The time format field is now highlighted. To change this field from its current
setting you can either press the key (the second key from the left in the fifth
row of keys from the bottom of the keyboard), or press the oft menu key

(D).

+  If using the key, the setting in the time format field will change to either
of the following options:

o AM: indicates that displayed time is AM time

o PM : indicates that displayed time is PM time

o 24-hr: indicates that that the time displayed uses a 24 hour
format where18:00, for example, represents 6pm

The last selected option will become the set option for the time format by

using this procedure.

oft menu key, the following options are available.
TET TIAE AND DATEZ

If using the

14 -1 -SAd

o
L
24-hour ting

Chooze AN, FH, or 24-heur tine

Use the up and down arrow keys,cay
options (AM, PM, 24-hour time). Press the
selection.

to select among these three
i soft menu key to make the

Page 1-9



Setting the date
After setting the time format option, the SET TIME AND DATE input form will
look as follows:

ZET TINE AND DATE 3

11:25:45
.28 -83 MDY

Chodse AH, FH, or 34-hour tide

To set the date, first set the date format. The default format is M/D/Y (month/
day/year). To modify this format, press the down arrow key. This will highlight
the date format as shown below:

ZET TIME AND DATE 3

11:25:45 AM
33003 FEERd

Chooze date dizplay Forpat

Use the §

Highlight your choice by using the up and down arrow keys,cay &, and

press the # oft menu key to make the selection.
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Introducing the calculator’s keyboard

The figure below shows a diagram of the calculator’s keyboard with the

numbering of its rows and columns.

Column: 1 2 3 4 5 6
v v v v v v
Row
—_— Y= WIN  GRAPH 2DI3D  TBLSET  TABLE
1> | (4 [r28) (3¢ [Fap] [F5¢]
FILES BEGIN CUSTOMEND i
2» L Oy
UPDIR COPY RCL CUT PREV PASTE @ @
3 B
CMD UNDO PRG CHARS MTRW EQW MTH CAT DEL CLEAR
av | Lol on) (ol (smer) (]
e IN x* ¥F AN X ACOS & AN /S
s» | [ra e (ad) ey (woe
10106 # = < > ABS ARG
ov | Lo o Cax ) (e
USER ENTRY S SIVNUM.SIV EXPRINTRIG FINANCETIME [ ] n
7o T 7 T8 (9 (x]
CALC ALG MATRICES STAT CONVERT UNITS { ] =
v (=) La)(5])[e) (-]
ARTH CMPLX DEF  LIB BASE () <<>>
o |0 T T (e )
CONT OFF oo = :; «d T 9 ANS=NUM
10> ]
CANCEL
A A A A A
Column: 1 2 3 4 5

The figure shows 10 rows of keys combined with 3, 5, or 6 columns.

has 6 keys, rows 2

Row 1
and 3 have 3 keys each, and rows 4 through 10 have 5

keys each. There are 4 arrow keys located on the right-hand side of the
keyboard in the space occupied by rows 2 and 3.
Each key has three, four, or five functions. The main key function correspond to

the most prominent |

abel in the key. Also, the leftshift key, key (8,1), the right-
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shift key, key (9,1), and the ALPHA key, key (7, 1), can be combined with some
of the other keys to activate the alternative functions shown in the keyboard.
For example, the key, key(4,4), has the following six functions associated
with it:

Main function, to activate the SYMBolic menu

M _ Left-shift function, to activate the MTH (Math) menu
_aar Right-shift function, to activate the CATalog function
(awprd) (P) ALPHA function, to enter the upper-case letter P

(aera) () (P) ALPHA-Left-Shift function, to enter the lower-case letter p

@) (P (@ ALPHA-Right-Shift function, to enter the symbol P

Of the six functions associated with the key only the first four are shown in the
keyboard itself. This is the way that the key looks in the keyboard:

MTH CAT
SYMB P

Notice that the color and the position of the labels in the key, namely, SYMB,
MTH, CAT and P, indicate which is the main function (SYMB), and which of
the other three functions is associated with the left-shift (o) (MTH), right-shift
(CAT), and (P) keys.

For detailed information on the calculator keyboard operation referee to

Appendix B .

Selecting calculator modes

This section assumes that you are now at least partially familiar with the use of
choose and dialog boxes (if you are not, please refer to Chapter 2).

Press the button (second key from the left on the second row of keys from
the top) to show the following CALCULATOR MODES input form:
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CALCULATOR HODEZ
fperating Hode..
Nunber Fornat.... 5td FH.
Anale Heasure... Eadians
RFectanaular
wEeap _Hey Click ¢ Last Stack

hooze caleulator oparating Hode
AGE|CHOOE| CRS | DIEF [CANCL] 0

Press the i soft menu key fo return to normal display. Examples of selecting

different calculator modes are shown next.

Operating Mode

The calculator offers two operating modes: the Algebraic mode, and the
Reverse Polish Notation (RPN) mode. The default mode is the Algebraic mode
(as indicated in the figure above), however, users of earlier HP calculators may
be more familiar with the RPN mode.

To select an operating mode, first open the CALCULATOR MODES input form
by pressing the button. The Operating Mode field will be highlighted.
Select the Algebraic or RPN operating mode by either using the key
( nd from left in the fifth row from the keyboard bottom), or pressing the
’ soft menu key. If using the latter approach, use up and down arrow
keys @ ¥, to select the mode, and press the soft menu key to
complete the operation.

To illustrate the difference between these two operating modes we will calculate

the following expression in both modes:

Page 1-13



To enter this expression in the calculator we will first use the equation writer,
(P) _ew. Please identify the following keys in the keyboard, besides the
numeric keypad keys:

@I EII B D)

e U (P) e QOO G @)
The equation writer is a display mode in which you can build mathematical
expressions using explicit mathematical notation including fractions, derivatives,
integrals, roots, etc.  To use the equation writer for writing the expression
shown above, use the following keystrokes:

() e (I (=)
WBESED TS &D
A (& (&S (A (S (&S (&
S B ED TS EIOOEDCI - YD D €8]G

After pressing @) the calculator displays the expression:

\ (3% (5-1/(3%3)) /2373+EXP(2.5))

Pressing @) again will provide the following value. Accept Approx. mode on,
if asked, by pressing [Note: The integer values used above, e.g., 3, 5,
1, represent exact values. The EXP(2.5), however, cannot be expressed as an
exact value, therefore, a switch to Approx mode is required]:

| VIEH | RCL | STok [FURGE]

You could also type the expression directly into the display without using the
equation writer, as follows:

D@L _CICO®@Y  BCO=CIE)
= OCIEICImm™
OO EEe (D) Evm)

to obtain the same result.
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Change the operating mode to RPN by first pressing the button. Select the
RPN operating mode by either using the (G- key, or pressing the | soft
menu key. Press the | soft menu key to complete the operation. The
display, for the RPN mode looks as follows:

| VIEH [ REL [ STik [PURGE]

Notice that the display shows several levels of output labeled, from bottom to
top, as 1, 2, 3, efc. This is referred to as the stack of the calculator. The
different levels are referred to as the stack levels, i.e., stack level 1, stack level 2,
etc.

In RPN mode, instead of writing an operation such as 3 + 2 by pressing
(3P 2)@m®), we write the operands first , in the proper order, and then
the operator, i.e., (3)@®(2)(F). As you enter the operands, they occupy
different stack levels. Entering puts the number 3 in stack level 1.
Next, entering (2 ) pushes the 3 upwards to occupy stack level 2. Finally, by
pressing (+), we are telling the calculator to apply the operator, or program,
to the objects occupying levels 1 and 2. The result, 5, is then placed in
level 1.

let's try some other simple operations before trying the more complicated
expression used earlier for the algebraic operating mode:

123/32 DDOE@E@DE
4
327 walwalc:|wnlGaiks

Notice the position of the y and the x in the last two operations. The base in
the exponential operation is y (stack level 2) while the exponent is x (stack level
1) before the key is pressed. Similarly, in the cubic root operation, y (stack
level 2) is the quantity under the root sign, and x (stack level 1) is the root.

Try the following exercise involving 3 factors: (5 + 3) x 2

Calculates (5 + 3) first.
Completes the calculation.

Let's try now the expression proposed earlier:
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(3 )@= Enter 3 in level 1

(3 )@m) Enter 5inlevel 1, 3 moves to y

(3 D@m) Enter 3 in level 1, 5 moves to level 2, 3 to level 3
(3 Ix) Place 3 and multiply, 9 appears in level 1

x 1/(3%3), last value in lev. 1; 5 in level 2; 3 in level 3
=D 5-1/(3x3), occupies level 1 now; 3 in level 2
3x (5 - 1/(3x3)), occupies level 1 now.

(2@ ) @mEnter 23 in level 1, 14.66666 moves to level 2.
(30O Enter 3, calculate 233 into level 1. 14.666 in lev. 2.

= (3x (5-1/(3x3)))/23% into level 1

(2)()(5) Enter 2.5 level 1

e e23 goes into level 1, level 2 shows previous value.
(3x (5- 1/(3x3)))/23% , €22 = 12.18369, info lev. 1.
V(3% (5 - 1/(3x3)))/233 , e29) = 3.4905156, into 1.

Although RPN requires a little bit more thought than the algebraic (ALG) mode,
there are multiple advantages in using RPN. For example, in RPN mode you
can see the equation unfolding step by step. This is extremely useful to detect a
possible input error. Also, as you become more efficient in this mode and learn
more of the tricks, you will be able to calculate expression faster and will much
less keystrokes. Consider, for example the calculation of (4x6 - 5)/(1+4x6 - 5).
In RPN mode you can write:
Ce) =) (=)

obviously, even In RPN mode, you can enter an expression in the same order as
the algebraic mode by using the Equation writer. For example,

(P ew ()3 (S

WB[ED DD T3] DD
A (& (&S (&S (&S (& (A
(H2CEICIIBEIeEm ™I (I em

The resulting expression is shown in stack level 1 as follows:
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3'[5‘ﬁ] 2.5
—233 +=

EDIT | YIEH | RCL | 5To

Notice how the expression is placed in stack level 1 after pressing @) .
Pressing the EVAL key at this point will evaluate the numerical value of that
expression Note: In RPN mode, pressing ENTER when there is no command
line will execute the DUP function which copies the contents of stack level 1 of
the stack onto level 2 (and pushes all the other stack levels one level up). This is
extremely useful as showed in the previous example.

To select between the ALG vs. RPN operating mode, you can also set/clear
system flag 95 through the following keystroke sequence:

ENTER

Alternatively, you can use one of the following shortcuts:
+ In ALG mode,

CF(-95) selects RPN mode

In RPN mode,
95 SF selects ALG mode

For more information on calculator’s system flags see Chapter 2.

Number Format and decimal dot or comma

Changing the number format allows you to customize the way real numbers are
displayed by the calculator. You will find this feature extremely useful in
operations with powers of tens or fo limit the number of decimals in a result.

To select a number format, first open the CALCULATOR MODES input form by
pressing the button. Then, use the down arrow key, <30, to select the
option Number format. The default value is Std, or Standard format. In the
standard format, the calculator will show floating-point numbers with the
maximum precision allowed by the calculator (12 significant digits). To learn
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more about reals, see Chapter 2. To illustrate this and other number formats try
the following exercises:

Standard format:
This mode is the most used mode as it shows numbers in the most familiar
notation.

Press the soft menu key, with the Number format set to Std, to return
to the calculator display. Enter the number 123.4567890123456. Notice
that this number has 16 significant figures. Press the key. The number
is rounded to the maximum 12 significant figures, and is displayed as
follows:

=123, 456?89@12
122. 45573961
| VIEH | RCL | 5Tk [FURGE]

In the standard format of decimal display, integer numbers are shown with
no decimal zeros whatsoever. Numbers with different decimal figures will
be adjusted in the display so that only those decimal figures that are
necessary will be shown. More examples of numbers in standard format
are shown next:

1235,
125.
2. 698
23,6958
P05, 204879
S6. 254879

ETOk [FURGE[CLEAR

Fixed format with no decimals: Press the button. Next, use the down
arrow key, &7, to select the option Number format. Press the soft
menu key, and select the option Fixed with the arrow down key 3> .

ALCULATOR WODE:S
Opgrating Hode. Alaghraic
luHbgr ForHat.... i _FH,
Anale Heasure.... Fadianz
Coord TusteH...... Fectanaular

vwEegp _Hey Click ¢ Last Itack
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Notice that the Number Format mode is set to Fix followed by a zero (0).
This number indicates the number of decimals to be shown after the
soft menu key to

decimal point in the calculator’s display. Press the
return to the calculator display.  The number now is shown as:

P123.
123.

| VIEW [ RCL | 5Tk [FURGE]

This setting will force all results to be rounded to the closest integer (O digit
displayed after the comma). However, the number is still stored by the
calculator with its full 12 significant digit precision. As we change the
number of decimals to be displayed, you will see the additional digits
being shown again.

Fixed format with decimals:
This mode is mainly used when working with limited precision. For

example, if you are doing financial calculation, using a FIX 2 mode is
convenient as it can easily represent monetary units to a 1/100 precision.

Press the button. Next, use the down arrow key, <30, to select the
option Number format. Press the oft menu key, and select the
option Fixed with the arrow down key &>

% CALCULATOFR HODEZ
Oparating Hode. Alagbraic
Munber Fordat... a
Anale Heasure... Radians
Coord Zysten.... Rectanaular
wEeep _HRey Click Lazt Ztack

FH,

hooze nuHbar display ForHat
FLAGE|CHOOE| CRE

Press the right arrow key, (®, to highlight the zero in front of the option
Fix. ~ Press the soft menu key and, using the up and down arrow
keys, (&<, select, say, 3 decimals.
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Press the oft menu key to complete the selection:

CALCULATOR HODES 3
atina Hede. Alagbiaic
Nunber Forvat...Fix El FH,
Anale Heazurs... Radians
Rectanaular
wEeep _Hey Click ' Lazt Ztack

hooze deciHal places to dizplay
FLAGE|CHOOZE] CAZ

Press the | soft menu key return to the calculator display. The number
now is shown as:

123,457
123, 457
| WIEW | KCL | STk [FURGE[CLEAFR

Notice how the number is rounded, not truncated. Thus, the number
123.4567890123456, for this setting, is displayed as 123.457, and not
as 123.456 because the digit after 6 is > 5

Scientific format

The scientific format is mainly used when solving problems in the physical
sciences where numbers are usually represented as a number with limited
precision multiplied by a power of ten.

To set this format, start by pressing the button. Next, use the down
arrow key, &7, to select the option Number format. Press the soft
menu key and select the option Scientific with the arrow down key &>
Keep the number 3 in front of the Sci. (This number can be changed in the
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same fashion that we changed the Fixed number of decimals in the
example above).

ALCULATOR HODES

nperating Hode. Alaebiraic

NuHber ForHat.... z FH,
Anale Heazure.. Radianz

Coprd ZystgH Fectanaular

wEaep _Key Click ¢ Lazt Ztack

Press the oft menu key return to the calculator display. The number

now is shown as:

=1.235E2
1.225E2
| VIEW [ RCL [ ZTok |FURGE]

This result, 1.23E2, is the calculator’s version of powers-often notation,

i.e., 1.235 x 102 In this, so-called, scientific notation, the number 3 in
front of the Sci number format (shown earlier) represents the number of
significant figures affer the decimal point.  Scientific notation always
includes one infeger figure as shown above. For this case, therefore, the
number of significant figures is four.

Engineering format
The engineering format is very similar to the scientific format, except that

the powers of ten are multiples of three.
To set this format, start by pressing the button. Next, use the down

arrow key, <3, to select the option Number format. Press the i soft

menu key and select the option Engineering with the arrow down key &> .
Keep the number 3 in front of the Eng. (This number can be changed in
the same fashion that we changed the Fixed number of decimals in an
earlier example).
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CALCULATOR HODE:
[ ind Hode. Alagbiaic
NuHber Fordat...Ena EHl
Anale Heazure... Radianz
Coprd ZystgH Fectanaular
wEeep _Hey Click  y'Last Ztack

FH,

hoosg deciHal places to dizplay
FLAGE|CHO0E| CA%

Press the i soft menu key return to the calculator display.  The number

now is shown as:

LI =] =1 5
123.5E
| VIEH | RCL [ STk |FURGE]

Because this number has three figures in the integer part, it is shown with
four significative figures and a zero power of ten, while using the

Engineering format. For example, the number 0.00256, will be shown as:
=122, 5EQ
: 2. DeHE-3S

122.3E
2. SEHE-

| VIEW | RCL | STok [PURGE]

Decimal comma vs. decimal point

Decimal points in floating-point numbers can be replaced by commas, if
the user is more familiar with such notation. To replace decimal points for
commas, change the FM option in the CALCULATOR MODES input form to
commas, as follows (Notice that we have changed the Number Format to
Std):

Press the button. Next, use the down arrow key, <3, once, and the

right arrow key, O, highlighting the option __FM,.  To select commas,
press the soft menu key. The input form will look as follows:
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% CALCULATOR HODEZ
na Hode.Alagbiraic

NuHbgr ForHat.... Std F4FH,
Anale Heasure... Radians

Coord ZystgH Fectanaular
wEeep _Hey Click fLast Ztack

Press the soft menu key return to the calculator display. The number
123.456789012, entered earlier, now is shown as:

1123,4567396812
123, 45678981
[ VIEW [ RCL [ STk [FURGE]

Angle Measure

Trigonometric functions, for example, require arguments representing plane
angles. The calculator provides three different Angle Measure modes for
working with angles, namely:

Degrees: There are 360 degrees (360°) in a complete circumference, or
90 degrees (?0°) in a right angle. This representation is mainly used when
doing basic geometry, mechanical or structural engineering, and
surveying.

Radians: There are 2z radians (27 ") in a complete circumference, or 7/2
radians (7/2 ") in a right angle. This notation is mainly used when solving
mathematics and physics problems. This is the default mode of the
calculator.

Grades: There are 400 grades (400 9) in a complete circumference, or

100 grades (100 9) in a right angle. This notation is similar to the degree
mode, and was introduced in order to “simplify” the degree notation but is
seldom used now.

The angle measure affects the trig functions like SIN, COS, TAN and associated
functions.

To change the angle measure mode, use the following procedure:

Press the button. Next, use the down arrow key, &7, twice. Select
the Angle Measure mode by either using the =) key (second from left in
the fifth row from the keyboard bottom), or pressing the soft menu
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key. If using the latter approach, use up and down arrow keys,(ay >,
to select the preferred mode, and press the soft menu key to
complete the operation.  For example, in the following screen, the Radians
mode is selected:

CALCULATORE HODEZ: 3
oparating Hode. Alaebraic
NuHber Fordat... &td FH,
Anale Heaszure....
Coord Zyzted Rectanaular

wEegp _Hey Click ¢ Last Itack

hogsd anale Haasura
FLAGE|CHOOZ] CRZ

Coordinate System

The coordinate system selection affects the way vectors and complex numbers
are displayed and entered. To learn more about complex numbers and vectors,
see Chapters 4 and 9, respectively.

Two- and three-dimensional vector components and complex numbers can be
represented in any of 3 coordinate systems: The Cartesian (2 dimensional) or
Rectangular (3 dimensional), Cylindrical (3 dimensional) or Polar (2
dimensional), and Spherical (only 3 dimensional). In a Carfesian or
Rectangular coordinate system a point P will have three linear coordinates
(x,y,z) measured from the origin along each of three mutually perpendicular
axes (in 2 d mode, z is assumed to be 0). In a Cylindrical or Polar coordinate
system the coordinates of a point are given by (r,6,z), where r is a radial
distance measured from the origin on the xy plane, 6 is the angle that the radial
distance r forms with the positive x axis -~ measured as positive in a
counterclockwise direction -, and z is the same as the z coordinate in a
Cartesian system (in 2 d mode, z is assumed to be 0). The Rectangular and
Polar systems are related by the following quantities:

x=r-cos(f) F=4x+y°

y=r-sin(f) 6 =tan"' (Zj
X
z=z
In a Spherical coordinate system the coordinates of a point are given by (p,0,0)
where p is a radial distance measured from the origin of a Cartesian system, 6
is an angle representing the angle formed by the projection of the linear
distance p onto the xy axis (same as € in Polar coordinates), and ¢ is the angle
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from the positive z axis to the radial distance p. The Rectangular and Spherical
coordinate systems are related by the following quantities:

x = p-sin(@) - cos(0) p=Ax"+y*+2°
y=p-sin(@)-sin@)  O=tan” (Zj

X
2= p-cos(@) b= tan-l| VY

To change the coordinate system in your calculator, follow these steps:

Press the button. Next, use the down arrow key, <37, three times.
Select the Angle Measure mode by either using the key (second from
left in the fifth row from the keyboard bottom), or pressing the soft
menu key. If using the latter approach, use up and down arrow keys,(a
@, to select the preferred mode, and press the i soft menu key to
complete the operation.  For example, in the following screen, the Polar
coordinate mode is selected:

CALCULATOR HODE=
Oparating Hode.Alagbraic
NuHber ForHat....®td _FH,
Anale Heasurs....Radianz

wEegp _Hey Click ¢ Last Stack

hogsd Coprdindte Fysted
FLAGE|CHOOE| CA% | DISF JCANCL] OH

Beep, Key Click, and Last Stack
The last line of the CALCULATOR MODES input form include the options:

_Beep _Key Click _Llast Stack

By choosing the check mark next to each of these options, the corresponding
option is activated. These options are described next:

_Beep : When selected, , the calculator beeper is active. This operation

mainly applies to error messages, but also some user functions like

BEEP.

_Key Click : When selected, each keystroke produces a “click” sound.
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_Last Stack: Keeps the contents of the last stack entry for use with the functions
UNDO and ANS (see Chapter 2).

The _Beep option can be useful to advise the user about errors. You may want
to deselect this option if using your calculator in a classroom or library.

The _Key Click option can be useful as an audible way to check that each
keystroke was entered as intended.

The _Llast Stack option is very useful to recover the last operation in case we
need it for a new calculation.

To select, or deselect, any of these three options, first press the button.
Next,
+ Use the down arrow key, <37, four times to select the _Last Stack option.
Use the soft menu key to change the selection.
Press the left arrow key (O to select the _Key Click option. Use the i
soft menu key to change the selection.
Press the left arrow key O to select the _Beep option. Use the iv1
menu key fo change the selection.

i soft

Press the | soft menu key to complete the operation.

Selecting CAS settings

CAS stands for Computer Algebraic System. This is the mathematical core of
the calculator where the symbolic mathematical operations and functions are
programmed and performed. The CAS offers a number of seftings can be
adjusted according to the type of operation of interest. These are:

The default independent variable

Numeric vs. symbolic mode

Approximate vs. Exact mode

Verbose vs. Non-verbose mode
+  Step-by-step mode for operations

Increasing power format for polynomials
+ Rigorous mode

Simplification of non-rational expressions

Details on the selection of CAS settings are presented in Appendix C.
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Selecting Display modes

The calculator display can be customized to your preference by selecting

different display modes. To see the optional display settings use the following:
First, press the button to activate the CALCULATOR MODES input form.
Within the CALCULATOR MODES input form, press th oft menu key
to display the DISPLAY MODES input form.

DIZFLAY WODE
Font:FtE_HISYSTEM 2
Edit: [snall _Full Fage _Indent
Stack:i_FHalL o Texthook
EgH: _ fHall _ZHall Ztack Dazp

Haadar: 2 _Clock _HAnalaa

dit uFina sHall Font?

To navigate through the many options in the DISPLAY MODES input form,
use the arrow keys: @O (> A .

To select or deselect any of the seftings shown above, that require a check
mark, select the underline before the option of interest, and toggle the
i soft menu key until the right setting is achieved. When an option is
selected, a check mark will be shown in the underline (e.g., the Textbook
option in the Stack: line above). Unselected options will show no check
mark in the underline preceding the option of interest (e.g., the _Small,

_Full page, and _Indent options in the Edit: line above).

To select the Font for the display, highlight the field in front of the Font:
option in the DISPLAY MODES input form, and use the &l soft menu key.
After having selected and unselected all the options that you want in the
DISPLAY MODES input form, press the #li## soft menu key. This will take
you back to the CALCULATOR MODES input form.  To return to normal

calculator display at this point, press the soft menu key once more.

Selecting the display font

Changing the font display allows you to have the calculator look and feel
changed to your own liking. By using a é-pixel font, for example, you can
display up to 9 stack levels! Follow these instructions to select your display font:
First, press the button to activate the CALCULATOR MODES input form.
Within the CALCULATOR MODES input form, press the soft menu key to
display the DISPLAY MODES input form. The Font: field is highlighted, and the
option Ft8_0:system 8 is selected. This is the default value of the display font.
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Pressing the soft menu key will provide a list of available system fonts, as

shown below:

DIZFLAY WODES 3
B:ETSTEN

usten Fent @ |
N: FyzteH Font 7 .
‘|Fusted Font &
Head| propza. .

hooza zystan Font

The options available are three standard System Fonts (sizes 8, 7, and 6) and a
Browse.. option.  The latter will let you browse the calculator memory for
additional fonts that you may have created (see Chapter 23) or downloaded
into the calculator.

Practice changing the display fonts to sizes 7 and 6. Press the OK's
key to effect the selection. When done with a font selection, press the &
menu key to go back to the CALCULATOR MODES input form. To return to
normal calculator display at this point, press the Eii# soft menu key once more
and see how the stack display change to accommodate the different font.

Selecting properties of the line editor

First, press the button to activate the CALCULATOR MODES input form.
Within the CALCULATOR MODES input form, press the soft menu key to
display the DISPLAY MODES input form. Press the down arrow key, &, once,
to get to the Edit line. This line shows three properties that can be modified.
When these properties are selected (checked) the following effects are
activated:

_Small Changes font size to small
_Full page Allows to place the cursor after the end of the line
_Indent Auto intend cursor when entering a carriage return

Detailed instructions on the use of the line editor are presented in Chapter 2 in
this guide.

Selecting properties of the Stack

First, press the button to activate the CALCULATOR MODES input form.
Within the CALCULATOR MODES input form, press the soft menu key to
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display the DISPLAY MODES input form. Press the down arrow key, <&, twice,
to get to the Stack line. This line shows two properties that can be modified.
When these properties are selected (checked) the following effects are
activated:

_Small Changes font size to small. This maximized the amount of
information displayed on the screen. Note, this selection
overrides the font selection for the stack display.

_Textbook Display mathematical expressions in graphical mathematical
notation

To illustrate these settings, either in algebraic or RPN mode, use the equation

writer to type the following definite integral:

(el ew ()0 R)e )L IR0 E e

In Algebraic mode, the following screen shows the result of these keystrokes with
neither _Small nor _Textbook are selected:

R = PR TR o Sl P i
[ZHIF-H +DEL | BEL+|DEL L[ IN: |

With the _Small option selected only, the display looks as shown below:

s X0, ERFO=H1,

With the _Textbook option selected (default value), regardless of whether the
_Small option is selected or not, the display shows the following result:

[ZRIF+ +DEL | DEL+DEL L

Selecting properties of the equation writer (EQW)

First, press the button to activate the CALCULATOR MODES input form.
Within the CALCULATOR MODES input form, press the & soft menu key to
display the DISPLAY MODES input form. Press the down arrow key, <&V, three
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times, to get to the EQW (Equation Writer) line. This line shows two properties
that can be modified. When these properties are selected (checked) the
following effects are activated:

_Small Changes font size to small while using the equation
editor
_Small Stack Disp Shows small font in the stack for textbook style display

Detailed instructions on the use of the equation editor (EQW) are presented
elsewhere in this manual.

For the example of the integral Jme_XdX, presented above, selecting the
0

_Small Stack Disp in the EQW line of the DISPLAY MODES input form produces
the following display:

Selecting the size of the header

First, press the button to activate the CALCULATOR MODES input form.
Within the CALCULATOR MODES input form, press the soft menu key to
display the DISPLAY MODES input form. Press the down arrow key, &>, four
times, to get to the Header line. The value 2 is assigned to the Header field by

default. This means that the top part of the display will contain two lines, one
showing the current settings of the calculator, and a second one showing the
current sub directory within the calculator's memory (These lines were described
earlier in the manual). The user can select to change this setting to 1 or 0 to
reduce the number of header lines in the display.

Selecting the clock display

First, press the button to activate the CALCULATOR MODES input form.
Within the CALCULATOR MODES input form, press the soft menu key to
display the DISPLAY MODES input form. Press the down arrow key, &>, four
times, to get to the Header line. The Header field will be highlighted. Use the
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right arrow key () to select the underline in front of the options _Clock or
soft menu key until the desired setting is achieved.
If the _Clock option is selected, the time of the day and date will be shown in
the upper right corner of the display. If the _Analog option is also selected, an
analog clock, rather than a digital clock, will be shown in the upper right corner
of the display. If the _Clock option is not selected, or the header is not present,
or too small, the date and time of day will not be shown in the display.
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Chapter 2
Introducing the calculator

In this chapter we present a number of basic operations of the calculator
including the use of the Equation Writer and the manipulation of data objects in
the calculator. Study the examples in this chapter to get a good grasp of the
capabilities of the calculator for future applications.

Calculator objects

Any number, expression, character, variable, etc., that can be created and
manipulated in the calculator is referred o as an object. Some of the most
useful type of objects are listed below.

Real. These object represents a number, positive or negative, with 12 significant
digits and an exponent ranging from -499 to +499. example of reals are: 1.,
-5., 56.41564 1.5E45, -555.74E-95

When entering a real number, you can use the key to enter the exponent
and the key to change the sign of the exponent or mantissa.

Note that real must be entered with a decimal point, even if the number does
not have a fractional part. Otherwise the number is taken as an integer
number, which is a different calculator objects. Reals behave as you would
expect a number to when used in a mathematical operation.

Integers. These objects represent integer numbers (numbers without fractional
part) and do not have limits (except the memory of the calculator). Example of
integers are: 1, 564654112, -413165467354646765465487. Note how
these numbers do not have a decimal point.

Due to their storage format, integer numbers are always maintain full precision
in their calculation. For example, an operation such as 30/14, with integer
numbers, will return 15/7 and not 2.142.... To force a real (or floating-point)
result, use function >NUM () =num .

Integers are used frequently in CAS-based functions as they are designed to
keep full precision in their operation.

If the approximate mode (APPROX) is selected in the CAS (see Appendix C),
integers will be automatically converted to reals. If you are not planning to use

Page 2-1



the CAS, it might be a good idea to switch directly into approximate mode.
Refer to Appendix C for more details.

Mixing integers and reals together or mistaking an integer for a real is a
common occurrence. The calculator will detect such mixing of objects and ask
you if you want to switch to approximate mode.

Complex numbers, are an extension of real numbers that include the unit

imaginary number, i2=1. A complex number, e.g., 3 + 2i, is written as (3, 2)
in the calculator.

Complex numbers can be displayed in either Cartesian or polar mode
depending on the setting selected. Note that complex numbers are always
stored in Carfesian mode and that only the display is affected. This allows the
calculator to keep as much precision as possible during calculations.

Most mathematics functions work on complex numbers. There is no need to use
a special “complex +“ function to add complex numbers, you can use the same
function that on reals or integers.

Vector and matrix operations utilize objects of type 3, real arrays, and, if
needed, type 4, complex arrays. Obijects type 2, strings, are simply lines of
text (enclosed between quotes) produced with the alphanumeric keyboard.

A list is just a collection of objects enclosed between curly brackets and
separated by spaces in RPN mode (the space key is labeled (<)), or by
commas in algebraic mode. Lists, objects of type 5, can be very useful when
processing collections of numbers. For example, the columns of a table can be
entered as lists. If preferred, a table can be entered as a matrix or array.

Obijects type 8 are programs in User RPL language. These are simply sets of
instructions enclosed between the symbols << >>.

Associated with programs are objects types 6 and 7, Global and Local Names,
respectively. These names, or variables, are used to store any type of objects.
The concept of global or local names is related to the scope or reach of the
variable in a given program.

An algebraic object, or simply, an algebraic (object of type 9), is a valid
algebraic expression enclosed within quotation or tick marks.
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Binary integers, objects of type 10, are used in some computer science
applications.

Graphics objects, objects of type 11, store graphics produced by the calculator.

Tagged objects, objects of type 12, are used in the output of many programs to
identify results. For example, in the tagged object: Mean: 23.2, the word Mean:
is the tag used to identify the number 23.2 as the mean of a sample, for
example.

Unit objects, objects of type 13, are numerical values with a physical unit
attached to them.

Directories, objects of type 15, are memory locations used to organize your
variables in a similar fashion as folders are used in a personal computer.

Libraries, objects of type 16, are programs residing in memory ports that are
accessible within any directory (or sub-directory) in your calculator. They
resemble built-in functions, objects of type 18, and builtin commands, objects
of type 19, in the way they are used.

Editing expressions on the screen
In this section we present examples of expression editing directly into the
calculator display (algebraic history or RPN stack).

Creating arithmetic expressions

For this example, we select the Algebraic operating mode and select a Fix
format with 3 decimals for the display. We are going to enter the arithmetic
expression:

1.O+Q
7.5

N3.0-2.0°

To enter this expression use the following keystrokes:

O™ )@ )
®E@) OCE)O=@CI0D)
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The resulting expression is: 5.(1.+1./7.5)/ (N3.-2."3).

Press to get the expression in the display as follows:

Notice that, if your CAS is set to EXACT (see Appendix C) and you enter your
expression using integer numbers for integer values, the result is a symbolic
quantity, e.g.,
EBEI G AREBES WD ED S D& B IED
0 (xXE)=)20)0)

Before producing a result, you will be asked to change to Approximate mode.
Accept the change to get the following result (shown in Fix decimal mode with
three decimal places — see Chapter 1):

1. AEA

5. aaa[1  map+ 1028

JS EIEI —Z2. EIEIEI3 aad

In this case, when the expression is entered directly into the stack. As soon as
you press , the calculator will attempt to calculate a value for the
expression. If the expression is entered between quotes, however, the calculator
will reproduce the expression as entered. In the following example, we enter
the same expression as above, but using quotes. For this case we set the
operating mode to Algebraic, the CAS mode to Exact (deselect _Approx), and
the display setting to Textbook. The keystrokes to enter the expression are the
following:

EDEDEI G T ES WD ES vl KD EBONED
= OGCI=@IC) e

The result will be shown as follows:
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To evaluate the expression we can use the EVAL function, as follows:

EDE) M

As in the previous example, you will be asked to approve changing the CAS
setting to Approx. Once this is done, you will get the same result as before.

An alternative way to evaluate the expression entered earlier between quotes is
by using the option (@)= .  To recover the expression from the existing

stack, use the following keystrokes: () (€) () =num

We will now enter the expression used above when the calculator is set to the
RPN operating mode. We also set the CAS to Exact and the display to
Textbook. The keystrokes to enter the expression between quotes are the same
used earlier, i.e.,
@Y (D))
0 B0 )@=

Resulting in the output

=T

(i)

B2
'EDIT | ®IEH | KCL | 5Tik |FURGE]

Press once more to keep two copies of the expression available in the
stack for evaluation. We first evaluate the expression using the function EVAL,
and next using the function 2NUM.

Here are the steps explained in detail: First, evaluate the expression using
function EVAL. The resulting expression is semi-symbolic in the sense that there
are floating-point components to the result, as well as a V3.  Next, we switch
stack locations and evaluate using function >NUM:

o Exchange stack levels 1 and 2 (the SWAP command)
() ~num Evaluate using function >NUM
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This latter result is purely numerical, so that the two results in the stack, although
representing the same expression, seem different. To verify that they are not, we
subtract the two values and evaluate this difference using function EVAL:

= Subtract level 1 from level 2
Evaluate using function EVAL

The result is zero (0.).

Note: Avoid mixing integer and real data to avoid conflicts in the
calculations. For many physical science and engineering applications,
including numerical solution of equation, statistics applications, etc., the
APPROX mode (see Appendix C) works better. For mathematical applications,
e.g., calculus, vector analysis, algebra, efc., the EXACT mode is preferred.
Become acquainted with operations in both modes and learn how to switch
from one to the other for different types of operations (see Appendix C).

Editing arithmetic expressions
Suppose that we entered the following expression, between quotes, with the

calculator in RPN mode and the CAS set to EXACT:

1
s{t-5s]
5-2°
| VIEM | KCL | =70k [FURGEICLERAF
1
I+
rather than the infended expression: 5. 7-3 . The incorrect expression

V3-2°

was entered by using:

D EDEI G ENEDES WD ES D ED vAEDOlED
&) =@ Em=)

To enter the line editor use (9)<3> . The display now looks as follows:

;?*{1—1.«’1.?5}&4’5—2“3
[ZRIP-H +IEL | DEL+[DEL LI
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The editing cursor is shown as a blinking left arrow over the first character in the
line to be edited.  Since the editing in this case consists of removing some
characters and replacing them with others, we will use the right and left arrow
keys, CO(®, to move the cursor to the appropriate place for editing, and the
delete key, (#), to eliminate characters.

The following keystrokes will complete the editing for this case:

Press the right arrow key, (, until the cursor is immediately to the right
of the decimal point in the term 1.75

+  Press the delete key, (®), twice to erase the characters 1.
Press the right arrow key, 0, once, to move the cursor to the right of
the 7

+ Type a decimal point with ()
Press the right arrow key, (, until the cursor is immediately to the right
of the V5
Press the delete key, (€, once to erase the Character 5
Type a 3 with

«  Press to return to the stack

The edited expression is now available in the stack.

T oy

s
[VIEH] RCL | 570k |PURGE

Editing of a line of input when the calculator is in Algebraic operating mode is
exactly the same as in the RPN mode. You can repeat this example in
Algebraic mode fo verify this assertion.

Creating algebraic expressions
Algebraic expressions include not only numbers, but also variable names. As
an example, we will enter the following algebraic expression:

X
2L1f1+E I

+2—
R+y b
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We set the calculator operating mode to Algebraic, the CAS to Exact, and the
display to Textbook. To enter this algebraic expression we use the following
keystrokes:

CO@DCIem @)Y (D)@ (e @ 0D (=)
¢ @ (a0 HD@DCI)emd () (2)@

Press to get the following result:

Entering this expression when the calculator is set in the RPN mode is exactly
the same as this Algebraic mode exercise.

Editing algebraic expressions

Editing of an algebraic expression with the line editor is very similar to that of
an arithmetic expression (see exercise above). Suppose that we want to modify
the expression entered above to read

ey

R+x

To edit this algebraic expression using the line editor use (9> . This
activates the line editor, showing the expression to be edited as follows:

2ElL (1R AR +2%
L-b

{IF-H +DEL | DEL+ |DEL L| INZ =

The editing cursor is shown as a blinking left arrow over the first character in
the line to be edited. As in an earlier exercise on line editing, we will use the
right and left arrow keys, GO, to move the cursor to the appropriate place
for editing, and the delete key, (®), to eliminate characters.

The following keystrokes will complete the editing for this case:
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+  Press the right arrow key, 0, until the cursor is to the right of the x

« Type to enter the power 2 for the x

+  Press the right arrow key, O, until the cursor is to the right of the y

+  Press the delete key, (®), once to erase the characters y.
Type ()X to enter an x

«  Press the right arrow key, (®, 4 times to move the cursor to the right of
the *
Type to enter a square root symbol

+  Type (2)¢__ to enter a set of parentheses (they come in pairs)
Press the right arrow key, 0, once, and the delete key, (®), once, to
delete the right parenthesis of the set inserted above

- Press the right arrow key, (>, 4 times to move the cursor to the right of
the b
Type (). to enter a second set of parentheses

+  Press the delete key, (®), once, to delete the left parenthesis of the set
inserted above.

+  Press to return to normal calculator display.

The result is shown next:

2L [1+E
" R+y [
[[2'E+2'K]'Jb'L'|R|+2'JE2+K2'F

SRERIE+:]
| UIEN | RCL [ STk [FURGEICLEAR

Notice that the expression has been expanded to include terms such as
|R|, the absolute value, and SQ(b-R), the square of b-R. To see if we can
simplify this result, use FACTOR(ANS(1)) in ALG mode:

L) o =R I | w ] N i =D | il i
SO RMF+3)
: FACTORIANST 1
Z, Zah

2-[[JE-R+x-JE]-IRI+ [R +x R

[E+x]-b2-E2
| EDIT | VIEW | REL | STk [PURGEICLEAE)

Press ()< to activate the line editor once more. The result is now:
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b¥R+xElbr*ABSCR Y

I
oS e R [
*ABSCRI*(JL*ABSCb
CR+xI%Ch™ 2R 202

[SRIF+ HIEL [DEL+[DEL L] INz =

Pressing once more to return to normal display.

To see the entire expression in the screen, we can change the option _Small
Stack Disp in the DISPLAY MODES input form (see Chapter 1). After
effecting this change, the display will look as follows:

L T

ERETN e L e
TR R Rr
: PRCTORCANSCLT)

[E-JF-R+2-x-ﬁ]ulf-lhl-kzepjnzmz.p; |
bR b R

| EDITIUIER | RCL [ sTOk [FURGEICLEAF

Note: To use Greek letters and other characters in algebraic expressions use
the CHARS menu. This menu is activated by the keystroke combination
() ams . Details are presented in Appendix D.

Using the Equation Writer (EQW) to create expressions

The equation writer is an extremely powerful tool that not only let you enter or
see an equation, but also allows you to modify and work/apply functions on all
or part of the equation. The equation writer (EQW), therefore, allows you to
perform complex mathematical operations, directly, or in a step-by-step mode,
as you would do on paper when solving, for example, calculus problems.

The Equation Writer is launched by pressing the keystroke combination
(P _sw (the third key in the fourth row from the top in the keyboard). The

resulting screen is the following:

| CUFS | BTG u] EVAL [FACTO
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The six soft menu keys for the Equation Writer activate the following functions:

lets the user edit an entry in the line editor (see examples above)

highlights expression and adds a graphics cursor to it
. i selected (selection shown by the character in the label) the font used in
the writer is the system font 8 (the largest font available)

lets you evaluate, symbolically or numerically, an expression highlighted
in the equation writer screen (similar to () (&)

: lets you factor an expression highlighted in the equation writer screen (if

factoring is possible)

lets you simplify an expression highlighted in the equation writer screen
(as much as it can be simplified according to the algebraic rules of the CAS)

If you press the key, two more soft menu options show up as shown below:

I—

The six soft menu keys for the Equation Writer activate the following functions:

allows access to the collection of CAS commands listed in alphabetical
order. This is useful to insert CAS commands in an expression available in the
Equation Writer.

activates the calculator’s CAS help facility to provide information and
examples of CAS commands.
Some examples for the use of the Equation Writer are shown below.

Creating arithmetic expressions

Entering arithmetic expressions in the Equation Writer is very similar to entering
an arithmetic expression in the stack enclosed in quotes. The main difference is
that in the Equation Writer the expressions produced are written in “textbook”
style instead of a line-entry style. Thus, when a division sign (i.e., (=)) is
entered in the Equation Writer, a fraction is generated and the cursor placed in
the numerator. To move to the denominator you must use the down arrow key.
For example, try the following keystrokes in the Equation Writer screen:

=@
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The result is the expression

=
Stae

| CUFRS | BTG ul EVAL [FACTO]

The cursor is shown as a left-facing key. The cursor indicates the current edition
location. Typing a character, function name, or operation will enter the
corresponding character or characters in the cursor location. For example, for
the cursor in the location indicated above, type now:

G ERE D ES WD ED ED

The edited expression looks as follows:

- R
1
5+2{5+§;]

| CURS | BTG uf EVAL [FACTO]

Suppose that you want to replace the quantity between parentheses in the
denominator (i.e., 5+1/3) with (5+12/2). First, we use the delete key (%))
delete the current 1/3 expression, and then we replace that fraction with ©2/2,

as follows: (@@

When we hit this point the screen looks as follows:

b

5+2-[5+11'2*]

|EDIT | CURE [ ETG m] EVAL [FACTD]

In order to insert the denominator 2 in the expression, we need to highlight the

entire 12 expression. We do this by pressing the right arrow key () once. At
that point, we enter the following keystrokes: (=)(2)

The expression now looks as follows:
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=%
5+2| Sy

EDIT | CURE [ EIG m] EVAL [FACTO] SIHF

Suppose that now you want to add the fraction 1/3 to this entire expression,
i.e., you want fo enter the expression:

5 1
N
5+2(5+%;)

First, we need to highlight the entire first term by using either the right arrow
(O>) or the upper arrow (¢ay) keys, repeatedly, until the entire expression is
highlighted, i.e., seven times, producing:

|EDIT | CURE [ ETG m] EVAL [FACTD]

NOTE: Alternatively, from the original position of the cursor (to the right of the 2
in the denominator of ©2/2), we can use the keystroke combination (P) Ay,
interpreted as (P) = ).

Once the expression is highlighted as shown above, type (F:)(7J(=)(3) to
add the fraction 1/3. Resulting in:

5 1
27 o4
542 5+"?

| CUF: | ETG u] EVAL [FRCTO]
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Showing the expression in smaller-size

To show the expression in a smallerssize font (which could be useful if the
expression is long and convoluted), simply press the §# soft menu key. For this
case, the screen looks as follows:

5

1
=
G+d 5+T

| CUES | BTG | EVAL [FACTH]

To recover the largerfont display, press the oft menu key once more.

Evaluating the expression

To evaluate the expression (or parts of the expression) within the Equation
Writer, highlight the part that you want o evaluate and press the Ei# soft
menu key.

For example, to evaluate the entire expression in this ex first, highlight the
entire expression, by pressing . Then, press the soft menu key. |If
your calculator is set o Exact CAS mode (i.e., the _Approx CAS mode is not
checked), then you will get the following symbolic result:

UNDO, i.e., (P uwo (the first key in the third row of keys from the top of the

keyboard). The recovered expression is shown highlighted as before:
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If you want a floating-point (numerical) evaluation, use the >NUM function
(i.e., (@)=mm). The result is as follows:

| CUIES | ETi u] EVAL [FACT]

Use the function UNDO ( () w0 ) once more fo recover the original
expression:

| CUR: | EIG =] EVAL [FACTO]

Evaluating a sub-expression

Suppose that you want to evaluate only the expression in parentheses in the
denominator of the first fraction in the expression above. You have fo use the
arrow keys to select that particular sub-expression. Here is a way to do it:
Highlights only the first fraction

Highlights the numerator of the first fraction

Highlights denominator of the first fraction

Highlights first term in denominator of first fraction

Highlights second term in denominator of first fraction

Highlights first factor in second term in denominator of first fraction
Highlights expression in parentheses in denominator of first fraction

VINIVKIVIQK)

| CUFS | EIG ] EVAL [FACTY
Since this is the sub-expression we want evaluated, we can now press th
soft menu key, resulting in:
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o+2

| CURS | BTG m] EVAL [FACTO]

A symbolic evaluation once more. Suppose that, at this point, we want to
evaluate the left-hand side fraction only. Press the upper arrow key (&) three
times fo select that fraction, resulting in:

Then, press the

Let's try a numerical evaluation of this term at this point. Use (P )=M# to
obtain:

Let's highlight the fraction to the right, and obtain a numerical evaluation of that
term too, and show the sum of these two decimal values in small-font format by

using:(» ()= , we get:

| CUES | BTG | EVAL [FACTH]
To highlight and evaluate the expression in the Equation Writer we use: (&

, resulting in:

| CUEE | BTG | EVAL [FACTH]
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Editing arithmetic expressions
We will show some of the editing features in the Equation Writer as an exercise.
We start by entering the following expression used in the previous exercises:

And will use the editing features of the Equation Editor fo transform it into the
following expression:

In the previous exercises we used the arrow keys to highlight sub-expressions for
evaluation. In this case, we will use them to trigger a special editing cursor.
After you have finished entering the original expression, the typing cursor (a left-
pointing arrow) will be located to the right of the 3 in the denominator of the
second fraction as shown here:

5 1
2] =%
542 5+“?

| CUR: | EIG =] EVAL [FACTO]
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Press the down arrow key (V) to trigger the clear editing cursor. The screen
now looks like this:

5 1
-]
S5+2| 5+

| CURS | BTG m] EVAL [FACTO]

By using the left arrow key (@) you can move the cursor in the general left
direction, but stopping at each individual component of the expression. For
example, suppose that we will first will transform the expression 72/2 into the
expression LN(7°/3) . With the clear cursor active, as shown above, press the
left-arrow key (@) twice to highlight the 2 in the denominator of 72/2. Next,
press the delete key ((®)) once to change the cursor into the insertion cursor.

Press («) once more to delete the 2, and then to enter a 3. At this point,
the screen looks as follows:

5 L1

=5
5+2| Stig

| CURS | BTG m] EVAL [FACTO]

Next, press the down arrow key (V) to trigger the clear editing cursor
highlighting the 3 in the denominator of 72/3. Press the left arrow key ()
once to highlight the exponent 2 in the expression 72/3. Next, press the delete

key ((#)) once to change the cursor into the insertion cursor. Press (®) once
more to delete the 2, and then to enter a 5. Press the upper arrow key

(@) three times to highlight the expression 7°/3. Then, type (P)_i¥ to

apply the LN function to this expression. The screen now looks like this:

| CUFRE | EIG m] EVAL [FRCTH]
Next, we'll change the 5 within the parentheses to a V2 by using these
keystrokes: KK I UBES

Next, we highlight the entire expression in parentheses an insert the square root

symbol by using: (@ (@ @ @ (X))
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Next, we'll convert the 2 in front of the parentheses in the denominator into a
2/3 by using: @223

At this point the expression looks as follows:

pa] 1

S E

| CURS | BTG m] EVAL [FACTO]

The final step is to remove the 1/3 in the right-hand side of the expression. This
is accomplished by using: (@ (@ (& (@ (a (@) (@) (@) (@) (@)

The final version will be:

| CURS | BTG m] EVAL [FACTO]

In summary, to edit an expression in the Equation Writer you should use the
arrow keys (@ O (@) to highlight expression to which functions will be
applied (e.g., the LN and square root cases in the expression above). Use the
down arrow key (V) in any location, repeatedly, to trigger the clear editing
cursor. In this mode, use the left or right arrow keys (@ () to move from term
to term in an expression. When you reach a point that you need to edit, use the
delete key ((#)) to trigger the insertion cursor and proceed with the edition of
the expression.

Creating algebraic expressions

An algebraic expression is very similar to an arithmetic expression, except that
English and Greek letters may be included. The process of creating an
algebraic expression, therefore, follows the same idea as that of creating an
arithmetic expression, except that use of the alphabetic keyboard is included.

To illustrate the use of the Equation Writer to enter an algebraic equation we
will use the following example. Suppose that we want to enter the expression:
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Use the following keystrokes:

T Ea=
=) L
i S

| CURS | BTG m] EVAL [FACTO]

In this example we used several lower-case English letters, e.g., x (@S @),
several Greek letters, e.g., A (@ (P)® ), and even a combination of Greek
and English letters, namely, Ay (@ (P)@ @ (<) @). Keep in mind that fo
enter a lower-case English letter, you need to use the combination:
followed by the letter you want to enter. Also, you can always copy special
characters by using the CHARS menu (2 @ ) if you don’t want to memorize
the keystroke combination that produces it. A listing of commonly used

(@) () keystroke combinations was listed in an earlier section.

The expression tree
The expression tree is a diagram showing how the Equation Writer interprets an
expression. See Appendix E for a detailed example.

The CURS function

The CURS function ( in the Equation Writer menu (the key) converts
the display into a graphical display and produces a graphical cursor that can
be controlled with the arrow keys (@ (3 @) for selecting sub-
expressions. The sub-expression selected with will be shown framed in the
graphics display. After selecting a sub-expression you can press to show
the selected sub-expression highlighted in the Equation writer. The following
figures show different sub-expressions selected with and the corresponding
Equation Writer screen after pressing @) .
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(T ey ((a-2)x+5) % ea)

[ CUF:s | BTG a] EVAL [FACT]
=5 ea) e +5) )
SIH(dx—2) SIMCd—20

[ CUFs | BTG o] EVAL [FACT]
(tu-3rc+5H T 4) ((4-2)x+5) (i)
STH{G—2] SIM(4x—2)

| CUES | EIG ml EVAL [FACTO]

Editing algebraic expressions
The editing of algebraic equations follows the same rules as the editing of
algebraic equations. Namely:

Use the arrow keys (@ 0 @y ) to highlight expressions
Use the down arrow key (), repeatedly, to trigger the clear editing
cursor . In this mode, use the left or right arrow keys (@ () to move
from term to term in an expression.
At an editing point, use the delete key ((#)) to trigger the insertion
cursor and proceed with the edition of the expression.
To see the clear editing cursor in action, let's start with the algebraic expression
that we entered in the exercise above:

F 1

R Y [T
S

]

| CUR: | EIG =] EVAL [FACTO]

Press the down arrow key, <3, at its current location to trigger the clear editing
cursor. The 3 in the exponent of & will be highlighted. Use the left arrow key,
@), to move from element to element in the expression. The order of selection
of the clear editing cursor in this example is the following (press the left arrow
key, @, repeatedly):

1. The 1 in the 1/3 exponent
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w in the exponential function
A
. 3inthe V3 term

10. the 2 in the 2/73 fraction
At any point we can change the clear editing cursor into the insertion cursor by
pressing the delete key ((#)). Let’s use these two cursors (the clear editing
cursor and the insertion cursor) to change the current expression into the
following:

VDN UTA W
X

.
R T [ -0 )
Jar [ l]

SIH El3

| CURS | BTG m] EVAL [FACTO]

If you followed the exercise immediately above, you should have the clear
editing cursor on the number 2 in the first factor in the expression. Follow these
keystrokes to edit the expression:

™® Enters the factorial for the 3 in the square root
(entering the factorial changes the cursor to the selection cursor)
SUNVUOIO) Selects the 1 in the exponential function
()3 (P)@® Modities exponential function argument
DIOIOID) Selects Ay

Places a square root symbol on Ay

(this operation also changes the cursor to the selection cursor)

D P @y ey (W) Select 6'/3 and enter the SIN function

The resulting screen is the following:

}{+2.|_|_.

-
2 X

Jod
E-h&e B

|

iLH

| CUR: | EIG =] EVAL [FACTO]
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Evaluating a sub-expression
Since we already have the sub-expression S]N(91/3) highlighted, let's press
th

soft menu key to evaluate this sub-expression. The result is:

Some algebraic expressions cannot be 5|mp||f|ed anymore. Try the following
keystrokes: ¢ (7). You will notice that nothing happens, other than the
highlighting of the entire argument of the LN function. This is because this
expression cannot be evaluated (or simplified) any more according to the CAS
rules. Trying the keystrokes: ¢ (7%) again does not produce any changes on
the expression. Another sequence of ¢y (7)) keystrokes, however, modifies
the expression as follows:

This expression does not fit in the Equation Writer screen.  We can see the
entire expression by using a smallersize font. Press the soft menu key to
get:

| CURS | BTG | EVAL [FACTO]
Even with the largersize font, it is possible to navigate through the entire
expression by using the clear editing cursor. Try the following keystroke

sequence: QP to set the clear editing cursor atop the factor
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3 in the first term of the numerator. Then, press the right arrow key, (, to
navigate through the expression.

Simplifying an expression

Press the E&# soft menu key to get the screen to look as in the previous figure
(see above). Now, press the soft menu key, to see if it is possible to
simplify this expression as it is shown in the Equation Writer. The result is the
following screen:

This screen shows the argument of the SIN function, namely, 3\/5 , transformed
LN(6)

info e 3 . This may not seem like a simplification, but it is in the sense that

the cubic root function has been replaced by the inverse functions exp-LN.

Factoring an expression
In this exercise we will try factoring a polynomial expression. To continue the
previous exercise, press the key. Then, launch the Equation Writer again
by pressing the CP) _fw key. Type the equation:
CAOD2EHI2DD)C)wm @ (+H)um) @ )2 (=)
w ()@ ()2 Hem(E)@

resulting in

.5'=:2+2-.5'=:-‘|’+'“|’2—-:-:2+I32

| CUFEE | BTG u] EVAL [FACTH]

Let's select the first 3 terms in the expression and attempt a factoring of this sub-

| CURS | ETG m] EVAL [FACTO]
oft menu key, to get

Now, press the
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() R

| CUIES | ETi u] EVAL [FACT]

Press () o to recover the original expression. Next, enter the following

keystrokes: @ @ @ > > > O (D (& (& (& (PI(® fo select

the last two terms in the expression, i.e.,

TR () o+F )|

| CUR= | EIG ] EVAL [FACTO]
Press () o to recover the original expression. Now, let’s select the entire
expression by pressing the upper arrow key (¢ay) once. And press the
soft menu key, to get

EDIT | CURZ | EIG o] EVAL [FRETO] ZIHF
Press () o to recover the original expression.

| or the soft menu keys, while the entire original

Note: Pressing th

expression is selected, produces the following simplification of the expression:

R = | o

| CURS | BTG o] EVAL [FACTO]

Using the CMDS menu key

With the original polynomial expression used in the previous exercise still
selected, press the key to show the and soft menu keys. These
two commands belong to the second part of the soft menu available with the
Equation Writer.  Let's try this example as an application of the soft menu
key: Press the soft menu key to get the list of CAS commands:
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[ N N [ TTY
Next, select the command DERVX (the derivative with respect to the variable X,
the current CAS independent variable) by using: trm @ & D .
Command DERVX will now be selected:

CAE coHHAnds:

DEF
DEGKEE

Next, press the (W7) key to recover the original Equation Writer menu, and
press the i soft menu key to evaluate this derivative. The result is:

| CUF | BTG u] EVAL [FACTO]

Using the HELP menu

Press the (»T) key to show the I and :
soft menu key to get the list of CAS commands Then, press @) @ ¥
Q@ to select the command DERVX. Press the soft menu key to get
information on the command DERVX:

wlth FESPEEt to the
rrent wvariable
DERHH(LH({H+1}K(H
=2
Seet DERIY IMTYHE
| ECHO | SEE1 | SEE2 | SEEZ |

|"\_'||--
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Detailed explanation on the use of the help facility for the CAS is presented in
Chapter 1. To return to the Equation Writer, press the £ soft menu key. Press
the @) key to exit the Equation Writer.

Using the editing functions BEGIN, END, COPY, CUT and PASTE

To facilitate editing, whether with the Equation Writer or on the stack, the
calculator provides five editing functions, BEGIN, END, COPY, CUT and PASTE,
activated by combining the right-shift key ((2)) with keys (2,1), (2,2), (3,1),
(3,2), and (3,3), respectively. These keys are located in the leftmost part of
rows 2 and 3. The action of these editing functions are as follows:

BEGIN: marks the beginning of a string of characters for editing

END: marks the ending of a string of characters for editing

COPY: copies the string of characters selected by BEGIN and END

CUT:  cuts the string of characters selected by BEGIN and END

PASTE: pastes a string of characters, previously copied or cut, into the current

cursor position

To see and example, lets start the Equation Writer and enter the following
expression (used in an earlier exercise):

(2) (=) WE) 0 D ()@ (£) () Gr) ()@
O X)) )W (2@ (+) (2 ) ()@ () @)

W (2@ @@ @ (=) ()@ ODUIEIE)

The original expression is the following:

Y e
= L
B +

| CURS | ELu m] EVAL [FACTO]

We want to remove the sub-expression x+2-1-Ay from the argument of the LN
function, and move it to the right of the 4 in the first term. Here is one

possibility: 0 @ @ @ @ @ (D (P)_ T @) @) (@ (X)) A

The modified expression looks as follows:
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| CUFS | EIG ] EVAL [FACTY
Next, we'll copy the fraction 2/v3 from the leftmost factor in the expression,
and place it in the numerator of the argument for the LN function. Try the
following keystrokes:

NZZCHCBIO TN TN GBI RGN AN 7
GBEICPICHICBI IR

The resulting screen is as follows:

EDIT | CURE | EIG mf EVAL IFACTO| ZINF

The functions BEGIN and END are not necessary when operating in the
Equation Writer, since we can select strings of characters by using the arrow
keys. Functions BEGIN and END are more useful when editing an expression
with the line editor. For example, let's select the expression x+2-4-4y from this
expression, but using the line editor within the Equation Writer, as follows:

GIINED

The line editor screen will look like this (quotes shown only if calculator in RPN
mode):

"2l b2 Fay 2 +
?:‘i.'l;"li—u)*LH'iEx’J'Ef ol

[SHIF+ HIEL | DEL+|DEL L]
To select the sub-expression of interest, use:
®E>®E®E®E®E®>®® ) N
OIOIOIOIOIOIOIOIO O] GB:T

The screen shows the required sub-expression highlighted:
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We can now copy this expression and place it in the denominator of the LN

argument, as follows:(P) @ > ... (27 times) ... (O
(@)@ ... (9 times) ... (@) () T

The line editor now looks like this:

wECRFEEL Eay I+
WL TR Dot ZHs %2 !
[SKTF-| +HEL | DEL+[DEL L

shows the expression in the Equation Writer (in small-font format,
oft menu key):

Pressing
press the

| CURE | EIG | EMAL [FACTO)
Press to exit the Equation Writer.

Creating and editing summations, derivatives, and integrals
Summations, derivatives, and integrals are commonly used for calculus,
probability and statistics applications. In this section we show some examples
of such operations created with the equation writer. Use ALG mode.

Summations
We will use the Equation Writer to enter the following summation:
=1
2
o k

Press (P _zow to activate the Equation Writer. Then press () __Z to enter the
summation sign. Notice that the sign, when entered into the Equation Writer
screen, provides input locations for the index of the summation as well as for the
quantity being summed. To fill these input locations, use the following
keystrokes:

(@O U ()e - WD ()@ 02)

The resulting screen is:

[+]=
m|-—~
-

-
1}
—
-

EDIT | CURE

Page 229



To see the corresponding expression in the line editor, press (P)¢ay and the
soft menu key, to show:

Cli=1,my1-k"20
[RIF+H HIEL | DEL+[DEL LI

This expression shows the general form of a summation typed directly in the
stack or line editor:

Y(index = starting_value, ending_value, summation expression)
Press to return to the Equation Writer. The resulting screen shows the value
of the summation,

| CURE | EIG m] EVAL |FRCTO]
To recover the unevaluated summation use (°) uwo . To evaluate the
summation again, you can use the soft menu key. This shows again that

ool_ﬂ.Z

k=1 k2 6

You can use the Equation Writer to prove that
=1
o k

This summation (representing an infinite series) is said to diverge.
Double summations are also possible, for example:

nom
2 2 T

| CURE | ELG m] EVAL [FACTO]

Derivatives
We will use the Equation Writer to enter the following derivative:

d 2
—(a-t 1+ 0
dt(a +p-1+0)

Press (@) _zow to activate the Equation Writer. Then press (P) 9 to enter the
(partial) derivative sign. Notice that the sign, when entered into the Equation
Writer screen, provides input locations for the expression being differentiated
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and the variable of differentiation. To fill these input locations, use the following
keystrokes:

@B @ @ > @ ()@ CO@ @@ 7D
> @@ e @I @@

The resulting screen is the following:

ﬁ[a-tzw-t +54)

| CURE | ELG m] EVAL [FACTO]

To see the corresponding expression in the line editor, press (@) ¢ay and the
soft menu key, to show:

bCokt M2HEEL D
[ZRIF-H HIEL | DEL+[DEL LI

This indicates that the general expression for a derivative in the line editor or in
the stack is: dvariable(function of variables)

Press to return to the Equation Writer. The resulting screen is not the
derivative we entered, however, but its symbolic value, namely,

ot +6

EDIT | CURZ

To recover the derivative expression use (P) uwo . To evaluate the derivative
again, you can use the soft menu key. This shows again that

d
E(oz-t2 —f-t+0)=2a-t+[.
Second order derivatives are possible, for example:

a_.?{ [ ﬁ [:{3‘]]

| CURS [ BTG 8] EVAL [FACTO] STHF |

which evaluates to:

| CUFRS | BTG u] EVAL [FRCTO]
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Note: The notation i( ) is proper of partial derivatives. The proper

ox

notation for total derivatives (i.e., derivatives of one variable) is d_( ) The
X

calculator, however, does not distinguish between partial and total derivatives.

Definite integrals
We will use the Equation Writer to enter the following definite

T
integral: _[)t -sin(t) - dt . Press () _tw to activate the Equation Writer. Then

press __I to enter the integral sign. Notice that the sign, when entered
into the Equation Writer screen, provides input locations for the limits of
integration, the integrand, and the variable of integration. To fill these input

locations, use the following keystrokes:(0 ) 0D @esa) () @ O ()
@ OGN @) D@D @) (<)@ . The resulting screen is the following:

T
J;t SIHCE )AL

| CURE | EIG m] EVAL [FACTO]

To see the corresponding expression in the line editor, press (a\ ¢ay and the
soft menu key, to show:

E CEly Ty b ESTHOE hat 2

[ZRIF+ HIEL | DEL+|DEL L]
This indicates that the general expression for a derivative in the line editor or in
the stack is: [lower_limit, upper_limit,integrand,variable_of_integration)

Press to return to the Equation Writer. The resulting screen is not the
definite integral we entered, however, but its symbolic value, namely,

SIN(z)-T.CO

EDIT | CUR%
To recover the derivative expression use () uwo . To evaluate the derivative
again, you can use the soft menu key. This shows again that
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[ "t -sin(¢) - dt = sin(z) — 7 - cos(7)

Double integrals are also possible. For example,

®
[ Cabgddy dac
-

3
[_amdx

| CUFRS | BTG 8| EVAL [FACTO] | CUFRZ [ EIG m] EVAL [FACTO]
This integral evaluates to 36.

Organizing data in the calculator

You can organize data in your calculator by storing variables in a directory
tree. To understand the calculator's memory, we first take a look at the file
directory. Press the keystroke combination (<) e (first key in second row of
keys from the top of the keybocrd) to get the calculator’s File Manager screen:

EFile Hanaaer &

This screen gives a snapshot of the calculator's memory and of the directory
tree. The screen shows that the calculator has three memory ports (or memory
partitions), port O:IRAM, port 1:ERAM, and port 2:FLASH . Memory ports are
used to store third party application or libraries, as well as for backups.  The
size of the three different ports is also indicated. The fourth and subsequent
lines in this screen show the calculator’s directory tree. The top directory
(currently highlighted) is the Home directory, and it has predefined into it a sub-
directory called CASDIR. The File Manager screen has three functions
associated with the soft-menu keys:
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Change to selected directory
Cancel action

i:  Approve a selection

For example, to ge directory to the CASDIR, press the down-arrow key,
&, and press This action closes the File Manager window and returns
us fo normal calculator display. You will notice that the second line from the top
in the display now starts with the characters { HOME CASDIR } indicating that
the current directory is CASDIR within the HOME directory.

Functions for manipulation of variables

This screen includes 20 commands associated with the soft menu keys that can
be used to create, edit, and manipulate variables. The first six functions are the
following:

To edit a highlighted variable

To copy a highlighted variable

To move a highlighted variable

To recall the contents of a highlighted variable

To evaluate a highlighted variable

To see the directory tree where the variable is contained

If you press the key, the next set of functions is made available:
i To purge, or delete, a variable

i To rename a variable

To create a new variable

i To order a set of variables in the directory

To send a variable to another calculator or computer

To receive a variable from another calculator or computer

ss the key, the third set of functions is made available:

To return to the stack temporarily

To see contents of a variable

i To edit contents of a binary variable (similar t i
o show the directory containing the variable in the header

Provides a list of variable names and description

To sort variables according to a sorting criteria

If you press the key, the last set of functions is made available:
! To send variable with X-modem protocol
i To change directory
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To move between the different soft menu commands, you can use not only the
NEXT key (D)), but also the PREV key (Ca)mev_ ).

The user is invited to try these functions on his or her own. Their applications
are straightforward.

The HOME directory

The HOME directory, as pointed out earlier, is the base directory for memory
operation for the calculator. To get to the HOME dlrectory, you can press the
UPDIR function ((5Duk_) - repeat as needed - until the -} spec is
shown in the second line of the display header. Alfernohvely, you can use
(<) (hold) ok, press if in the algebraic mode. For this example, the
HOME directory contains nothing but the CASDIR. Pressing will show the

variables in the soft menu keys:
ﬁ----g
Subdirectories

To store your data in a well organized directory tree you may want to create
subdirectories under the HOME directory, and more subdirectories within
subdirectories, in a hierarchy of directories similar to folders in modern
computers. The subdirectories will be given names that may reflect the
contents of each subdirectory, or any arbitrary name that you can think of.

The CASDIR sub-directory

The CASDIR sub-directory contains a number of variables needed by the proper
operation of the CAS (Computer Algebraic System, see appendix C). To see
the contents of the directory, we can use the keystroke combination:

(=) which opens the File Manager once more:

iFile Hanaaer 3
EEBHB
127KE
?IJIJHB
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This time the CASDIR is highlighted in the screen. To see the contents of the
directory press the &

soft menu key or @), to get the following screen:
Henory: 209037 [ Zelect: [

naHYy
[ EF:

EDIT | COPY | HOVE | RCL | EVAL | TREE

The screen shows a table describing the variables contained in the CASDIR

directory. These are variables pre-defined in the calculator memory that

establish certain parameters for CAS operation (see appendix C). The table

above contains 4 columns:

e The first column indicate the type of variable (e.g., ‘EQ" means an
equation-type variable, |R indicates a real-value variable, { } means a list,

nam means ‘a global name’, and the symbol #= represents a graphic
variable.

e The second column represents the name of the variables, i.e., PRIMIT,
CASINFO, MODULO, REALASSUME, PERIOD, VX, and EPS.

e Column number 3 shows another specification for the variable type, e.g.,
ALG means an algebraic expression, GROB stands for graphics object,
INTG means an integer numeric variable, LIST means a list of data,
GNAME means a global name, and REAL means a real (or floating-point)
numeric variable.

e The fourth and last column represents the size, in bytes, of the variable
truncated, without decimals (i.e., nibbles). Thus, for example, variable
PERIOD takes 12.5 bytes, while variable REALASSUME takes 27.5 bytes (1
byte = 8 bits, 1 bit is the smallest unit of memory in computers and
calculators).

CASDIR Variables in the stack
Pressing the key closes the previous screen and returns us to normal
calculator display. By default, we get back the TOOL menu:

PWIEW [5TACK] RCL (PURGE
We can see the variables contained in the current directory, CASDIR, by
pressing the key (first key in the second row from the top of the keyboard).
This produces the following screen:
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[CAEINIHODULIREAL AIFERT O]

Pressing the key shows one more variable stored in this directory:

E—

e To see the contents of the variable EPS, for exomple use ()
shows the value of EPS to be .

e To see the value of a numerical variable, we need to press only the soft
menu key for the variable. For example, pressing & followed by @),
shows the same value of the variable in the stack, if the calculator is set to
Algebraic. If the calculator is set to RPN mode, you need only press the soft
menu key for @) .

e To see the full name of a variable, press the tickmark key first, (), and
then the soft menu key corresponding to the variable. For example, for the
variable listed in the sfock as PERIO, we use: () , which produces
as output the string: ' Fi& #' . This procedure applies to both the

Algebraic and RPN calculator operohng modes.

This

Variables in CASDIR
The default variables contained in the CASDIR directory are the following:
PRIMIT Latest primitive (anti-derivative) calculated, not a default
variable, but one created by a previous exercise
CASINFO a graph that provides CAS information
MODUILO Modulo for modular arithmetic (default = 13)
REALASSUME  list of variable names assumed as real values

PERIOD Period for trigonometric functions (default = 2r)
VX Name of default independent variable (default = X)
EPS Value of small increment (epsilon), (default = 10710)

These variables are used for the operation of the CAS.

Typing directory and variable names
To name subdirectories, and sometimes, variables, you will have to type strings
of letters at once, which may or may not be combined with numbers. Rather

than pressing the (@), () (<), or key combinations to type each

letter, you can hold down the key and enter the various letter. You can also
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lock the alphabetic keyboard temporarily and enter a full name before
unlocking it again. The following combinations of keystrokes will lock the
alphabetic keyboard:

locks the alphabetic keyboard in upper case. When locked in this
fashion, pressing the before a letter key produces a lower case letter, while
pressing the key before a letter key produces a special character. If the
alphabetic keyboard is already locked in upper case, to lock it in lower case,

type,

locks the alphabetic keyboard in lower case. When locked
in this fashion, pressing the before a letter key produces an upper case
letter. To unlock lower case, press

To unlock the upper-case locked keyboard, press

Let's try some exercises typing directory/variable names in the stack. Assuming
that the calculator is in the Algebraic mode of operation (although the
instructions work as well in RPN mode), try the following keystroke sequences.
With these commands we will be typing the words ‘MATH’, ‘Math’, and ‘MatH’

@R@DE @ O @@
@ @ @ D @ CD @ ) @ @@
() ) ) (D) @) () () ) (8 @)

The calculator display will show the following (left-hand side is Algebraic mode,
right-hand side is RPN mode):

AD #YZ HER = '#° ALG AD #YZ HEW R= 'H’
HIHET HOHEZ
*MATH
MATH
tMath
Math 2= "MATH'
tMatH : '"Mat.h’
MatH : 'MatH'

| WIEH | KCL | ZT0R [FURGE]

| VIEH | KCL | =T0M |FURGE]

Note: if system flag 60 is set, you can lock the alphabetical keyboard by just
pressing @) . See Chapter 1 for more information on system flags.
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Creating subdirectories

Subdirectories can be created by using the FILES environment or by using the
command CRDIR. The two approaches for creating sub-directories are
presented next.

Using the FILES menu

Regardless of the mode of operation of the calculator (Algebraic or RPN), we
can create a directory tree, based on the HOME directory, by using the
functions activated in the FILES menu. Press (&) to activate the FILES
menu. If the HOME directory is not already highlighted in the screen, i.e.,

File Hanasar
23KE

IEAH
L :ERAH 127RE
B:FLAZH FO0RE
Hi:He c2AhE

use the up and down arrow keys ((a\ <) f hghlghf it. Then, press the §
soft menu key. The screen may look like this:

EDIT | COFY | HOYE | KCL | EVAL | TREE
showing that only one object exists currently in the HOME directory, namely, the
CASDIR sub-directory. Let’s create another sub-directory called MANS (for
MANualS) where we will store variables developed as exercises in this manual.
To create this sub-directory first enter: . This will produce the
following input form:

nter Ned Object
EDIT [CHOOZ
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The Object input field, the first input field in the form, is highlighted by default.
This input field can hold the contents of a new variable that is being created.
Since we have no contents for the new sub-directory at this point, we simply
skip this input field by pressing the down-arrow key, &>, once. The Name
input field is now highlighted:

This is where we enter the name of the new sub-directory (or variable, as the

case may be), as follows: (@A) (s @ @ @ (3 (E7E)

The cursor moves to the _Directory check field. Press t
to specify that you are creating a directory, and press
The variable listing for the HOME directory will be shown in the screen as
follows:

soft menu key

The screen indicates that there is a new direcory (ANS) within the HOME
directory.

Next, we will create a sub-directory named INTRO (for INTROduction), within
MANS, to hold variables created as exercise in subsequent sections of this
chapter. Press the key to return to normal calculator display (the TOOLS
menu will be shown). Then, press to show the HOME directory contents in
the soft menu key labels. The display may look like this (if you have created
other variables in the HOME directory they will show in the soft menu key labels

too):
&1 : m---g
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To move into the MANS directory, press the corresponding soft menu key (7))
in this case), and @) if in algebrclc mode. The directory tree will be shown in
the second line of the display as * *. However, there will be no
labels associated with the soft menu keys, as shown below, because there are

no variables defined within this directory.

Let's create the sub-directory INTRO by using:
(s F O ) e (D (@ () @ @)

Press the key, followed by the key, to see the contents of the MANS

directory as follows:
1:
[ N

Press the soft menu key to move into the INTRO sub-directory. This will
show an empty sub-directory. Later on, we will do some exercises in creating
variables.

Using the command CRDIR

The command CRDIR can be used to create directories. This command is
available through the command catalog key (the (@) _ar key, second key in
fourth row of keys from the top of the keyboard), through the programming
menus (the (o) key, same key as the (P) _ar key), or by simply typing it.

e Through the catalog key

Press () _ar @)@ . Use the up and down arrow keys (@) to
locate the CRDIR command. Press the

soft menu key to activate the
command.

e Through the programming menus
Press ()6 . This will produce the following pull-down menu for
programming:

L1
Hin FEOG HENL
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Use the down arrow key (V) to select the option 2. MEMORY... , or just
press (2. Then, press This will produce the following pull-down
menu:

AL i
HiH HEHOEY HEMU

2.HEH

Z.EVTES
H.NEHOE
5.DIRECTORY..
&.ARITHHETIC..

7 .HRCHINE
2.REXTORE

Use the down arrow key ((20) to select the 5. DIRECTORY option, or just
press (5). Then, press This will produce the following pull-down
menu:

AD i
HoH DIRKECTORY HEMU

Use the down arrow key ((3) to select the 5. CRDIR option, and press

Command CRDIR in Algebraic mode
Once you have selected the CRDIR through one of the means shown above, the
command will be available in your stack as follows:

bRDIE(}

At this point, you need to type a directory name, say chapl :
(i) © (H @ (P)
The name of the new directory will be shown in the soft menu keys, e.g.,
TR IRTCRER L]
HOYAL
[ =y [ 52 [ 51 ] =3 |
Command CRDIR in RPN mode
To use the CRDIR in RPN mode you need to have the name of the directory
already available in the stack before accessing the command. For example:

@ @) (D @) 0 @ @ () (2D @D &)

Then access the CRDIR command by either of the means shown above, e.g.,

through the (P) _ar key:
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AD T i
HoH CATALOG: FES COMHANDE

CYCLOTONIC
CYLIN
CHH

-+

Press th
directory:

soft menu key to activate the command, to create the sub-

Moving among subdirectories
To move down the directory tree, you need to press the soft menu key

corresponding fo the sub-directory you want to move to. The list of variables in
a sub-directory can be produced by pressing the (VARiables) key. To move
up in the directory tree, use the function UPDIR, i.e., enter Co)uPR_ .

Alternatively, you can use the FILES menu, i.e., press (2D . Use the up and
down arrow keys (@< ) to select the sub-directory you want to move to, and
i (CHange DIRectory) or soft menu key. This will show
the contents of the sub-directory you moved to in the soft menu key labels.

then press the

Deleting subdirectories
To delete a sub-directory, use one of the following procedures:

Using the FILES menu

Press the Ca) s key to trigger the FILES menu. Select the directory containing
the sub-directory you want to delete, and press the if needed. This will
close the FILES menu and display the contents of the directory you selected. In
this case you will need to press @m). Press the
contents of the directory in the screen. Select the sub-directory (or variable) that
you want to delete. Press
shown:

soft menu key fo list the

A screen similar to the following will be
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ISEI

re You Sure?

| ALL | | [HEOKT]

The ‘S2’ string in this form is the name of the sub-directory that is being deleted.

The soft menu keys provide the following options:

Proceed with deleting the sub-directory (or variable)

Proceed with deleting all sub-directories (or variables)

Do not delete sub-directory (or variable) from a list

Do not delete sub-directory (or variable)

After selecting one of these four commands, you will be returned to the screen
listing the contents of the sub-directory. The ommand, however, will
show an error message:

Hanory: adGees | salact: [
= TE

CASOTR DI
i% Interrupted

and you will have to press before returning to the variable listing.

Using the command PGDIR
The command PGDIR can be used to purge directories. Like the command
CRDIR, the PGDIR command is available through the () _ar or through the
(=6 key, or it can simply be typed in.
e Through the catalog key
Press car (aeem) (i) (P) @) . This should highlight the PGDIR command.
Press the B soft menu key to activate the command.

e Through the programming menus
Press ()6 . This will produce the following pull-down menu for
programming:
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Z.ERANCH..
H.TEET..
5.TYFE..
&.LIZT..
7 .GROE..
2.FICT..

Use the down arrow key ((30) to select the option 2. MEMORY... Then,

press This will produce the following pull-down menu:

AL i
HiH HEHORY HERU !

2.HEH

Z.EVTES
4.NEHDE
5.DIRECTORY..
&.ARITHHETIC..
7 .ARCHINE
2.REXTORE

Use the down arrow key ((30) to select the 5. DIRECTORY option. Then,

press This will produce the following pull-down menu:

1] i
HioH DIRECTORY HENU
2.KCL
R L]
Y.FATH
5. CRDIR
&.FuDIE

7 VARE
2. TUARZ

Use the down arrow key () to select the 6. PGDIR option, and press

Command PGDIR in Algebraic mode

Once you have selected the PGDIR through one of the means shown above, the

command will be available in your stack as follows:

iGDIE(}

At this point, you need to type the name of an existing directory, say 54 :

@
is deleted:

P PGLIRCS4
HOYAL
[ 51 ]2 [ [ |

Instead of typing the name of the directory, you can simply press the
corresponding soft menu key at the listing of the PGDIR( ) command, e.g.,

As a result, sub-directory
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CATALUG: 7G5 COMHANDE |

FERH
FEVYAL

FICKH

FINIT

tPGDIRCS4Y
MOVAL
GOIREC
B I
Then, press o enter ‘S3’ as the argument to PGDIR.
P PGLIRCS4N
HOYAL
GDIRCSZ4

Press to delete the sub-directory:
tPGLIRCS4
tFGDIRCS2

HOVAL
HOVAL

Command PGDIR in RPN mode
To use the PGDIR in RPN mode you need to have the name of the directory,
between quotes, already available in the stack before accessing the command.

For example: ()@@ (2) @@

Then access the PGDIR command by either of the means shown above, e.g.,

through the (P)_ar key:

A0 ICATALOG: 7G5 COHAANDS

FEFRH —
FEVAL

FICH
FICKZ
FICT
FICTURE

1; FINIT

Press the §
directory:

soft menu key to activate the command and delete the sub-

Ei I
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Using the PURGE command from the TOOL menu
The TOOL menu is available by pressing the key (Algebraic and RPN
modes shown):

The PURGE command is available by pressing the oft menu key. In the

following examples we want to delete sub-directory ST:

e Algebraic mode: Enter VR

e RPN mode: Enter Car) ()

Variables

Variables are like files on a computer hard drive. One variable can store one
object (numerical values, algebraic expressions, lists, vectors, matrices,
programs, efc). Even sub-directories can be through of as variables (in fact, in
the calculator, a subdirectory is also a type of calculator object).

Variables are referred to by their names, which can be any combination of
alphabetic and numerical characters, starting with a letter (either English or
Greek). Some non-alphabetic characters, such as the arrow (—) can be used in
a variable name, if combined with an alphabetical character. Thus, ‘—A’ is a
valid variable name, but ‘—" is not. Valid examples of variable names are: ‘A,

‘B’, ‘d, ‘b, ‘o, ‘B, ‘A1, ‘AB12', ‘>A12'/ Vel 2021’ etc.

A variable can not have the same name than a function of the calculator. You
can not have a SIN variable for example as there is a SIN command in the
calculator. The reserved calculator variable names are the following:
ALRMDAT, CST, EQ, EXPR, IERR, IOPAR, MAXR, MINR, PICT, PPAR, PRTPAR,
VPAR, ZPAR, der_, e, i, n1,n2, ..., s1, s2, ..., ZDAT, ZPAR, &, «

Variables can be organized into sub-directories.

Creating variables

To create a variable, we can use the FILES menu, along the lines of the
examples shown obove for creohng a sub directory. For example, within the
sub-directory £ } *, created in an earlier example, we want
to store the followmg variables with the values shown:
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Name Confents Type

A 12.5 real

o -0.25 real
A12 3x10° real
Q r/(m+r)' algebraic

R [3,2,1] vector
z1 3+5i complex
pl << > r'w*r"2'>>  program

Using the FILES menu
We will use the FILES menu to enter fhe vquoble A. We assume that we are in
the sub-directory 1 i ¥+ To get to this sub-directory, use

the following: -FILL and select the INTRO sub-directory as shown in this
screen:

i File Hanaaer &

Press to enter the directory. You will get a files listing with no entries (the
INTRO sub-directory is empty at this point)

Hanory: J9esd [ Talact: [1)
o Entries

EDIT | COPY | HOVE | RCL | EVAL | TREE
Press the key to move to the next set of soft menu keys, and press the
soft menu key. This will produce the NEW VARIABLE input form:
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NEW YARIARELE

Diractory

nter New Object
EDIT [CHOnE

To enter variable A (see table above), we first enter its contents, namely, the

number 12.5, and then its name, A, as follows: (7 J(2) (5D

Resulting in the following screen:
TEW VARIRELE

nce more to create the variable. The new variable is shown in the

Press
following variable listing:

The listing indicates a real variable (|R), whose name is A, and that occupies
10.5 bytes of memory. To see the contents of the variable in this screen, press
NXT

e Press the

Press the soft menu key to see the contents in text format.
Press o return to the variable list

e Press once more to return to normal display. Variable A should now
be featured in the soft menu key labels:
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e m—

Using the STO» command

A simpler way fo create a variable is by using the STO command (i.e., the
key). We provide examples in both the Algebraic and RPN modes, by creating
the remaining of the variables suggested above, namely:

Name Contents Type
o -0.25 real

A12 3x10° real
Q r/(m+r)' algebraic
R [3,2,1] vector
z] 3+5i complex
pl << >r'n*r2'>>  program

Algebraic mode
Use the following keystrokes to store the value of =0.25 into variable o

BB WBIEDED @) ()@ . AT this point, the screen will

look as follows:
EEI. 25k

This expression means that the value —0.25 is being stored into o (the
symbol P> suggests the operation). Press to create the variable.

The variable is now shown in the soft menu key labels when you press
VAR ) *

= 25k

I I
The following are the keystrokes required to enter the remaining
variables:
A12: (3)(EICE) o) @m @ (1) (2@
Q: @wA(DEEEIEL
) () @) () (i) (9 ® D (B (5700) (awrra) Q] (Evree)
Re (Dl B (2] 210D (7o) (4w (] (6vreR)

20
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zl: O@EOE) L (MEmE)@D@ (it needed,
accept change to Complex mode)

pl: (P) «»(P) = wm( @I (X)

() (@ (D200 0o (st (@) () (@ (L1 (@) .

The screen, at this point, will look as follows:

022 11k
a2+ Tikzl

=
# o 'mErtz! wkpl
# o 'wErt2 OB

You will see six of the seven variables listed at the bottom of the screen:
pl, z1, R Q Al2 o

RPN mode
Use the following keystrokes to store the value of —~0.25 into variable o::

CO@BCHEm (D@ PI@ @) . At this point, the screen

will look as follows:

With =0.25 on the level 2 of the stack and 'a' on the level 1 of the
stack, you can use the key to create the variable. The variable is
now shown in the soft menu key labels when you press (v :

T:

To enter the value 3x10° into A12, we can use a shorter version of the
procedure:  (3)(@)(5)(C)@m@ (1) (20 @)

Here is a way to enter the contents of Q:

Q: wHEEREIEY

() ()@ () am) (D RO D (L)) @ (@)

To enter the value of R, we can use an even shorter version of the
procedure:

R: () (B3)EA2EIUI0® O ®

Notice that to separate the elements of a vector in RPN mode we can
use the space key ((9), rather than the comma ((PJ) s ) used
above in Algebraic mode.
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z1: COBOPHEIE) . COEm@C) o (if
needed, accept change to Complex mode)

pl: () «<» ()= (@C IO _ (X))
DRI () D)@ U0 @m) (o).

The screen, at this point, will look as follows:

i: e

You will see six of the seven variables listed at the bottom of the screen:
pl,zI,R Q Al2 a

Checking variables contents

As an exercise on peeking into the contents of variables we will use the seven
variables entered in the exercise above. We showed how to use the FILES menu
to view the contents of a variable in an earlier exercise when we created the
variable A. In this section we will show a simple way to look into the contents
of a variable.

Pressing the soft menu key label for the variable

This procedure will show the contents of a variable as long as the variable
contains a numerical value or an algebraic value, or an array. For example, for
the variables listed above, press the following keys to see the contents of the
variables:

Algebraic mode
Type these keystrokes:

screen looks as follows:

@) . At this point, the

Next, type these keystrokes
screen looks as follows:

&) . At this point, the
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Pressing the soft menu key corresponding to p1 will provide an error message

(try

dk * Error: .25
Too Few
Argument. = 2.5

1
"Too Few Arguments"

Note: By pressing we are trying to activate (run) the p1 program.
How this program expects a numerical input. Try the following exercise:

)Y@ The result is:

fpli3)
ma5

The program has the following structure: << — r 't*r*2' >>

The « » symbols indicate a program in User RPL language. The characters — r
indicate that an input, to be referred to as 1, is to be provided to the program.
The action from the program is to take that value of r and evaluate the
algebraic 't*r*2'. In the example shown above, rtook the value of 5, and thus

the value of nr? = 11-25 is returned. This program, therefore, calculates the area
of a circle given its radius r.

RPN mode
In RPN mode, you only need to press the corresponding soft menu key label to
get the contents of a numerical or algebraic variable. For the case under

consideration, we can try peeking into the variables z1, R, Q, A12, o, and A,
created above, as follows:  (w
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At this point, the screen looks like this:

Notice that to run the program in RPN mode, you only need to enter the input
(5) and press the corresponding soft menu key. (In algebraic mode, you need
to place parentheses to enter the argument).

Using the right-shift key followed by soft menu key labels
In Algebraic mode, you can display the content of a variable by pressing
and then the corresponding soft menu key. Try the following examples:

Note: In RPN mode, you don’t need to press (just and then the
corresponding soft menu key).

This produces the following screen (Algebraic mode in the left, RPN in the right)

3 r wErng! : o wErng!
243 : 243
[zz21] [zz21]
i S +
i+t i+t
SEEGEE. 1t SEEEEE.
| fiid | [ E | ¢ | Aid]
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Notice that this time the contents of program p1 are listed in the screen. To see
the remaining variables in this directory, press (WD)

Listing the contents of all variables in the screen
Use the keystroke combination ()< to list the contents of all variables in the

screen. For example:

Press to return to normal calculator display.

Replacing the contents of variables

Replacing the contents of a variable can be thought of as storing a different
value in the same variable name. Thus, the examples for creating variables
shown above can be used to illustrate the replacement of a variable’s content.

Using the STO» command

Using as illustration the six variables, p1, z1, R, Q, A12, g, and A, created
earlier, we will proceed to change the contents of variable A12 (currently a
numerical variable) with the algebraic expression ‘B/2’, using the STOM
command. First, using the Algebraic operating mode:

CHam (e (=20
Check the new contents of variable A12 by using

Using the RPN operating mode:
e (PJe ()26 ()
or, in a simplified way,

a2 )

Using the left-shift key followed by the variable’s soft menu key (RPN)
This is a very simple way to change the contents of a variable, but it only works
in the RPN mode. The procedure consists in typing the new contents of the
variable and entering them into the stack, and then pressing the left-shift key
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followed by the variable’s soft menu key. For example, in RPN, if we want to
change the contents of variable z 71 to ‘a+b-i ’, use:

(Dam) ()@ (e ()@(xIJ(a) i @m=)
This will place the algebraic expression ‘a+b-i " in level 1: in the stack. To enter

this result into variable z1, use:
To check the new contents of z7, use:

An equivalent way to do this in Algebraic mode is the following:

D@ (D@ L @m)
To check the new contents of z1, use:

Using the ANS(1) variable (Algebraic mode)

In Algebraic mode one can use the ANS(1) variable to replace the contents of
a variable. For example, the procedure for changing the contents of z1 to
‘a+bi” is the following: =) ans i) . To check the new contents
of z1, use:

Copying variables
The following exercises show different ways of copying variables from one sub-
directory to another.

Using the FILES menu

To copy a variable from one directory to another you can use the FILES menu.
For example, within the sub-directory {HOME MANS INTRO}, we have
variables p1, z1, R, Q, A12, &, and A. Suppose that we want to copy variable
A and place a copy in sub-directory {HOME MANS}. Also, we will copy
variable R and place a copy in the HOME directory. Here is how to do it:
Press (<) fLes to produce the following list of variables:

qHory:  FIRTE T ITelect: [1)

EDIT | COFY | HOVE | KCL | EVAL | TREE

Use the down-arrow key 30 to select variable A (the last in the list), then press
The calculator will respond with a screen labeled PICK DESTINATION:
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Use the up arrow key (@ to select the sub-directory MANS and press
you now press ()R, the screen will show the contents of sub-directory
MANS (notice that variable A is shown in this list, as expected):

Hehory: 02510 T Felect: ]
B A REAL i0
P N 41

EDIT | COFY | HOVE | KCL | EVAL | TREE
Press (ov) § @) (Algebraic mod or (V) RPN mode) to return to
the INTRO directory. Press (<) i to produce the list of variables in
{HOME MANS INTRO}. Use the down arrow key (V) to select variable R,
then press. Use the up arrow key (&) to select the HOME directory,
and pres . If you now press (D) Uk, twice, the screen will show the

contents of the HOME directory, including a copy of variable R:
fansryT SULE7 T Talect: T

ECAEDIR

EDIT | COFY | MOVE | RCL | EVAL | TREE

Using the history in Algebraic mode

Here is a way to use the history (stack) to copy a variable from one directory to
another with the calculator set to the Algebraic mode. Suppose that we are
within the sub-directory {HOME MANS INTRO}, and want o copy the contents
of variable z1 to sub-directory {HOME MANS}. Use the following procedure:
This simply stores the contents of z1 into itself (no change
effected on z1). Next, use () vk to move to the {HOME MANS} sub-
directory. The calculator screen will look like this:
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TANS(1Ik=1 ]
atib
sUPDIR
HOVAL
ETIRTTT I I

Next, use the delete key three times, to remove the last three lines in the display:
(@) (@) (®). At this point, the stack is ready to execute the command
ANS(1)»z1. Press to execute this command. Then, use
verify the contents of the variable.

Using the stack in RPN mode

To demonstrate the use of the stack in RPN mode to copy a variable from one
sub-directory to another, we assume you are within sub-directory {HOME
MANS INTROY}, and that we will copy the contents of variable z1 into the
HOME directory. Use the following procedure:Cr) &##i(eve) ()

This procedure lists the contents and the name of the variable in the stack. The
calculator screen will look like this:

Now, use ()R (C)Uk  to move to the HOME directory, and press to

complete the operation. Use to verify the contents of the variable.

Copying two or more variables using the stack in Algebraic mode

The following is an exercise to demonstrate how to copy two or more variables
using the stack when the calculator is in Algebraic mode. Suppose, once more,
that we are within sub-directory {HOME MANS INTRO} and that we want to
copy the variables R and Q into sub-directory {HOME MANS}. The keystrokes

necessary to complete this operation are shown following:

Do G
®) (&) @A
@) ($) (@) (&) @@

To verify the contents of the variables, use i and

This procedure can be generalized to the copying of three or more variables.
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Copying two or more variables using the stack in RPN mode

The following is an exercise to demonstrate how to copy two or more variables
using the stack when the calculator is in RPN mode. We assume, again, that
we are within sub-directory {HOME MANS INTRO} and that we want to copy
the variables R and Q into sub-directory {HOME MANS}. The keystrokes
necessary fo complete this operation are shown following:

)R
To verify the contents of the variables, use

This procedure can be generalized to the copying of three or more variables.

Reordering variables in a directory

In this section we illustrate the use of the ORDER command to reorder the
variables in a directory. We assume we start within the sub-directory {HOME
MANS} containing the variables, A12, R, Q, z1, A, and the sub-directory
INTRO, as shown below. (Copy A12 from INTRO into MANS).

ﬁ“ﬂ.ﬂﬁ
Algebraic mode

In this case, we have the calculator set to Algebraic mode. Suppose that we
want to change the order of the variables to INTRO, A, z1, Q, R, A12.
Proceed as follows to activate the ORDER function:

Cme Select MEMORY from the programming menu
IS2USZANANZ Select DIRECTORY from the MEMORY menu

A cay § Select ORDER from the DIRECTORY menu

The screen will show the following input line:

ERDER"H'
|k | ¢ | 21| A |

Next, we'll list the new order of the variables by using their names typed
between quotes:

= )
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The screen now shows the new ordering of the variables:

ORDERM'IMTRO 'A' '=1" 'CI' B
HOYAL

RPN mode

In RPN mode, the list of re-ordered variables is listed in the stack before
applying the command ORDER. Suppose that we start from the same situation
as above, but in RPN mode, i.e.,

The reordered list is created by using:

U

Then, enter the command ORDER, as done before, i.e.,

GBI 7 Select MEMORY from the programming menu
IS2USZANZANZ Select DIRECTORY from the MEMORY menu

YN Select ORDER from the DIRECTORY menu
The result is the following screen:

Ei

Moving variables using the FILES menu

To move a variable from one directory to another you can use the FILES menu.
For example, within the sub-directory {HOME MANS INTRO}, we have
variables p1, z1, R, Q, A12, @, and A. Suppose that we want to move
variable A12 to sub-directory {HOME MANS}. Here is how to do it: Press
Ce)ues to show a variable list. Use the down-arrow key <30 to select
variable A12, then press . The calculator will respond with a PICK
DESTINATION screen. Use the up arrow key ¢a\ to select the sub-directory
MANS and pres The screen will now show the contents of sub-directory
{HOME MANS INTRO}:

Henory:  21d90 T Zelect: o)
1 [
!
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Notice that variable A12 is no longer there. If you now press (DU, the
screen will show the contents of sub-directory MANS, including variable A72:

Henora: a9zrod 1 Seleck: [
EX AL2 ALG 14
[[1Ik HATRH i2
EFe ALG az
B2l ALG ﬂ

EDIT | COFY | WOYE | RCL | EVAL | TREE

Note: You can use the stack to move a variable by combining copying with
deleting a variable. Procedures for deleting variables are demonstrated in
the next section.

Deleting variables
Variables can be deleted using function PURGE. This function can be accessed

directly by using the TOOLS menu (o), or by using the FILES menu
s B

Using the FILES command

The FILES command can be used to purge one variable at a time. To delete a
variable from a given directory you can use the FILES menu. For example, within
the sub-directory {HOME MANS INTRO}, we have variables p1, z1, R, Q, ¢,

and A left. Suppose that we delete variable A. Here is how to do it: Press
s o produce the variable list. Use the down-arrow key 30 to

select variable A (the last in the list), then press (W)} . The screen
will now show the contenfs of sub-directory INTRO without variable A.
P

L] l'!\:t

HHTRH
ALG
REAL ip

EDIT | COFY | WOYE | RCL | EVAL | TREE

Using function PURGE in the stack in Algebraic mode
We start again at subdirectory {HOME MANS INTRO} containing now only
variables p1, z1, Q, R, and & We will use command PURGE to delete
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variable p1. Press @) . The screen will now show

variable p1 removed:

You can use the PURGE command to erase more than one variable by placing
their names in a list in the argument of PURGE. For example, if now we wanted
to purge variables R and Q, simultaneously, we can try the following exercise.
Press :

At this point, the screen will show the following command ready to be executed:
:PLURGE'F1"
MOVAL
URGECE "R"'y " 20
| R e | o | |
To finish deleting the variables, press @m). The screen will now show the
remaining variables:

s FURGE'R1Y
MOVAL

* PURGE{'RE' "'}

Using function PURGE in the stack in RPN mode

We start again at subdlrectory {HOME MANS INTRO} containing variables
use command PURGE to delete variable p1.
The screen will now show variable p1

Press (M @) (7o)

removed:

To delete two variables snmultoneously, say variables R and Q, first create a list
(in RPN mode, the elements of the list need not be separated by commas as in

mode): () ()0 () WEM (> () B @), Then, press

se to purge the variables.

UNDO and CMD functions

Functions UNDO and CMD are useful for recovering recent commands, or to
revert an operation if a mistake was made. These functions are associated with
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the HIST key: UNDO results from the keystroke sequence (2) uwo , while CMD
results from the keystroke sequence (D) am_ .

To illustrate the use of UNDO, try the following exercise in algebraic (ALG)
mode: (5)(x)(4)(=)3)@m). The UNDO command ((P) o ) will
simply erase the result. The same exercise in RPN mode, will follow these
keystrokes: (5@ (4 ) @vm (x (3 )@@ (=). Using (P) w0 at this point
will undo the most recent operation (20/3), leaving the original terms back in
the stack:

To illustrate the use of CMD, let’s enter the following entries in ALG mode. Press

after each entry.

Next, use the CMD function ((5) a2 ) to show the four most recent commands
entered by the user, i.e.,

You can use the up and down arrow keys (¢a <) to navigate through these
commands and highlight any of them that you want to entry anew. Once you
have selected the command to enter, press
The CMD function operates in the same fashion when the calculator is in RPN
mode, except that the list of commands only shows numbers or algebraics. It
does not show functions entered. For example, try the following exercise in RPN
mode:

e (2@ (3 (=) (xI0V)

COGMICEDxI2)@vE)
Pressing (<)@ produces the following selection box:
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| | [CANCL

As you can see, the numbers 3, 2, and 5, used in the first calculation above,
are listed in the selection box, as well as the algebraic ‘SIN(5x2)’, but not the
SIN function entered previous fo the algebraic.

Flags

A flag is a Boolean value, that can be set or cleared (true or false), that
specifies a given setting of the calculator or an option in a program. Flags in
the calculator are identified by numbers. There are 256 flags, numbered from -
128 to 128. Positive flags are called user flags and are available for
programming purposes by the user. Flags represented by negative numbers are
called system flags and affect the way the calculator operates.

To see the current system flag setting press the button, and then the
soft menu key (i.e., F1). You will get a screen labeled SYSTEM FLAGS listing

Constant + =yHb
Function + yHb

Faynent at and
13+ pector
Underflow + 0
opery Lol + £3EY33
InFinite =+ @rior
"HetELt o+ THeYELY

(Note: In this screen, as only system flags are present, only the absolute value
of the flag number Is displayed). A flag is said to be set if you see a check
mark (v') in front of the flag number. Otherwise, the flag is not set or cleared.
To change the status of a system flag press the § soft menu key while the
flag you want to change is highlighted, or use the key. You can use the up
and down arrow keys (¢ay <3 ) to move about the list of system flags.
Although there are 128 system flags, not all of them are used, and some of
them are used for infernal system control. System flags that are not accessible to
the user are not visible in this screen. A complete list of flags is presented in

Chapter 24.
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Example of flag setting: general solutions vs. principal value

For example, the default value for system flag 01 is General solutions. What
this means is that, if an equation has multiple solutions, all the solutions will be
returned by the calculator, most likely in a list. By pressing the soft menu
key you can change system flag 01 to Principal value. This setting will force the
calculator to provide a single value known as the principal value of the solution.

To see this at work, first set system flag 01 (i.e., select Principal Value). Press
twice to return to normal calculator display. We will try solving a

quadratic equation solution, say, t2+5t+6 = 0, with command QUAD.

Algebraic mode
Use the following keystroke sequence: (7)) _cr @i @ (use the up and down
arrow keys, (a3 , to select comnmand QUAD) , press

EUHD{ 2
I R T

To enter the equation as the first argument of function QUAD, use the following
keystrokes:

() _eow () ()@ (X2 O (D@6 @S day
) _=l)em=
) D dem=)

The result is:

: I]LIHD[t 2+5-t +E-=El,t] _

Now, change the setting of flag 1 to General solutions: (o)
And try the solution again: (& ¢a\ @& @=) . The solution now mcludes

two vclues

d I]LIHD[t 2+5-t +E-=El,t]

: I]LIHD[t 2+5-t +E-=El,t]
it=—z

t=—3%

RPN mode
First set system flag O1 (i.e., Principal Value). Pres twice to return to
normal calculator display.  Then, type the quadratic equation as follows:

) e @ (D@ @D ®EECOE@D DAEEI@ @
™ =&
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(keeping a second copy in the RPN stack)
D) (D@

t2+5-t +E5=H
t T +5t+e=0

Use the following keystroke sequence to enter the QUAD command:
(P)_aur () @ (use the u d down arrow keys, (a3 , to select
. The screen shows the principal solution:

command QUAD) , pres

And try the solution again: (@)D @@=
() _ar @)@ (use the up and down arrow keys, (<3 , to select

command QUAD) , pres . The screen now shows the two solutions:

1: it==Z2 t=-2}
I T T

Other flags of interest

Bring up once more the current flag setting by pressing the button, and
then the soft menu key. Make sure to clear system flag 01, which was
left set from the previous exercise. Use the up and down arrow keys ((a\ <)
to move about the system flag list.

Some flags of interest and their preferred value for the purpose of the exercises
that follow in this manual are:

02 Constant — symb:  Constant values (e.g., nt) are kept as symbols

03 Function — symb:  Functions are not automatically evaluated, instead
they are loaded as symbolic expressions.

27 X+Y*i" = (X,Y): Complex numbers are represented as ordered pairs

60 [a][a] locks: The sequence locks the alphabetic keyboard

Press wice to return to normal calculator display.
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CHOOSE boxes vs. Soft MENU

In some of the exercises presented in this chapter we have seen menu lists of
commands displayed in the screen. These menu lists are referred to as
CHOOSE boxes. For example, to use the ORDER command to reorder
variables in a directory, we use, in algebraic mode:

CDme Show PROG menu list and select MEMORY

L T T [
HiH FEOG _HENU

1. =TACH.. —

. ERANCH..
LTEST.
.TYFE..
LLIZT.

. GR0E..
LFICT..

Show the MEMORY menu list and select DIRECTORY

Al HEWORY HEOU i
Mol FuRGE —

2. HEH
Z.EYTE®

4. NEHOE

5, DIRECTORY..
&

7

&

.ARITHHETIC..
.ARCHIVE
.REZTORE

activate the ORDER command
There is an alternative way to access these menus as soft MENU keys, by setting
flag 117 To set this flag try the following:
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The screen shows flag 117 not set (CHOOSE boxes), as shown here:

# ZYETEN FLAGE

ZRRT FiHpliried
Frafgr cozil

7 CHOOZE boxes
Ridorous an

Zilent Hode oFF
ALLaH SHitch Hode
Accur. Fian-FturH
rraf He Last ool
Yars are reals

Press the § oft menu key to set flag 117 to soft MENU. The screen will
reflect that change:

SQRT FiHpliFied
Frefgir cofi)

7 SoFt HENLU
Rigoraus on
filent Hode ofF
ALLoH ZHitch Hode
ACCur. Zian-3turd
rref He lazt ool
Wars are reals

Press Eii#litwice to return to normal calculator display.

Now, we'll try to find the ORDER command using similar keystrokes to those
used above, i.e., we start with ()6 .

Notice that instead of a menu list, we get soft menu labels with the different
options in the PROG meny, i.e.,

| HEW [ ERCH [ TEET [ TYRE |
Press to select the MEMORY soft menu |

. The display now shows:

Press to select the DIRECTORY soft menu (

The ORDER command is not shown in this screen. To find it we use the key
to find it:

To activate the ORDER command we press the ) soft menu key.
Although not applied to a specific example, this exercise shows the two options

for menus in the calculator (CHOOSE boxes and soft MENUs).
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Note: most of the examples in this user guide assume that the current setting of
flag 117 is its default setting (that is, not set). If you have set the flag but want
to strictly follow the examples in this guide, you should clear the flag before
continuing.

Selected CHOOSE boxes

Some menus will only produce CHOOSE boxes, e.g.,
e The APPS (APPlicationS menu), activated with the key, first key in
the second row of keys from the top of the keyboard:

I Funchions..
Constants Lib.,
JuHeric soluer.,
LTiHg & date..

(Equation Hriter
.File Hanaaer
Matrix Hriter
CText editar

WeEa Sl oW nd

e The CAT (CATalog menu), activated with the () _ar key, second key
in the fourth row of keys from the top of the keyboard:

AD T i
HioH CATALOG: FES COMWANDE |
i

wCH

T

e The HELP menu, activated with

Al T i
HiH CAZ: help on: !

RECUY
RCOEZE
AOOTHOD
AODTOREAL
ALGE
ARIT
EL REINIC
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The CMDS (CoMmanDS) menu, activated within the Equation Writer,
i.e., (2] _ew

CAS CoHHands:

: |
RECLIY

ACOE2S

ADDTHOD

ADDTOREAL

ALGE

ARIT

ASIN2C
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Chapter 3
Calculation with real numbers

This chapter demonstrates the use of the calculator for operations and functions
related to real numbers. Operations along these lines are useful for most
common calculations in the physical sciences and engineering. The user should
be acquainted with the keyboard to identify certain functions available in the
keyboard (e.g., SIN, COS, TAN, etc.). Also, it is assumed that the reader
knows how to adjust the calculator's operation, i.e., select operating mode (see
Chapter 1), use menus and choose boxes (see Chapter 1), and operate with
variables (see Chapter 2).

Checking calculators settings

To check the current calculator and CAS settings you need to just look at the top
line in the calculator display in normal operation. For example, you may see
the following sefting: RAD XYZ DEC R = ‘X’

This stands for RADians for angular measurements, XYZ for Rectangular
(Cartesian) coordinates, DECimal number base, Real numbers preferred, =
means “exact” results, and ‘X’ is the value of the default independent variable.

Another possible listing of options could be DEG R£ZZHEXC ~

This stands for DEGrees as angular measurements, RZZ for Polar coordinates,
HEXagesimal number base, Complex numbers allowed, ~ stands for
“approximate” results, and ‘' as the default independent variable.

In general, this part of the display contains seven elements. Each element is
identified next under numbers 1 through 7. The possible values for each
element are shown between parentheses following the element description. The
explanation of each of those values is also shown:

1. Angle measure specification (DEG, RAD, GRD)
DEG: degrees, 360 degrees in a complete circle
RAD: radians, 27 radians in a complete circle
GRD: grades, 400 grades in a complete circle
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2. Coordinate system specification (XYZ, R£ZZ, R£Z). The symbol £
stands for an angular coordinate.
XYZ: Cartesian or rectangular (x,y,z)
RZZ: cylindrical Polar coordinates (r,6,z)
Rz«: Spherical coordinates (p,0,0)
3. Number base specification (HEX, DEC, OCT, BIN)
HEX: hexadecimal numbers (base 16)
DEC: decimal numbers (base 10)
OCT: octal numbers (base 8)
BIN: binary numbers (base 2)
4. Real or complex mode specification (R, €)
R:  real numbers
C:.  complex numbers
5. Exact or approximate mode specification (=, ~)
= exact (symbolic) mode
~ approximate (numerical) mode
6. Default CAS independent variable (e.g., ‘X, 't, etc.)

Checking calculator mode

When in RPN mode the different levels of the stack are listed in the left-hand
side of the screen. When the ALGEBRAIC mode is selected there are no
numbered stack levels, and the word ALG is listed in the top line of the display
towards the right-hand side. The difference between these operating modes
was described in detail in Chapter 1.

Real number calculations

To perform real number calculations it is preferred to have the CAS set to Real
(as opposite to Complex) mode. In some cases, a complex result may show up,
and a request to change the mode to Complex will be made by the calculator.
Exact mode is the default mode for most operations. Therefore, you may want
to start your calculations in this mode. Any change to Approx mode required to
complete an operation will be requested by the calculator. There is no
preferred selection for the angle measure or for the number base specification.
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Real number calculations will be demonstrated in both the Algebraic (ALG) and
Reverse Polish Notation (RPN) modes.

Changing sign of a number, variable, or expression

Use the key. In ALG mode, you can press before entering the
number, e.g., G-)(2)(-J(5)@Em . Result=-2.5. In RPN mode, you need to
enter at least part of the number first, and then use the key, e.g.,
(2)(CIEIEA). Result = 2.5, 1f you use the function while there is no
command line, the calculator will apply the NEG function (inverse of sign) fo the
object on the first level of the stack.

The inverse function

Use the key. In ALG mode, press first, followed by a number or
algebraic expression, e.g., (x)(2). Result = 2 or 0.5. In RPN mode, enter
the number first, then use the key, e.g., (4 @@ (% ). Result = 4 or 0.25.

Addition, subtraction, multiplication, division
Use the proper operation key, namely, = (=). In ALG mode,
press an operand, then an operator, then an operand, followed by an to
obtain a result. Examples:

EDEBIA )

e )3 (=) I8

2 (208

(23 (=) W08

The first three operations above are shown in the following screen shot:

In RPN mode, enter the operands one after the other, separated by an @),
then press the operator key. Examples:
OO @em (S22
Lm0 (=)

O @em (20
B EBEDCELNED EDEDED
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Alternatively, in RPN mode, you can separate the operands with a space (7))
before pressing the operator key. Examples:
@I I2)
e I3 )85 ()
220
(2CEIEIHIC ) ()
Using parentheses
Parentheses can be used to group operations, as well as to enclose arguments
of functions. The parentheses are available through the keystroke combination

(<) . Parentheses are always entered in pairs. For example, to calculate
(5+3.2)/(72.2):

In ALG mode:
=) GO EIE)) . (D= @CO@) @

In RPN mode, you do not need the parenthesis, calculation is done directly on
the stack:

D em (32D B (2 2]

In RPN mode, typing the expression between quotes will allow you to enter the
expression like in algebraic mode:

(&) OB
&) (D@2 @) (@A)

For both, ALG and RPN modes, using the Equation Writer:
(e _ew () (HEICI2® D=2 I2)

The expression can be evaluated within the Equation writer, by using:

A (& (A (A or, (P&

Absolute value function

The absolute value function, ABS, is available through the keystroke
combination: ()45 . When calculating in the stack in ALG mode, enter the
function before the argument, e.g., (D4 ) (232 E™

In RPN mode, enter the number first, then the function, e.g.,

(DC2IC =)
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Squares and square roots

The square function, SQ, is available through the keystroke combination:
()2 . When calculating in the stack in ALG mode, enter the function
before the argument, e.g., CoD» G (23 @)

In RPN mode, enter the number first, then the function, e.g.,
(22

The square root function, 4, is available through the R key. When calculating in

the stack in ALG mode, enter the function before the argument, e.g.,

OGO HE™

In RPN mode, enter the number first, then the function, e.g.,

BB EDED DTS

Powers and roots

The power function, *, is available through the key. When calculating in
the stack in ALG mode, enter the base (y) followed by the key, and then the
exponent (x), e.g., (3202

In RPN mode, enter the number first, then the function, e.g.,

L I2D)Em (-2 @m0
The root function, XROOT(y,x), is available through the keystroke combination

(P)_%7 . When calculating in the stack in ALG mode, enter the function
XROOQT followed by the arguments (y,x), separated by commas, e.g.,

(P o3P

In RPN mode, enter the argument y, first, then, x, and finally the function call,

e.g. DD Em(3)e=(>) 9

Base-10 logarithms and powers of 10
Logarithms of base 10 are calculated by the keystroke combination () _tos
(function LOG) while its inverse function (ALOG, or antilogarithm) is calculated
by using (92" . In ALG mode, the function is entered before the argument:
Lo (2)(IED) am)
et G20 @m

In RPN mode, the argument is entered before the function
(D)) e (B)_tog
(2D (a)e”
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Using powers of 10 in entering data

Powers of ten, i.e., numbers of the form -4.5"10%, etc., are entered by using the
key. For example, in ALG mode:

GG EIC 2@
Or, in RPN mode:

I E)2IC) @)
Natural logarithms and exponential function
Natural logarithms (i.e., logarithms of base e = 2.7182818282) are calculated
by the keystroke combination () v (function LN) while its inverse function,
the exponential function (function EXP) is calculated by using e . InAlG
mode, the function is entered before the argument:

() w2 @™
e OB E=)

In RPN mode, the argument is entered before the function
2ICOMW)e= () W
(2ICICIC)Em ()

Trigonometric functions

Three trigonometric functions are readily available in the keyboard: sine (),
cosine ((cs)), and tangent (). The arguments of these functions are angles,
therefore, they can be entered in any system of angular measure (degrees,
radians, grades). For example, with the DEG option selected, we can calculate
the following trigonometric functions:

In ALG mode:

V)30 ) (Eve)
In RPN mode:

30 @vm) (sw)

Inverse trigonometric functions

The inverse trigonometric functions available in the keyboard are the arcsine
(ASIN), arccosine (ACOS), and arctangent (ATAN), available through the
keystroke combinations ()4, () 4c0s , and ()4, respectively. Since

Page 3-6



the inverse trigonometric functions represent angles, the answer from these
functions will be given in the selected angular measure (DEG, RAD, GRD).
Some examples are shown next:

In ALG mode:

a0 2 E@m)
(acos (I8 )™
. (I @)

In RPN mode:

LD Em (G
O8I Em (G )Ac0s.
DO Em () my

All the functions described above, namely, ABS, SQ, , *, XROOT, LOG,
ALOG, LN, EXP, SIN, COS, TAN, ASIN, ACOS, ATAN, can be combined with
the fundamental operations ((£)(=)(x)(=)) to form more complex
expressions. The Equation Writer, whose operations is described in Chapter 2,
is ideal for building such expressions, regardless of the calculator operation
mode.

Differences between functions and operators

Functions like ABS, SQ, v, LOG, ALOG, LN, EXP, SIN, COS, TAN, ASIN,
ACOS, ATAN require a single argument. Thus, their application is ALG mode
is straightforward, e.g., ABS(x).  Some functions like XROOT require two
arguments, e.g., XROOT(x,y). This function has the equivalent keystroke
sequence _.

Operators, on the other hand, are placed affer a single argument or between
two arguments. The factorial operator (1), for example, is placed after a
number, e.g., (5)@ma)(>)(2)Em=) . Since this operator requires a single
argument it is referred to as a unary operator. Operators that require two
arguments, such as =D (=) (O™, are binary operators, e.g.,
IXIEE], or (420,

Real number functions in the MTH menu

The MTH (MaTHematics) menu include a number of mathematical functions
mostly applicable to real numbers. To access the MTH menu, use the keystroke
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combination CeD)#m_ . With the default setting of CHOOSE boxes for system

As they are a great number of mathematic functions available in the calculator,
the MTH menu is sorted by the type of object the functions apply on. For
example, options 1. VECTOR.., 2. MATRIX., and 3. LIST.. apply to those data
types (i.e., vectors, matrices, and lists) and will discussed in more detail in
subsequent chapters. Options 4. HYPERBOLIC.. and 5. REAL.. apply to real
numbers and will be discussed in detailed herein. Option 6. BASE.. is used for
conversion of numbers in different bases, and is also to be discussed in a
separate chapter. Option 7. PROBABILITY.. is used for probability applications
and will be discussed in an upcoming chapter. Option 8. FFT.. (Fast Fourier
Transform) is an application of signal processing and will be discussed in a
different chapter. Option 9. COMPLEX.. contains functions appropriate for
complex numbers, which will be discussed in the next chapter. Option 10.
CONSTANTS provides access to the constants in the calculator.  This option
will be presented later in this section. Finally, option 11. SPECIAL
FUNCTIONS.. includes functions of advanced mathematics that will be
discussed in this section also.

In general, to apply any of these functions you need to be aware of the number
and order of the arguments required, and keep in mind that, in ALG mode you
should select first the function and then enter the argument, while in RPN mode,
you should enter the argument in the stack first, and then select the function.

Using calculator menus:

1. Since the operation of MTH functions (and of many other calculator menus)
is very similar, we will describe in detail the use of the 4. HYPERBOLIC..
menu in this section, with the intention of describing the general operation
of calculator menus. Pay close attention to the process for selecting
different options.

2. To quickly select one of the numbered options in a menu list (or CHOOSE
box), simply press the number for the option in the keyboard. For
example, to select option 4. HYPERBOLIC.. in the MTH menu, simply press

.
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Hyperbolic functions and their inverses
Selecting Option 4. HYPERBOLIC.. , in the MTH menu, and pressing
produces the hyperbolic function menu:

Al
Hion HYFEREOLIC HENU

Al
Hion HYFEREOLIC HENU

[Pl o =0 o W B L rd

The hyperbolic functions are:
Hyperbolic sine, SINH, and its inverse, ASINH or sinh’!
Hyperbolic cosine, COSH, and its inverse, ACOSH or cosh’!

Hyperbolic tangent, TANH, and its inverse, ATANH or tanh’!
This menu contains also the functions:

EXPM(x) = exp(x) - 1,
LNP1(x) = In(x+1).
Finally, option 9. MATH, returns the user to the MTH menu.

For example, in ALG mode, the keystroke sequence to calculate, say, tanh(2.5),
is the following:

(=) Select MTH menu

Select the 4. HYPERBOLIC.. menu
Select the 5. TANH function
@D Evm) Evaluate tanh(2.5)

The screen shows the following output:

= TAMHCZ . 51
LEEE14292151
[HELF| [ | |
In the RPN mode, the keystrokes to perform this calculation are the following:
2O Em) Enter the argument in the stack
Camm Select MTH menu

Select the 4. HYPERBOLIC.. menu
Select the 5. TANH function
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The result is:

1: 985614292151

The operations shown above assume that you are using the default setting for
system flag 117 (CHOOSE boxes). If you have changed the setting of this flag
(see Chapter 2) to SOFT menu, the MTH menu will show as labels of the soft
menu keys, as follows (left-hand side in ALG mode, right -hand side in RPN
mode):

Note: Pressing ()7 will return to the first set of MTH options. Also, using
the combination (P)<®> will list all menu functions in the screen, e.g.

format press i, to produce:

Finally, in order to select, for example, the hyperbolic tangent (tanh) function,
simply press
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Note: To see additional options in these soft menus, press the key or the
() mev_ keystroke sequence.

For example, to calculate tanh(2.5), in the ALG mode, when using SOFT menus
over CHOOSE boxes, follow this procedure:

)M Select MTH menu
Select the HYPERBOLIC.. menu
Select the TANH function

@) Evm) Evaluate tanh(2.5)

In RPN mode, the same value is calculated using:
) Em= Enter argument in the stack
Camm Select MTH menu
Select the HYPERBOLIC.. menu
Select the TANH function

As an exercise of applications of hyperbolic functions, verify the following
values:

SINH (2.5) = 6.05020.. ASINH(2.0) = 1.4436...
COSH (2.5) = 6.13228.. ACOSH (2.0) = 1.3169...
TANH(2.5) = 0.98661.. ATANH(0.2) = 0.2027...
EXPM(2.0) = 6.38905.... LNP1(1.0) = 0.69314....

Once again, the general procedure shown in this section can be applied for
selecting options in any calculator menu.

Real number functions
Selecting option 5. REAL.. in the MTH menu, with system flag 117 set to
CHOOSE boxes, generates the following menu list:

AD Al
HOH KEAL HENLU ! A KEAL HENU
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AD i Al
HOH REAL HENU HiH REAL HENU

17 . R+
13.HATH..

Option 19. MATH.. returns the user to the MTH menu. The remaining functions
are grouped into six different groups described below.

If system flag 117 is set to SOFT menus, the REAL functions menu will look like
this (ALG mode used, the same soft menu keys will be available in RPN mode):

N

| TERC [FLOOK CEIL | D+ | F: [ [ [ | [ HTH]

|, returns the user to the MTH menu.

The very last option

Percentage functions
These functions are used to calculate percentages and related values as follows:
% (y,x)  : calculates the x percentage of y
%CH(y,x) : calculates 100(y-x)/x, i.e., the percentage change, the
difference between two numbers.
%T(y,x)  :calculates 100 x/y, i.e., the percentage total, the portion
that one number (x) is of another (y).
These functions require two arguments, we illustrate the calculation of
%T(15,45), i.e., calculation 15% of 45, next. We assume that the calculator is
set to ALG mode, and that system flag 117 is set to CHOOSE boxes. The
procedure is as follows:

Select MTH menu

Select the 5. REAL.. menu
Select the 5. %T function
Enter first argument

Enter a comma to separate arguments

Enter second argument

ENTER Calculate function
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The result is shown next:

FHTI15,435) =a
I I I

In RPN mode, recall that argument y is located in the second level of the stack,
while argument x is located in the first level of the stack. This means, you should
enter x first, and then, y, just as in ALG mode. Thus, the calculation of

%T(15,45), in RPN mode, and with system flag 117 set to CHOOSE boxes, we

proceed as follows:

Enter first argument
Enter second argument
e mm Select MTH menu

Select the 5. REAL.. menu
Select the 5. %T function

Note: The exercises in this section illustrate the general use of calculator
functions having 2 arguments. The operation of functions having 3 or more
arguments can be generalized from these examples.

As an exercise for percentage-related functions, verify the following values:

%(5,20) = 1, %CH(22,25) = 13.6363.., %T(500,20) = 4

Minimum and maximum
Use these functions to determine the minimum or maximum value of two
arguments.
MIN(x,y) : minimum value of x and y
MAX(x,y) : maximum value of x and y
As an exercise, verify that MIN(-2,2) = -2, MAX(-2,2) = 2

Modulo
MOD: y mod x = residual of y/x, i.e., if x and y are integer numbers, y/x = d
+ r/x, where d = quotient, r = residual. In this case, r = y mod x.
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Please notice that MOD is not a function, but rather an o erator i.e., in ALG
mode, MOD should be used as i | =, and not as iy 3. Thus, the
operation of MOD is similar to that of (1) - =), ), =).

As an exercise, verify that 15 MOD 4 = 15 mod 4 = residual of 15/4 = 3

Absolute value, sign, mantissa, exponent, integer and fractional parts
ABS(x)  : calculates the absolute value, |x|
SIGN(x) : determines the sign of x, i.e., -1, 0, or 1.

MANT(x) : determines the mantissa of a number based on log1.

XPON(x) : determines the power of 10 in the number
IP(x) : determines the integer part of a real number

FP(x) : determines the fractional part of a real number
As an exercise, verify that ABS(-3) = |-3] = 3, SIGN(-5) = -1, MANT(2540) =
2.540, XPON(2540) = 3, IP(2.35) = 2, FP(2.35) = 0.35.

Rounding, truncating, floor, and ceiling functions
RND(x,y) : rounds up y to x decimal places
TRNC(x,y) : truncate y to x decimal places
FLOOR(x) : closest integer that is less than or equal to x

CEIL(x) : closest integer that is greater than or equal to x
As an exercise, verify that RND(1.4567,2) = 1.46, TRNC(1.4567,2) = 1.45,
FIOOR(2.3) = 2, CEIL(2,3) = 3

Radians-to-degrees and degrees-to-radians functions
D->R (x) : converts degrees to radians

R->D (x) : converts radians to degrees.
As an exercise, verify that D>R(45) = 0.78539 (i.e., 45° = 0.78539d),
R>D(1.5) = 85.943669.. (i.e., 1.579 = 85.943669..9).

Special functions
Option 11. Special functions... in the MTH menu includes the following
functions:

Page 3-14



SFECIAL FUNCTIONE HENU
1 GAHHA
2.F3I

3P

Y. HATH..

[ | | [CARCL]
GAMMA: The Gamma function T'(o/)
PSI: N-th derivative of the digamma function
Psi: Digamma function, derivative of the In(Gamma)

The Gamma function is defined by I'(&) = f x* e ™ dx . This function has

applications in applied mathematics for science and engineering, as well as in
probability and statistics.

Factorial of a number
The factorial of a positive integer number n is defined as n/=n-(n-1)x(n-2)
...3x2x1, with 0! = 1. The factorial function is available in the calculator by
using @) (P )(2). In both ALG and RPN modes, enter the number first,
followed by the sequence @a)(>)(2). Example: (5)@ra(P)(2)E=) .
The Gamma function, defined above, has the property that

Moy = (o-1) Ta—1), foro> 1.
Therefore, it can be related to the factorial of a number, i.e., o) =1,
when o is a positive infeger. We can also use the factorial function to calculate
the Gamma function, and vice versa. For example, 775) = 4! or,
() (P (2 @m) . The factorial function is available in the MTH menu,
through the 7. PROBABILITY.. menu.

The PSI function, W(x,y), represents the y-th derivative of the digamma function,

n

d
ie., Y(n,x)=
i.e (n,x) o

Psi function. For this function, y must be a positive integer.

w(x), where ¥(x) is known as the digamma function, or

The Psi function, #(x), or digamma function, is defined as ¥(x) = In[I'(x)].
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Examples of these special functions are shown here using both the ALG and
RPN modes. As an exercise, verify that GAMMA(2.3) = 1.166711...,
PSI(1.5,3) = 1.40909.., and Psi(1.5) = 3.64899739..E2.

These calculations are shown in the following screen shot:

: GAMMACZ. 2]
1. 166711965

tPEI01.3,3)
1.46963182
tP=ifl.3)

2. 642997397 ICE-
| F=i| [ |

Calculator constants
The following are the mathematical constants used by your calculator:

e the base of natural logarithms.
i the imaginary unit, i 2 =-1.
g/ the ratio of the length of the circle to its diameter.

MINR: the minimum real number available to the calculator.

«  MAXR: the maximum real number available to the calculator.
To have access to these constants, select option 11. CONSTANTS.. in the MTH
menu,

AD
HiOH HATH HENU

HYFEREOLIC.,
.REAL..

.ERZE..
FROEREILITY..

.FFT..

L COHFLER..
10, CONETANTS..
11.F¥FECIAL FUNCTIONE..

The constants are listed as follows:

CONETANTE HENU CONETANTE HENU

Y00, ,1.0

5.1

6.2, 14150355250
7. HINE

BB Nk bl
.1

RS .
2.1.E-Y435

.l

.2 14155265350 3. HARE

. [ 10,3, 3R3F3IIHIRIIEYID
11.HATH..
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Selecting any of these entries will place the value selected, whether a symbol
(e.g., € i, ;; MINR, or MAXR) or a value (2.71.., (0,1), 3.14.., 1E-499,
9.99..E499) in the stack.

Please notice that e is available from the keyboard as exp(1), i.e.,

D¢ (D@m), in ALG mode, or (<)e*_, in RPN mode. Also,
is available directly from the keyboard as (9)®__ . Finally, i is available by
using(9 ).

Operations with units

Numbers in the calculator can have units associated with them. Thus, it is

possible to calculate results involving a consistent system of units and produce
a result with the appropriate combination of units.

The UNITS menu
The units menu is launched by the keystroke combination (2] wvrs (associated
with the (6 key). With system flag 117 set to CHOOSE boxes, the result is

the following menu:

AD
HOH UnIT: HEMU

CFressure.,
.TeHperature..
CElectric Current.,
LAnale.,

.Light..

L Faddation..

Option 1. Tools.. contains functions used to operate on units (discussed later).
Options 3. Length.. through 17.Viscosity.. contain menus with a number of units
for each of the quantities described. For example, selecting option 8. Force..
shows the following units menu:
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The user will recognize most of these units (some, e.g., dyne, are not used very
often nowadays) from his or her physics classes: N = newtons, dyn = dynes, gf
= grams - force (to distinguish from gram-mass, or plainly gram, a unit of
mass), kip = kilo-poundal (1000 pounds), Ibf = pound-force (to distinguish from
pound-mass), pd! = poundal.

To attach a unit object to a number, the number must be followed by an
underscore. Thus, a force of 5 N will be entered as 5_N.

For extensive operations with units SOFT menus provide a more convenient way
of attaching units. Change system flag 117 to SOFT menus (see Chapter 1),
and use the keystroke combination (P) s to get the following menus. Press
to move to the next menu page.

| AnGL LIGHT] FAb [ Iz ]

Pressing on the appropriate soft menu key will open the sub-menu of units for
that particular selection. For example, for the sub-menu, the following
units are available:

Ei I

1 will take you back to the UNITS menu.

| a0 | | | [UnIts

Pressing the soft menu key

Recall that you can alw

(P, e.g., forth

list the full menu labels in the screen by using
set of units the following labels will be listed:
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Note: Use the key or the ()& keystroke sequence to navigate through

the menus.

Available units
The following is a list of the units available in the UNITS menu. The unit symbol
is shown first followed by the unit name in parentheses:

LENGTH

m (meter), cm (centimeter), mm (millimeter), yd (yard), ft (feet), in (inch), Mpc
(Mega parsec), pc (parsec), lyr (light-year), au (astronomical unit), km
(kilometer), mi (international mile), nmi (nautical mile), miUS (US statute mile),
chain (chain), rd (rod), fath (fathom), fiUS (survey foot), Mil (Mil), u (micron), A

(Angstrom), fermi (fermi)

AREA

m”2 (square meter), cm”2 (square centimeter), b (barn), yd"2 (square yard),
ft*2 (square feet), in*2 (square inch), km"2 (square kilometer), ha (hectare), a
(are), mi*2 (square mile), miUS*2 (square statute mile), acre (acre)

VOLUME

m” 3 (cubic meter), st (stere), cm”3 (cubic centimeter), yd*3 (cubic yard), ft*3
(cubic feet), in"*3 (cubic inch), | (liter), galUK (UK gallon), galC (Canadian
gallon), gal (US gallon), gt (quart), pt (pint), ml (mililiter), cu (US cup), ozfl (US
fluid ounce), 0zUK (UK fluid ounce), tbsp (tablespoon), tsp (teaspoon), bbl
(barrel), bu (bushel), pk (peck), fom (board foot)

TIME
yr (year), d (day), h (hour), min (minute), s (second), Hz (hertz)
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SPEED

m/s (meter per second), cm/s (centimeter per second), ft/s (feet per second),
kph (kilometer per hour), mph (mile per hour), knot (nautical miles per hour), c
(speed of light), ga (acceleration of gravity )

MASS

kg (kilogram), g (gram), Lb (avoirdupois pound), oz (ounce), slug (slug), Ibt
(Troy pound), ton (short ton), tonUK (long ton), t (metric ton), ozt (Troy ounce), ct
(carat), grain (grain), u (unified atomic mass), mol (mole)

FORCE
N (newton), dyn (dyne), gf (gram-force), kip (kilopound-force), Ibf (pound-
force), pdl (poundal)

ENERGY

J (joule), erg (erg), Kcal (kilocalorie), Cal (calorie), Btu (International table btu),
ftxdbf (foot-pound), therm (EEC therm), MeV (mega electron-volt), eV (electron-
volt)

POWER
W (watt), hp (horse power),

PRESSURE

Pa (pascal), atm (atmosphere), bar (bar), psi (pounds per square inch), torr
(torr), mmHg (millimeters of mercury), inHg (inches of mercury), inH20 (inches
of water),

TEMPERATURE
© C (degree Celsius), ° F (degree Fahrenheit), K (Kelvin), ° R (degree Rankine),

ELECTRIC CURRENT (Electric measurements)
V (volt), A (ampere), C (coulomb), Q (ohm), F (farad), W (watt), Fdy (faraday),
H (henry), mho (mho), S (siemens), T (tesla), Wb (weber )
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ANGILE (planar and solid angle measurements)

© (sexagesimal degree), r (radian), grad (grade), arcmin (minute of arc), arcs
(second of arc), sr (steradian)

LIGHT (lllumination measurements)

fc (footcandle), flam (footlambert), Ix (lux), ph (phot), sb (stilb), Im (lumem), cd
(candela), lam (lambert)

RADIATION
Gy (gray), rad (rad), rem (rem), Sv (sievert), Bq (becquerel), Ci (curie), R
(roentgen)

VISCOSITY

P (poise), St (stokes)

Units not listed

Units not listed in the Units menu, but available in the calculator include: gmol
(gram-mole), lbmol (pound-mole), rpm (revolutions per minute), dB (decibels).
These units are accessible through menu 117.02, triggered by using
MENU(117.02) in ALG mode, or 117.02 MENU in RPN mode. The menu
will show in the screen as follows (use (7)< to show labels in display):

These units are also accessible through the catalog, for example:

gmol:  (P)_ar (=)@
lbmol:  (P)_aar (s ()@
rpm: (P _aar (arm) (9D (B
dB: (P _ar () D (@
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Converting to base units

To convert any of these units to the default units in the Sl system, use the function
UBASE. For example, to find out what is the value of T poise (unit of viscosity)
in the Sl units, use the following:

In ALG mode, system flag 117 set to CHOOSE boxes:
() s Select the UNITS menu
Select the TOOLS menu

S Select the UBASE function

(P)__= Enter 1 and underline

() unrs Select the UNITS menu
Select the VISCOSITY option
Select the UNITS menu

ENTER Convert the units

This results in the following screen (i.e., 1 poise = 0.1 kg/(m-s)):

sUBASE(L1_F

I T (o

In RPN mode, system flag 117 set to CHOOSE boxes:

Enter 1 (no underline)

UNITS Select the UNITS menu
Select the VISCOSITY option
Select the unit P (poise)
Select the UNITS menu
Select the TOOLS menu
Select the UBASE function

UNITS

N\

In ALG mode, system flag 117 set to SOFT menus:
_UNITS Select the UNITS menu
Select the TOOLS menu
Select the UBASE function
(P)__ - Entfer 1 and underline

(=) uwrs Select the UNITS menu
Cmer Select the VISCOSITY option

Select the unit P (poise)
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ENTER Convert the units

In RPN mode, system flag 117 set to SOFT menus:

Enter 1 (no underline)
() wrs Select the UNITS menu
CDmev Select the VISCOSITY option

Select the unit P (poise)
_unirs Select the UNITS menu
Select the TOOLS menu
Select the UBASE function

Attaching units to numbers

To attach a unit object to a number, the number must be followed by an
underscore ((P)__=, key(8,5)). Thus, a force of 5 N will be entered as 5_N.
Here is the sequence of steps to enter this number in ALG mode, system flag
117 set to CHOOSE boxes:

Pl = Enter number and underscore

NITS Access the UNITS menu

Select units of force (8. Force..)
Select Newtons (N)

ENTER Enter quantity with units in the stack

The screen will look like the following:

f31_H

Note: [f you forget the underscore, the result is the expression 5*N, where N
here represents a possible variable name and not Newtons.

To enter this same quantity, with the calculator in RPN mode, use the following

keystrokes:
Enter number (do not enter underscore)
Access the UNITS menu

Select units of force (8. Force..)
Select Newtons (N)
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Notice that the underscore is entered automatically when the RPN mode is
active. The result is the following screen:

1 5_5
[k | WAz JcAzoIl |

As indicated earlier, if system flag 117 is set to SOFT menus, then the UNITS
menu will show up as labels for the soft menu keys. This set up is very
convenient for extensive operations with units.

The keystroke sequences to enter units when the SOFT menu option is selected,
in both ALG and RPN modes, are illustrated next. For example, in ALG mode,
to enter the quantity 5_N use:

) - Enter number and underscore

UNITS Access the UNITS menu

AT Select units of force
Select Newtons (N)

ENTER Enter quantity with units in the stack

The same quantity, entered in RPN mode uses the following keystrokes:
Enter number (no underscore)
() wrs Access the UNITS menu

Select units of force

Select Newtons (N)

Note: You can enter a quantity with units by typing the underline and units
with the keyboard, e.g., (5)(>)__= @@ will produce the entry:

Unit prefixes

You can enter prefixes for units according to the following table of prefixes from
the S| system.

The prefix abbreviation is shown first, followed by its name, and by the

exponent x in the factor 10* corresponding to each prefix:

Prefix Name x Prefix Name x
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Y yotta  +24 d deci 1
YA zetta  +21 c centi -2
E exa +18 m milli -3
P peta  +15 v micro -6
T tera +12 n nano -9
G giga +9 P pico  -12
M mega +6 f femto  -15
k,K kilo +3 a atto -18
h,H hecto  +2 z zepto 21
D(*) deka +1 y yocto 24

(*) In the Sl system, this prefix is da rather than D. Use D for deka in the
calculator, however.

To enter these prefixes, simply type the prefix using the keyboard. For
example, to enter 123 pm (1 picometer), use:

2B =) @A (S @
Using UBASE to convert to the default unit (1 m) results in:

11221 _pm

123 _pm

tUBRSERMSI1N
. HEEEABEEA1 23 _m
UEAZE] UVAL [UFACTIHINTTIUNTTS]

Operations with units

Once a quantity accompanied with units is entered into the stack, it can be
used in operations similar to plain numbers, except that quantities with units
cannot be used as arguments of functions (say, SQ or SIN). Thus, attempting to
calculate LN(10_m) will produce an error message: Error: Bad Argument Type.

Here are some calculation examples using the ALG operating mode. Be
warned that, when multiplying or dividing quantities with units, you must
enclosed each quantity with its units between parentheses. Thus, to enter, for
example, the product 12.5m x 5.2_yd, type it to read (12.5_m)*(5.2_yd) @&=) :

t12.5_m3.2_ud
&S _(mgd
[UEASE] UYAL JUFACT|-HINIT]
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which shows as 65_(m-yd). To convert to units of the S| system, use function
UBASE:

P12, 5o mS. 2 ud
s UBASEIRMSI1N

&3 _(mgd

o9, 436_m
UFACT|INITIURITS

Note: Recall that the ANS(1) variable is available through the keystroke
combination (<)% _ (associated with the key).

To calculate a division, say, 3250 mi / 50 h, enter it as (3250_mi)/(50_h)
) :

UFACT|-HINITIUNTITS

Addition and subtraction can be performed, in ALG mode, without using
parentheses, e.g., 5 m + 3200 mm, can be entered simply as 5_m + 3200_mm
ENTER)

= g5 =
: UIEASEIRMSILN
29.95?5_2
Sl w3266 _mm
S2EE, _m

More complicated expression require the use of parentheses, e.g.,
(12_mm)*(1_cm”2)/(2_s) @=):
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=12-1_mm-1-1_i:m2

21 _=

Stack calculations in the RPN mode, do not require you to enclose the different
terms in parentheses, e.g.,

12_m @m=) 1.5_yd
3250_mi @ 50_h @ ()

These operations produce the following output:

Also, try the following operations:
S5_m 3200_mm
12_mm 1_cm”2 2_s@m® (=)

These last two operations produce the following output:

Note: Units are not allowed in expressions entered in the equation writer.

Units manipulation tools
The UNITS menu contains a TOOLS sub-menu, which provides the following
functions:
CONVERT(x,y): convert unit object x to units of object y
UBASE(x): convert unit object x to S units
UVAL(x): extract the value from unit object x
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UFACT(x,y):  factors a unit y from unit object x
>UNIT(x,y):  combines value of x with units of y

The UBASE function was discussed in detail in an earlier section in this chapter.
To access any of these functions follow the examples provided earlier for
UBASE. Notice that, while function UVAL requires only one argument, functions
CONVERT, UFACT, and -UNIT require two arguments.

Try the following exercises. The output shown below was developed in ALG
mode with system flat 117 set to SOFT menu:

Examples of CONVERT

These examples produce the same result, i.e., to convert 33 watts to btus
CONVERT(33_W,1_hp)
CONVERT(33_W,11_hp)

These operations are shown in the screen as:

Examples of UVAL:
UVAL(25_ft/s)
UVAL(0.021_cm”3)
. ft
UvAL (251 - EE ]
25.
H U'-.-'FIL[. ElEl_i:ma]
R T )
Examples of UFACT

UFACT(1_ha,18_km"2)
UFACT(T_mm,15.1_cm)
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=UFHUﬂ14 ha,181_ kmq

Bl _km

SLFACTIL1 mm,151 Eni]
=

ETHETEETHENE

Examples of >UNIT
>UNIT(25,1_m) &
SUNIT(11.3,1_mph) @

FHUMITE2S,11 _m)

+UMITILIL. 3, 121 1 I h]
_p
UFHIT +UHIT UNIT=

Physical constants in the calculator

Following along the treatment of units, we discuss the use of physical constants
that are available in the calculator's memory. These physical constants are
contained in a constants library activated with the command CONLIB. To
launch this command you could simply type it in the stack:

EBEDO O E D0 E DT

or, you can select the command CONLIB from the command catalog, as
follows: First, launch the catalog by using: (7)) _cr @)@ . Next, use the up
and down arrow keys (@ <3 to select CONLIB. Finally, press the
soft menu key. Press @®), if needed.

The constants library screen will look like the following (use the down arrow key
to navigate through the library):

CONETANTE LIERARY 3

gadro' s number

H a
P omolar wolume
P yniversal gas
dT: =td temperature
: =td pressure
i Stefan—

oltzmann
i speed of light
=I a] ENGL [URIT=]YH

! Stefan-
: speed of

WNETANTS LIERAR

std temperature
dF: =td pressure
Dltzmann

perm1tt1u1?u

E: permeab111tu

I m EﬂuL UHITI "HLUE +:TH | RUIT
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CONZTANTE LIERARY 3
accel of aravitg 1
H rau1tat1an

h: Flanck's

hbar: Dirac's
electronic charge
: electrnn mass

ONETANTZE LIERARY 5
quet qome ratio 1
[1]=H pratnn Mmass
mpmes npsme Fatio

: fine structure
! mag flux quantum
: Faradag

CONETANTE LIERARY &
wi REydberg

ad: Bohr radius
pB: Bobr magoneton

pH: nuclear magneton
BT photon wavelength
fEE choton fregquency

- | | =

rradian
twow:s 2w radians

anal: £ 1n trig mode
ES: EIEH =

WALUE] +5TK | 2UIT

I =] EnGL IJrlITl "HLIJE +5 TI 2UIT

The soft menu keys corresponding to this CONSTANTS LIBRARY screen include
the following functions:
S| when selected, constants values are shown in S| units
ENGL when selected, constants values are shown in English units (*)
UNIT  when selected, constants are shown with units attached (*)
VALUE when selected, constants are shown without units
>STK  copies value (with or without units) to the stack
QUIT  exit constants library
(*) Active only if the function VALUE is active.

This is the way the top of the CONSTANTS LIBRARY screen looks when the
option VALUE is selected (units in the SI system):
,IMEIHHEIIHHHE

—kFPa
1E-8_MW- tm™2.
259792458, _nr=
I m| ENGL [UNITa[MALUs] +£TH [ $UIT
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To see the values of the constants in the English (or Imperial) system, press the

lJI'ISTHI'ITS LIBRHR\'

If we de-select the UNITS option (press
(English units selected in this case):

To copy the value of Vm fo the stack, select the variable name, and press
then, press § For the calculator set to the ALG, the screen will look like this:

sCOMLIE
Vm: 259, B39
[HELF [ | |

The display shows what is called a tagged value, %1 1. In here,
Vm, is the tag of this result. Any arithmetic operation with this number will

ignore the tag. Try, for example: (P) W (2)(x)(=) s (@), which

produces:

sCOMLIE

HELF] [ [ |

The same operation in RPN mode will require the following keystrokes (after the
value of Vm was extracted from the constants library): _IN
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Special physical functions

Menu 117, triggered by using MENU(117) in ALG mode, or 117 MENU
in RPN mode, produces the following menu (labels listed in the display by using

)

The functions include:

ZFACTOR: gas compressibility Z factor function
FANNING: Fanning friction factor for fluid flow
DARCY: Darcy-Weisbach friction factor for fluid flow
FOL: Black body emissive power function

SIDENS: Silicon intrinsic density

TDELTA: Temperature delta function

In the second page of this menu (press (7)) we find the following items:

1: N

In this menu page, there is one function (TINC) and a number of units described
in an earlier section on units (see above). The function of interest is:

TINC: temperature increment command

Out of all the functions available in this MENU (UTILITY menu), namely,
ZFACTOR, FANNING, DARCY, FOA, SIDENS, TDELTA, and TINC, functions
FANNING and DARCY are described in Chapter 6 in the context of solving
equations for pipeline flow. The remaining functions are described following.

Function ZFACTOR

Function ZFACTOR calculates the gas compressibility correction factor for
nonideal behavior of hydrocarbon gas. The function is called by using
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ZFACTOR(x1, yp), where x7 is the reduced temperature, i.e., the ratio of actual
temperature to pseudo-critical temperature, and yp is the reduced pressure, i.e.,
the ratio of the actual pressure to the pseudo-critical pressure. The value of xt
must be between 1.05 and 3.0, while the value of yp must be between 0 and
30. Example, in ALG mode:

EFHETDRIE 12,5
L A5a5EPE230
mmmmnmm

Function FOL

Function FOL (T, A) calculates the fraction (dimensionless) of total black-body
emissive power at temperature T between wavelengths O and A.  If no units are
attached to T and A, it is implied that T is in K and L in m.  Example, in ALG
mode:

PFanl432. . EIEIEIEIl]
QEF 343V 2E39
FANNTIDRRCT] FO5 [SI0EN]

Function SIDENS

Function SIDENS(T) calculates the intrinsic density of silicon (in units of 1/cm?)
as a function of temperature T (T in K), for T between 0 and 1685 K. For
example,

=) DEHSHSEI 1
. @7995612238E1]
FANNTIDRRCY] FO5 JSI0EN

Function TDELTA

Function TDELTA(T(, Tf) yields the temperature increment T — Tgy. The result is
returned with the same units as T, if any. Otherwise, it returns simply the
difference in numbers. For example,

s TDELTR(ZS_"F,52_"C]
-186.5_"
FANNIIDARCY] FOw |2 I0EN]

The purpose of this function is to facilitate the calculation of temperature
differences given temperatures in different units. Otherwise, it's simply
calculates a subtraction, e.g.,
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* TDELTARZSE. 526,
FANNI[DARLCY]

-ZrH.

Function TINC
Function TINC(Tq,AT) calculates To+DT. The operation of this function is similar
to that of function TDELTA in the sense that it returns a result in the units of Ty
Otherwise, it returns a simple addition of values, e.g.,

: TINC[I25_"F_.—25_|{::|3

FTIMCI25E. ,25.)

221,

Defining and using functions

Users can define their own functions by using the DEF command available
thought the keystroke sequence ()2 (associated with the key). The
function must be entered in the following format:

Function_name(arguments) = expression_containing_arguments

For example, we could define a simple functionH(x) = In(x+1) + exp(x).
Suppose that you have a need to evaluate this function for a number of discrete
values and, therefore, you want o be able to press a single button and get the
result you want without having to type the expression in the right-hand side for
each separate value. In the following example, we assume you have set your
calculator to ALG mode. Enter the following sequence of keystrokes:

o (Dam@E (<)) (@)=
() _Wam (D@D () Bvm)

The screen will look like this:

:DEFI HE[ HisI=LHix+ 1)+ ]
HOVA
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Press the key, and you will notice that there is a new variable in your soft
menu key To see the contents of this variable press . The screen
will show now:

: DEFIHE[ Hia)=LMis+ 1142 ]
HOWH
+ x LMl 2 HERP !

Thus, the variable H contains a program defined by:
<< > x IN(x+1) + EXP(x)’ >>

This is a simple program in the default programming language of the calculator.
This programming language is called UserRPL. The program shown above is
relatively snmple and consists of two parts, contained between the program
containers *.

+  Input: > x >
Process: ‘IN(x+T1) + EXP(x) *
This is to be interpreted as saying: enter a value that is temporarily assigned to

the name x (referred to as a local variable), evaluate the expression between
quotes that contain that local variable, and show the evaluated expression.

To activate the function in ALG mode, type the name of the function followed by

0 (2)@m. Some

the argument between parentheses, e.g.,

examples are shown below:

=

2 HIZ) HZ] .

LHiZ+e =

tHil. 2 2 3
4. 1885742831 L”[3+1]+E‘

FFAR |ECHN] 21 ] R [ HAOS |

In the RPN mode, to activate the function enter the argument first, then press the
soft menu key corresponding to the variable name & . For example, you

could try: (2D . The other examples shown above can be entered by
using: (L7 () (2@ (3=

Functions can have more than 2 arguments. For example, the screen below
shows the definition of the function K(e, ) = a+f3 and its evaluation with the
arguments K(v2,z), and K(1.2,2.3):
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: DEF IMEC'E e, Bl=a+E"]
= = H|:|

WA
AR
=+
skil.2,2.3] o

The contents of the variable K are: << > o B ‘o4’ >>.

Functions defined by more than one expression
In this section we discuss the treatment of functions that are defined by two or
more expressions. An example of such functions would be

2-x—-1, x< 20
-] |

x2 -1, x>0
The function IFTE (IF-Then-Else) describes such functions.

The IFTE function

The IFTE function is written as IFTE(condlition, operation_if_true, operation_if false)
It condition is true then operation_if_true is performed, else operation_if_false is
performed. For example, we can write ‘f(x) = IFTE(x>0, x*2-1, 2*x-1)’, to
describe the function listed above. Function IFTE is accessible from the function
catalog () _ar ). The symbol ‘>’ (greater than) is available as (associated
with the key). To define this function in ALG mode use the command:
DEF(f(x) = IFTE(x>0, x*2-1, 2*x-1)) then, press @) . In RPN mode, type the

function definition between apostrophes:
‘H(x) = IFTE(x>0, x*2-1, 2*x-1)’
then press (e )oe .

Press to recover your variable menu. The function hould be available
in your soft key menu. Press to see the resulting program:

<< 2> x IFTE(x>0, x*2-1, 2*x-1)" >>

To evaluate the function in ALG mode, type the function name, f, followed by the
number at which you want to evaluate the function, e.g., f(2), then press @) .
In RPN mode, enter a number and press Check, for example, that f(2) =
3, while f(-2) = -5.
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Combined IFTE functions
To program a more complicated function such as

-x, x<-2
) x+1, —-2<x<0
X)=
g x=1, 0<x<?2

x, x>2

you can combine several levels of the IFTE function, i.e.,

‘g(x) = IFTE(x<-2, x, IFTE(x<O, x+1, IFTE(x<2, x-1, x*2)))’,

Define this function by any of the means presented above, and check that

9(-3)=3,9(1)=0,g(1)=0,g(3) = 9.
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Chapter 4
Calculations with complex numbers

This chapter shows examples of calculations and application of functions to
complex numbers.

Definitions
A complex number z is a number written as z = x + iy, where x and y are real

numbers, and i is the imaginary unit defined by i°=-1.  The complex number
x+iy has a real pant, x = Re(z), and an imaginary par, y = Im(z). We can
think of a complex number as a point P(x,y) in the x-y plane, with the x-axis
referred to as the real axis, and the y-axis referred to as the imaginary axis.
Thus, a complex number represented in the form x+iy is said to be in its
Cartesian representation. An alternative Cartesian representation is the ordered
pair z = (x,y). A complex number can also be represented in polar coordinates

[

(polar representation) as z = re '’ = r-cos@ + i rsin6 where r = [z|

=,/x* + y* is the magnitude of the complex number z, and 6= Arg(z) =

arctan(y/x) is the argument of the complex number z. The relationship between

the Cartesian and polar representation of complex numbers is given by the

9= cos 6+ isin 6. The complex conjugate of a complex

number z=x+iy=re'® is z=x—iy =re . The complex conjugate of i can

be thought of as the reflection of z about the real (x) axis. ~ Similarly, the

negative of z, —z = x-iy = - re ' can be thought of as the reflection of z about

the origin.

Euler formula: e

Setting the calculator to COMPLEX mode
When working with complex numbers it is a good idea to set the calculator to
complex mode, using the following keystrokes:

NN\
The COMPLEX mode will be selected if the CAS MODES screen shows the

option _Complex checked, i.e.,
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_NuHeric _ Apprax Etoupl-z:-:

wilarbose _ ftepsitep _Incr Fod
¥ REigorous _ ZaHp Non-Fational

ALLOH CoHplex nuHbar:s?

twice, to return to the stack.

Press

Entering complex numbers

Complex numbers in the calculator can be entered in either of the two
Cartesian representations, namely, x+iy, or (x,y). The results in the calculator
will be shown in the ordered-pair format, i.e., (x,y). For example, with the
calculator in ALG mode, the complex number (3.5,-1.2), is entered as:

®@) OO G2 e

A complex number can also be entered in the form x+iy. For example, in ALG
mode, 3.5-1.2i is entered as:

HIE DWEO@II®) L @)

The following screen results after entering these complex numbers:
2. 5,120
f2.5-1.21

[3.5,-1.2)
[3.5s-1.2)

[ VIEW [ RCL [ ZToM [FURGE]

In RPN mode, these numbers will be entered using the following keystrokes:

E@_ G 2 CI@IC) @

(Notice that the change-sign keystroke is entered after the number 1.2 has been
entered, in the opposite order as the ALG mode exercise).

The resulting RPN screen will be:

=H (2.5.-1.2
: 23.5-1.21
| VIEW | KiCL | =Tk [FURGE]
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Notice that the last entry shows a complex number in the form x+iy. This is so
because the number was entered between single quotes, which represents an
algebraic expression. To evaluate this number use the EVAL key( @aD).

[2.3.-1.2]

1t i2.5,-1.5
[WIEW| RCL | 210K [FURGEICLERF,

Once the algebraic expression is evaluated, you recover the complex number

(3.5,1.2).

Polar representation of a complex number

The result shown above represents a Cartesian (rectangular) representation of
the complex number 3.5-1.2i. A polar representation is possible if we change
the coordinate system to cylindrical or polar, by using function CYLIN. You can
find this function in the catalog ((P) _ar ).  Changing to polar shows the result
in RPN mode:

=
18 (2.7, 4. 330297354829
[ VIEM [TACK] RCL [FURGE]

For this result, it is in standard notation and the angular measure is set to
radians (you can always change to radians by using function RAD). The result
shown above represents a magnitude, 3.7, and an angle 0.33029.... The
angle symbol (£) is shown in front of the angle measure.

Return to Cartesian or rectangular coordinates by using function RECT
(available in the catalog, () _car ). A complex number in polar
representation is written as z = re'®. You can enter this complex number into
the calculator by using an ordered pair of the form (r, £6). The angle symbol
(£) can be entered as @) (>J)(6). For example, the complex number z =

5.2 can be entered as follows (the figures show the stack, before and after
entering the number):

Because the coordinate system is set to rectangular (or Cartesian), the
calculator automatically converts the number entered to Cartesian coordinates,
i.e., x =rcos 0,y =rsin 0, resulting, for this case, in (0.3678..., 5.18...).
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On the other hand, if the coordinate system is set to cylindrical coordinates (use
CYLIN), entering a complex number (x,y), where x and y are real numbers, will
produce a polar representation. For example, in cylindrical coordinates, enter
the number (3.,2.). The figure below shows the RPN stack, before and after
entering this number:

Iz :
CZa 24 1: [2.68355127046, 4. 55
| VIEW [ REL | =Tk [PURGE]

Simple operations with complex numbers

Complex numbers can be combined using the four fundamental operations
((F)E=XI=)). The results follow the rules of algebra with the caveat that
i?=-1. Operations with complex numbers are similar to those with real
numbers. For example, with the calculator in ALG mode and the CAS set to

Complex, we'll attempt the following sum: (3+5i) + (6-3i):

LR TE S REL I o = S |
(9.2
| VIEW | KiCL | =Tk [FURGE]

Notice that the real parts (3+6) and imaginary parts (5-3) are combined
together and the result given as an ordered pair with real part 9 and imaginary
part 2. Try the following operations on your own:

(52i) - (3+4i) = (2,6)
(3-1)-(2-4i) = (2,-14)
(5-2i)/(3+4i) = (0.28,-1.04)
1/(3+4i) = (0.12, -0.16)

Notes:

The product of two numbers is represented by: (xq+iy1)(xo+iys) = (x1x2 - y1y2)
+i (x1y2 + xay1).

The division of two complex numbers is accomplished by multiplying both
numerator and denominator by the complex conjugate of the denominator,
i.e.,
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X, iy _ Xty X~y _ 5% ), 4. 2N T X,
. . . 2, 2 2, 2
Xy Hy, X, 1y, X, 0, Xy, ), X, ),
Thus, the inverse function INV (activated with the key) is defined as
1 I x—i X .
= o -y: NI % 2
x+iy x+iy x—iy x +y X" +y

Changing sign of a complex number
Changing the sign of a complex number can be accomplished by using the

key, e.g., (5-3i) =-5 + 3i
-5, -2,

EDIT | VIEH | KCL | STok |FURGE|CLEAF

Entering the unit imaginary number
To enter the unit imaginary number type : (9)

@.,1.)

[ wikz | Vakz] WPAE ] E¢ | -

Notice that the number i is entered as the ordered pair (0, 1) if the CAS is set to
APPROX mode. In EXACT mode, the unit imaginary number is entered as i.

Other operations
Operations such as magnitude, argument, real and imaginary parts, and
complex conjugate are available through the CMPLX menus detailed later.

The CMPLX menus

There are two CMPLX (CoMPLeX numbers) menus available in the calculator.
One is available through the MTH menu (introduced in Chapter 3) and one
directly into the keyboard (CP)@#x ). The two CMPLX menus are presented
next.
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CMPLX menu through the MTH menu

Assuming that system flag 117 is set to CHOOSE boxes (see Chapter 2), the
CMPLX sub-menu within the MTH menu is accessed by using: C=)#H_ ((9)

. The following sequence of screen shots illustrates these steps:

Al [HATH_HENU i Al [CONFLER HENU
MO WYFEREOLTL.. HOH

5.REAL..
E.ERZE.
7 .FROEREILITY..
2.FFT..

11 SFECIAL FUNCTIONE..

The first menu (options 1 through 6) shows the following functions:

RE(z) : Real part of a complex number

IM(z)  : Imaginary part of a complex number

C—R(z) : Takes a complex number (x,y) and separates it info its real and
imaginary parts

R—C(x,y): Forms the complex number (x,y) out of real numbers x and y

ABS(z) : Calculates the magnitude of a complex number or the absolute value
of a real number.

ARG(z): Calculates the argument of a complex number.

The remaining options (options 7 through 10) are the following:

Al
HiH COHFLER HENU

SIGN(z) : Calculates a complex number of unit magnitude as z/ | z]| .
NEG : Changes the sign of z
CONJ(z): Produces the complex conjugate of z

Examples of applications of these functions are shown next. Recall that, for ALG
mode, the function must precede the argument, while in RPN mode, you enter
the argument first, and then select the function. Also, recall that you can get
these functions as soft menus by changing the setting of system flag 117 (See
Chapter 3).
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This first screen shows functions RE, IM, and C>R. Notice that the last function
returns a list {3. 5.} representing the real and imaginary components of the
complex number:

sRE(Z.-2..1)
FIMZ.-2..1)
fC+R(2.+5.01)

The following screen shows functions R>C, ABS, and ARG. Notice that the
ABS function gets translated to | 3.45."i|, the notation of the absolute value.
Also, the result of function ARG, which represents an angle, will be given in the
units of angle measure currently selected. In this example, ARG(3.+5.i) =
1.0303... is given in radians.

f12. 450010

In the next screen we present examples of functions SIGN, NEG (which shows
up as the negative sign - ), and CONJ.

CMPLX menu in keyboard

A second CMPLX menu is accessible by using the right-shift option associated
with the key, i.e., (@) ax . With system flag 117 set to CHOOSE boxes,
the keyboard CMPLX menu shows up as the following screens:
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Al
HoH CONFLER HENU

A
HiH CONFLER HENU

The resulting menu include some of the functions already introduced in the
previous section, namely, ARG, ABS, CONJ, IM, NEG, RE, and SIGN. It also
includes function i which serves the same purpose as the keystroke combination
i i.e., fo enter the unit imaginary number i in an expression.

—

The keyboard-base CMPLX menu is an alternative to the MTH-based CMPLX
menu containing the basic complex number functions. Try the examples shown
earlier using the keyboard-based CMPLX menu for practice.

Functions applied to complex numbers

Many of the keyboard-based functions defined in Chapter 3 for real numbers,
e.g., SQ, ,IN, &, LOG, 10%, SIN, COS, TAN, ASIN, ACOS, ATAN, can be
applied to complex numbers. The result is another complex number, as
illustrated in the following examples. To apply this functions use the same
procedure as presented for real numbers (see Chapter 3).

. : fLOGIS, +3,1]

FERE. ALl o sl ?565?439458521, . 2347E 1

PR :
(@.,1.)  [~97,BE93146596, 112,31

S ALOGIZ, - L il

il M. -
—G6. 828151819, =7, Ik EE 85543693289,— SVEETH
chzol [ [ [ [ | 1 1 | |

STM(4, TASIMCY

? 619231?2@32 B Dbk ?16639154@1 2,837 141
= COSi— PACOSIE

155, 5368@8519, =525, 7o 361@4@@42?12, —2. 3357
= TAHIS TAMI—1.

-1. 434@8158162E S l.EHK —1 3389?252229, JE23TH
m————! T O N N
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Note: When using trigonometric functions and their inverses with complex
numbers the arguments are no longer angles. Therefore, the angular measure
selected for the calculator has no bearing in the calculation of these functions
with complex arguments. To understand the way that trigonometric functions,
and other functions, are defined for complex numbers consult a book on
complex variables.

Functions from the MTH menu

The hyperbolic functions and their inverses, as well as the Gamma, PSI, and Psi
functions (special functions) were introduced and applied to real numbers in
Chapter 3. These functions can also be applied to complex numbers by
following the procedures presented in Chapter 3. Some examples are shown
below:

EEIMHI4, 5.1 PASIMHIY . —9..1]
2. 2A29ETE1VE, V. 62683 3. 12644592412, -, 987EE
=COSHIL. —i) f ACOSHEZ, i)
833?39925131:— Qoeas 1. 815438645923, 1. 57@7s
S TAHHI=1, +1] SATAMHIL . —F, 1]
-1. 68392332?34, = 2. 634@1289145E Z2:-1.4

AEINH] CoEH [ACOEH] TAMH | AEINH] CoEH JACOEH] TAMH |

The following screen shows that functions EXPM and LNP1 do not apply to
complex numbers. However, functions GAMMA, PSI, and Psi accept complex
numbers:

* GAMMALS . +5., 1)
tEAPMi4. -5.1] -1 49E55227I61, L 214E0E
=EHF"I‘1[4 =5.:11 =0 L Nl A=
"Bad Argument Tupe" -1. 52887444595, . 3172¢E
SLHP1(-2. 1] tFZilS. +9,1]
2.28254954 207, 1. 18621

Function DROITE: equation of a straight line

Function DROITE takes as argument two complex numbers, say, x;+iy; and
xo+iyo, and returns the equation of the straight line, say, y = a+bx, that
contains the points (x7,y1) and (xo,y;). For example, the line between points
A(5,-3) and B(6,2) can be found as follows (example in Algebraic mode):
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tDROITE(S—Si 642010
Y=SiE-51+—3
CHELF] | 1 ]

Function DROITE is found in the command catalog (CP) _ar ).

Using EVAL(ANS(1)) simplifies the result to:

tDROITE(S—Shi 6+21)
Y=EH-S14-2
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Chapter 5
Algebraic and arithmetic operations

An algebraic object, or simply, algebraic, is any number, variable name or
algebraic expression that can be operated upon, manipulated, and combined
according to the rules of algebra. Examples of algebraic objects are the
following:

e Anumber: 12.3, 15.2._m, ‘'w, @, ‘i’

e A variable name: ‘@’, ‘ux, ‘width’, etc.

e An expression: ‘p*D"2/4"/t*(L/D)*(V"2/(2*q))’

e An equation: ‘Q=(Cu/n)*A(y)*R(y)"(2/3)*S0"0.5’

Entering algebraic objects

Algebraic objects can be created by typing the object between single quotes
directly into stack level 1 or by using the equation writer C?) _eow . For
example, to enter the algebraic object ‘n*D*2/4" directly into stack level 1
vse:C )T O @ () (2)(=)(4)@™) . The resulting screen is
shown next for both the ALG mode (left-hand side) and the RPN mode (right-
hand side):

T D2

7 4,
EDIT | YIEH | RKCL | =Tk |FURGE|CLEAR

An algebraic object can also be built in the Equation Writer and then sent to
the stack. The operation of the Equation Writer was described in Chapter 2.
As an exercise, build the following algebraic object in the Equation Writer:

'.,.'2

L

#{5lae

| CURS | ETG m] EVAL [FACTO]

After building the obiject, press to show it in the stack (ALG and RPN modes
shown below):

Simple operations with algebraic objects
Algebraic objects can be added, subtracted, multiplied, divided (except by
zero), raised fo a power, used as arguments for a variety of standard functions
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(exponential, logarithmic, trigonometry, hyperbolic, etc.), as you would any real
or complex number. To demonstrate basic operations with algebraic objects,

let's create a couple of objects, say ‘t*R*2" and ‘g*t"2/4’, and store them in
variables A1 and A2 (See Chapter 2 to learn how to create variables and store
values in them). Here are the keystrokes for storing variables A1 in ALG

mode:C DT COEm®@OIC2I® @1 @®), resulting in:

: H-EE FA1

EDIT | YIEH STOk |FURGE|CLEAF

The keystrokes corresponding to RPN mode are: (")) (X))@ &)
O W@ (1)

After storing the variable A2 and pressing the key, the screen will show the
variables as follows:

2t ppe

In ALG mode, the following keystrokes will show a number of operations with
the algebraics contained in variables and (press to recover
variable menu):
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= LHIA1]

o@D
EED
e

_w

Functions in the ALG menu

The ALG (Algebraic) menu is available by using the keystroke sequence
(P)_A6 (associated with the key). With system flag 117 set to
CHOOSE boxes, the ALG menu shows the following functions:

RO TALG WENL i Al TG HEND
Hoh 1.COLLECT HOH 2.EXFAND
2.EXFAND 2.FRACTOR
2. FRCTOR Y. LRCOLLECT
Y. LOCOLLECT 5.LINn
5.LIN
& . FAETFRAC ?'EEE&E““‘
7. EOLNE 2. SUEST
2 SUEST 5. TEXFAND

Rather than listing the description of each function in this manual, the user is
invited to look up the description using the calculator’s help facility:

. To locate a particular function, type the first letter of the function.
For example, for function COLLECT, we type (@4 @, then use the up and down
arrow keys, (a\ <3, to locate COLLECT within the help window.

To complete the operation press Here is the help screen for function

COLLECT:

OLLECT:
Fecursive factorizad
ion of a polynomial

LRt ELR=22
Sees ERPAMD FACTOR
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We notice that, at the bottom of the screen, the line See: EXPAND FACTOR
suggests links fo other help facility entries, the functions EXPAND and FACTOR.
To move directly to those entries, press the soft menu ke i for EXPAND, and

or FACTOR.  Pressing , for example, shows the following
information for EXPAND:

AEHMHD

#pands and simplifies
an algebraic expr.

APAN i(H+2}*tK 2%)2

Seel COLLECT SIMPLIFY

EZEEZ | MRIN

Help facility

A help facility accessible via TOOL NEXT CASCMD allows you to browse
through all the CAS commands. It provides not only information on each
command, but also provides an example of its application. This example can
be copied onto your stack by pressing th oft menu key. For example, for
the EXPAND entry shown above, press the soft menu key to get the
following example copied to the stack (press to execute the command):

iHELF
f EAPAMDICA+21E-21]

2
H_
[HELF[ [ [ |

We leave for the user to explore the list of CAS functions available. Here are a
couple of examples:

The help facility will show the following information on the commands:

COLLECT: EXPAND

OLLECT: ]
eCUrsive factoriza—
ion of a polynomial
ver integers
OLLECT Cia™2—4 2
CHF2 A CH-20

e=! EXPAHD FACTOR

| ECHO | SEEL | SEE2 | SEEZ |
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FACTOR:

ACTOR: ]
actorizes an integer
(= E01§n0m1al
ACTORCHE™2=22
LEH 2 CE-T20

See: EXPAND COLLECT

LIN:

IH:
inearization of
cxponent ials
IMCERPCE ™20

ExP 2%

o lunomial e uatlun
Fovis VI

SOLMECK™ - 1

TEXPAND:

EXFAHD:
wpands transcendental

EXF (NI EERP O
Seei LIN TLIM

ZEEZ | HAIN

LNCOLLECT:

PARTFRAC:

HETFFEHLS
Ferforms partial frac—
ion dEEDmPDSltlDH on

fracti
'HETFRHE(EH“EH{H“E 12y
2+1fiH 1} 1sCH+10
== FEDP

EUEST:
Fubstitutes a wvalue
oF a wariable in an
Spression
SUBSTCA™2+1.A=22

2m2+1

ZEEZ | HAIN

Note: Recall that, to use these, or any other functions in the RPN mode,
you must enter the argument first, and then the function. For example, the
example for TEXPAND, in RPN mode will be set up as:

O@ ey (D@D @D @R 0 6

At this point, select function TEXPAND from menu ALG (or directly from the
catalog (@) _ar ), to complete the operation.
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Other forms of substitution in algebraic expressions

Functions SUBST, shown above, is used fo substitute a variable in an expression.
A second form of substitution can be accomplished by using the (7)1,
(associated with the | key). For example, in ALG mode, the following entry will
substitute the value x = 2 in the expression x+x2. The figure to the left shows the
way to enter the expression (the substituted value, x=2, must be enclosed in
parentheses) before pressing @) . After the key is pressed, the result is
shown in the right-hand figure:

+i™2 | D=2 27+

In RPN mode, this can be accomplished by entering first the expression where
the substitution will be performed (x+x2), followed by a list (see Chapter 8)
containing the substitution variable, an space, and the value to be substituted,
i.e., {x 2}. The final step is to press the keystroke combination: (P)__1 .

The required keystrokes are the following:

OERDE D@ DE (D E
@ @ECI2)em )|

In ALG mode, substitution of more than one variable is possible as illustrated in
the following example (shown before and after pressing @)

: A+IE|CA=2,B=2)
+[E | {R=2, B=3) 2+[3

HELF[ | | | HELF[ | [ |

In RPN mode, it is also possible to substitute more than one variable at a time,
as illustrated in the example below. Recall that RPN mode uses a list of variable
names and values for substitution.
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A different approach to substitution consists in defining the substitution
expressions in calculator variables and placing the name of the variables in the
original expression. For example, in ALG mode, store the following variables:

2'a+b'BA
2T+ 1'BE

a+b
m+1l

[ B | [chspzl [ [ |
Then, enter the expression A+B:

sla+b'rA
S'm+1'FE
m+1l

tA+E
mT+atb+1
| E | A [ehzozl [ [ |

a+b

The last expression entered is automatically evaluated after pressing the
key, producing the result shown above.

Operations with transcendental functions

The calculator offers a number of functions that can be used to replace
expressions containing logarithmic, exponential, trigonometric, and hyperbolic
functions in terms of trigonometric identities or in terms of exponential functions.
The menus containing functions to replace trigonometric functions can be
obtained directly from the keyboard by pressing the right-shift key followed by
the 8 key, i.e., () _m6 . The combination of this key with the left-shift key, i.e.,
exralN | produces a menu that lets you replace expressions in terms of
exponential or natural logarithm functions. In the next sections we cover those
menus in more detail.

Expansion and factoring using log-exp functions
The () exray produces the following menu:

AD W vrn e o i

HIH

LENFLN
.EXFH

.LINn
CLNCOLLECT

.LNFL
. TERFAND
.TEINF

Information and examples on these commands are available in the help facility
of the calculator. Some of the command listed in the EXP&LN meny, i.e., LIN,
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LNCOLLECT, and TEXPAND are also contained in the ALG menu presented
earlier. Functions LNP1 and EXPM were introduced in menu HYPERBOLIC,
under the MTH menu (See Chapter 2). The only remaining function is EXPLN.
lts description is shown in the left-hand side, the example from the help facility is
shown to the right:

APLHE
cwrites transcendent.
unctions in terms of

*HELF
f EXPLMHICOS0EN

#F and _LH i,
SPLHCCOSCMD Y ol i
CENPCIERI+1/ERPCi%RI 0., e
Seet SINCOS ERPEHYFR z

EWIT | ECHO | ¥ B SEEZ | NRIN

TKIG HERU
1 HVFEREOLIC.. 5.ATANZS

2. &.HALFTAN

2 ASINAC 7.5INCOS

4. REINAT 2. TRRZ:C

5. ATANS 5. ThRZZCE

& HALFTAN 0. TEMLLECT

7.SINCos 11 TEXFAND

2. TAN2sC

TREIG _HERU
10, TCALLECT
11 . TERFAND
12.TLIN
1Z.TRIG

14, TRIGQCOE

15. TRIGZIN
16 TRIGTAN
17 . TZIHF

These functions allow to simplify expressions by replacing some category of
trigonometric functions for another one. For example, the function ACOS2S
allows to replace the function arccosine (acos(x)) with its expression in terms of
arcsine (asin(x)).

Description of these commands and examples of their applications are
available in the calculator’s help facility ((ooD) (W) ). The user is invited to
explore this facility to find information on the commands in the TRIG menu.

Notice that the first command in the TRIG menu is the HYPERBOLIC menu,
whose functions were introduced in Chapter 2.
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Functions in the ARITHMETIC menu

The ARITHMETIC menu contains a number of sub-menus for specific
applications in number theory (integers, polynomials, etc.), as well as a number
of functions that apply to general arithmetic operations. The ARITHMETIC
menu is triggered through the keystroke combination ()4 (associated with
the key). With system flag 117 set to CHOOSE boxes, (9 4  shows

the following menu:

2. FOLYMONIAL..
2. HODUL®..

Y. FERHUTATION..
5.0IVIZ

&.FACTOR:
7. Lo
2. FROFFRAC

WO [RRITH HEND
MO S FoLvnonTAL..

4. FERHUTATION..
DINIE

n e

%.FRCTORS
7.Laco
2 FROFFRAC

Out of this menu list, options 5 through 9 (DIVIS, FACTORS, LGCD, PROPFRAC,
SIMP2) correspond to common functions that apply to integer numbers or to
polynomials. The remaining options (1. INTEGER, 2. POLYNOMIAL, 3.
MODULO, and 4. PERMUTATION) are actually sub-menus of functions that
apply to specific mathematical objects. This distinction between sub-menus
(options 1 through 4) and plain functions (options 5 through 9) is made clear
when system flag 117 is set to SOFT menus. Activating the ARITHMETIC menu
(=D 4 ), under these circumstances, produces:

[ FoLt [ROCUL] FERH [DIVIS

S —

Following, we present the help facility entries for the functions of options 5

through 9 in the ARITHMETIC menu (oo (%7)

DIVIS:

LTVTS: o

ist of divisors of a
= l?nnmlal oF integer
IVISiEs

ezl

Seed FACTOR

ERIT | ECHO | EEL | SEE2 | SEEZ

FACTORS:

ACTORS: ]
Feturns irreductible
actors of an integer
o & polyromial
ACTORS R ~2-12

L s+l 1. w-1 1.
Feed FACTOR

ERIT | ECHO | SEEY | SEE2 | SEEZ
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LGCD (Greatest Common Denominator):

LD ]

Ch of a list of
bﬂects

GCD{L125, 75,3553

2
Simplifies 2 objects
by diwviding them by
eir GCO
S IMF2 R 3—1 0" 2-10
LEM24+E+1, 5+1

PROPFRAC (proper fraction)

FOPFRAC: , ,
Splits 3 fraction into
an integer part and a

raction part
FROPFRACCAZ-120

See: PARTFRAC

The functions associated with the ARITHMETIC submenus: INTEGER,
POLYNOMIAL, MODULO, and PERMUTATION, are the following:

INTEGER menu
EULER Number of infegers < n, co -prime with n
IABCUV Solves au + bv = ¢, with a,b,c = integers

[IBERNOULLI n-th Bernoulli number

ICHINREM Chinese reminder for integers

IDIV2 Euclidean division of two integers

IEGCD Returns u,v, such that au + bv = ged(a,b)

IQUOT Euclidean quotient of two infegers

IREMAINDER  Euclidean remainder of two integers

ISPRIME2 Test if an integer number is prime

NEXTPRIME ~ Next prime for a given integer number

PA2B2 Prime number as square norm of a complex number

PREVPRIME Previous prime for a given integer number

POLYNOMIAL menu

ABCUV Bézout polynomial equation (au+bv=c)
CHINREM Chinese remainder for polynomials
CYCLOTOMIC  n-th cyclotomic polynomial

DIV2 Euclidean division of two polynomials
EGDC Returns u,v, from au+bv=gcd(a,b)
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FACTOR
FCOEF
FROQOTS
GCD
HERMITE
HORNER
LAGRANGE
LCM
LEGENDRE
PARTFRAC
PCOEF
PTAYL
QUOT
RESULTANT
REMAINDER
STURM
STURMAB
MODULO menu
ADDTMOD
DIVMOD
DIV2MOD

EXPANDMOD
FACTORMOD
GCDMOD
INVMOD
MOD
MODSTO
MULTMOD

POWMOD
SUBTMOD

Factorizes an integer number or a polynomial
Generates fraction given roots and multiplicity

Returns roots and multiplicity given a fraction

Greatest common divisor of 2 numbers or polynomials
n-th degree Hermite polynomial

Horner evaluation of a polynomial

Lagrange polynomial interpolation

Lowest common multiple of 2 numbers or polynomials
n-th degree Legendre polynomial

Partial-fraction decomposition of a given fraction
(help-facility entry missing)

Returns Q(x-a) in Q(x-a) = P(x), Taylor polynomial
Euclidean quotient of two polynomials

Determinant of the Sylvester matrix of 2 polynomials
Euclidean reminder of two polynomials

Sturm sequences for a polynomial

Sign at low bound and number of zeros between bounds

Add two expressions modulo current modulus

Divides 2 polynomials modulo current modulus
Euclidean division of 2 polynomials with modular
coefficients

Expands/simplify polynomial modulo current modulus
Factorize a polynomial modulo current modulus

GCD of 2 polynomials modulo current modulus
inverse of integer modulo current modulus

(not entry available in the help facility)

Changes modulo setting to specified value
Multiplication of two polynomials modulo current
modulus

Raises polynomial to a power modulo current modulus
Subtraction of 2 polynomials modulo current modulus
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Applications of the ARITHMETIC menu

This section is intended to present some of the background necessary for
application of the ARITHMETIC menu functions. Definitions are presented next
regarding the subjects of polynomials, polynomial fractions and modular
arithmetic. The examples presented below are presented independently of the

calculator setting (ALG or RPN)

Modular arithmetic

Consider a counting system of integer numbers that periodically cycles back on
itself and starts again, such as the hours in a clock. Such counting system is
called a ring. Because the number of integers used in a ring is finite, the
arithmetic in this ring is called finite arithmetic. Let our system of finite integer
numbers consists of the numbers 0, 1, 2, 3, ..., n-1, n. We can also refer to the
arithmetic of this counting system as modular arithmetic of modulus n. In the
case of the hours of a clock, the modulus is 12. (If working with modular
arithmetic using the hours in a clock, however, we would have to use the integer

numbers O, 1, 2, 3, ..., 10, 11, ratherthan 1, 2, 3,...,11, 12).

Operations in modular arithmetic

Ad(dition in modular arithmetic of modulus n, which is a positive integer, follow
the rules that if j and k are any two nonnegative integer numbers, both smaller
than n, if j+k>n, then j+k is defined as j+kn. For example, in the case of the
clock, i.e., for n =12, 6+9 “=" 3. To distinguish this ‘equality’ from infinite
arithmetic equalities, the symbol = is used in place of the equal sign, and the
relationship between the numbers is referred to as a congruence rather than an
equality. Thus, for the previous example we would write 6+9 =3 (mod 12),
and read this expression as “six plus nine is congruent to three, modulus
twelve.” If the numbers represent the hours since midnight, for example, the
congruence 6+9 = 3 (mod 12), can be interpreted as saying that “six hours
past the ninth hour after midnight will be three hours past noon.”  Other sums
that can be defined in modulus 12 arithmetic are: 2+5=7 (mod 12); 2+10 =
0 (mod 12); 7+5 =0 (mod 12); etcetera.

The rule for subtraction will be such that if j — k < O, then jk is defined as j-k+n.
Therefore, 8-10 = 2 (mod 12), is read “eight minus ten is congruent to two,
modulus twelve.” Other examples of subtraction in modulus 12 arithmetic
would be 10-5=5 (mod 12); 6-9=9 (mod 12); 5-8=9 (mod 12); 5-10=
7 (mod 12); etcetera.

Multiplication follows the rule that if j.k > n, so that jk = m-n + r, where mand r
are nonnegative integers, both less than n, then j =r (mod n). The result of
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multiplying | times k in modulus n arithmetic is, in essence, the integer

remainder of j-k/n in infinite arithmetic, if j-k>n. For example, in modulus 12
arithmeticwe have 7.3 =21=12+9, (or, 7:3/12=21/12=1+9/12, i.e,,
the integer reminder of 21/12 is 9). We can now write 7-3 =9 (mod 12), and
read the latter result as “seven times three is congruent to nine, modulus twelve.”

The operation of division can be defined in terms of multiplication as follows, r/
k =j(mod n), if, jk =r (mod n). This means that r must be the remainder of
j-k/n. For example, 9/7 = 3 (mod 12), because 7-3 =9 (mod 12). Some
divisions are not permitted in modular arithmetic. For example, in modulus 12
arithmetic you cannot define 5/6 (mod 12) because the multiplication table of
6 does not show the result 5 in modulus 12 arithmetic. This multiplication table
is shown below:

6*0 (mod 12) 0O 6*6 (mod 12) 0
6*1 (mod 12) 6 6*7 (mod 12) 6
6*2 (mod 12) O 6*8 (mod 12) 0
6*3 (mod 12) 6 6*9 (mod 12) 6
6*4 (mod 12) O 6*10 (mod 12) O
6*5 (mod 12) 6 6*11 (mod 12) 6

Formal definition of a finite arithmetic ring

The expression a =b (mod n) is interpreted as “a is congruent to b, modulo n,”
and holds if (b-a) is a multiple of n.  With this definition the rules of arithmetic
simplify to the following:

If a=b (mod n)and c =d (mod n),
then
a+c =b+d (mod n),
ac=b-d(modn),
axc = bxd (mod n).

For division, follow the rules presented earlier. For example, 17 = 5 (mod 6),
and 21 = 3 (mod 6). Using these rules, we can write:

17+21=54+3(mod 6) => 38=8(mod 6) =>38 =2 (mod 6)
17-21=5-3 (mod 6) => -4 =2 (mod 6)
17x21=5x%x3 (mod 6) => 357 =15 (mod 6) => 357 =3 (mod 6)
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Notice that, whenever a result in the right-hand side of the “congruence” symbol
produces a result that is larger than the modulo (in this case, n = 6), you can
always subtract a multiple of the modulo from that result and simplity it to a
number smaller than the modulo. Thus, the results in the first case 8 (mod 6)
simplifies to 2 (mod 6), and the result of the third case, 15 (mod 6) simplifies to
3 (mod 6). Confusing2 Well, not if you let the calculator handle those
operations. Thus, read the following section to understand how finite arithmetic
rings are operated upon in your calculator.

Finite arithmetic rings in the calculator

All along we have defined our finite arithmetic operation so that the results are
always positive. The modular arithmetic system in the calculator is set so that
the ring of modulus n includes the numbers -n/2+1, ...,-1,0, 1,...,n/2-1, n/2,
if nis even, and —(n-1)/2, (n-3)/2,...,-1,0,1,...,(n-3)/2, (n-1)/2, it n is odd.
For example, for n = 8 (even), the finite arithmetic ring in the calculator includes
the numbers: (-3,2,-1,0,1,3,4), while for n = 7 (odd), the corresponding
calculator’s finite arithmetic ring is given by (-3,-2,-1,0,1,2,3).

Modular arithmetic in the calculator

To launch the modular arithmetic menu in the calculator select the MODULO
sub-menu within the ARITHMETIC menu ((9) 4™ ). The available menu
includes functions: ADDTMOD, DIVMOD, DIV2MOD, EXPANDMOD,
FACTORMOD, GCDMOD, INVMOD, MOD, MODSTO, MULTMOD,
POWMOD, and SUBTMOD. Brief descriptions of these functions were provided

in an earlier section. Next we present some applications of these functions.

Setting the modulus (or MODULO)

The calculator contains a variable called MODULO that is placed in the
{HOME CASDIR} directory and will store the magnitude of the modulus to be
used in modular arithmetic.

The default value of MODULO is 13.  To change the value of MODULO, you
can either store the new value directly in the variable MODULO in the sub-
directory {HOME CASDIR} Alternatively, you can store a new MODULO value
by using function MODSTO.

Modular arithmetic operations with numbers

To add, subtract, multiply, divide, and raise to a power using modular
arithmetic you will use the functions ADDTMOD, SUBTMOD, MULTMOD,
DIV2MOD and DIVMOD (for division), and POWMOD. In RPN mode you

need to enter the two numbers to operate upon, separated by an [ENTER] or an
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[SPC] entry, and then press the corresponding modular arithmetic function.  For
example, using a modulus of 12, try the following operations:

ADDTMOD examples
645=-1(mod 12)  6+6 =0 (mod 12) 647 =1 (mod 12)
1145=4 (mod 12)  8+10=-6 (mod 12)

SUBTMOD examples
5.7=2(mod12) 8-4 =4(mod 12)  5-10=-5 (mod 12)
11-8=3(mod 12) 8-12=-4 (mod 12)

MULTMOD examples
6-8=0 (mod 12) 9-8=0 (mod 12) 3:2=6(mod 12)
56=6(mod12)  11.3=-3 (mod 12)

DIVMOD examples

12/3 =4 (mod 12)  12/8 (mod 12) does not exist
25/5=5(mod 12) 64/13 =4 (mod 12)

66/6 =-1 (mod 12)

DIV2MOD examples

2/3 (mod 12) does not exist

26/12 (mod 12) does not exist

125/17 (mod 12) 2 1 with remainder = 0
68/7 V2 -4 (mod 12) with remainder = 0
7/5 Y2 -1 (mod 12) with remainder = 0

Note: DIVMOD provides the quotient of the modular division j/k (mod n),
while DIMV2MOD provides no only the quotient but also the remainder of the
modular division j/k (mod n).

POWMOD examples
23=-4 (mod 12) 3%= 3 (mod 12) 510= 1 (mod 12)
118=1(mod 12)  62=0 (mod 12) 99 =-3 (mod 12)

In the examples of modular arithmetic operations shown above, we have used
numbers that not necessarily belong to the ring, i.e., numbers such as 66, 125,
17, etc. The calculator will convert those numbers to ring numbers before
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operating on them. You can also convert any number into a ring number by
using the function EXPANDMOD. For example,

EXPANDMOD(125) = 5 (mod 12)
EXPANDMOD(17) =5 (mod 12)
EXPANDMOD(6) = 6 (mod 12)

The modular inverse of a number

Let a number k belong to a finite arithmetic ring of modulus n, then the modular
inverse of k, i.e., 1/k (mod n), is a number j, such that j.k = 1 (mod n). The
modular inverse of a number can be obtained by using the function INVMOD
in the MODULO sub-menu of the ARITHMETIC menu. For example, in modulus
12 arithmetic:

1/6 (mod 12) does not exist. 1/5=5 (mod 12)
1/7 =-5 (mod 12) 1/3 (mod 12) does not exist.
1/11=-1 (mod 12)

The MOD operator

The MOD operator is used to obtain the ring number of a given modulus
corresponding fo a given integer number. On paper this operation is written
as mmod n = p, and is read as “m modulo n is equal to p”. For example, to
calculate 15 mod 8, enter:

ALG mode: MOD
RPN mode: MOD

The result is 7, i.e., 15 mod 8 = 7. Try the following exercises:
18 mod 11 =7 23 mod 2 =1 40 mod 13 =1
23mod 17 =6 34 mod 6 =4

One practical application of the MOD function for programming purposes is to
determine when an integer number is odd or even, since nmod 2 =0, if n'is

even, and nmode 2 = 1, if nis odd. It can also be used to determine when an
infeger m is a multiple of another integer n, for if that is the case m mod n = 0.
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Note: Refer to the help facility in the calculator for description and examples
on other modular arithmetic. Many of these functions are applicable to
polynomials. For information on modular arithmetic with polynomials please
refer to a textbook on number theory.

Polynomials
Polynomials are algebraic expressions consisting of one or more terms
containing decreasing powers of a given variable. For example, ‘X" 3+2*X"2-
3*X+2" is a third-order polynomial in X, while ‘SIN(X)*2-2" is a second-order
polynomial in SIN(X). A listing of polynomial-related functions in the
ARITHMETIC menu was presented earlier. Some general definitions on
polynomials are provided next. In these definitions A(X), B(X), C(X), P(X), Q(X),
U{X) V(X), etc., are polynomials.
Polynomial frochon a fraction whose numerator and denominator are
polynomials, say, C(X) = A(X)/B(X)
Roots, or zeros, of a polynomial: values of X for which P(X) = 0
Poles of a fraction: roots of the denominator
Multiplicity of roots or poles: the number of times a root shows up, e.g., P(X)
= (X+1)2(X-3) has roots {-1, 3} with multiplicities {2, 1}
Cyclotomic polynomial (P,(X)): a polynomial of order EULER(n) whose roots
are the primitive n-th roots of unity, e.g., Pp(X) = X+1, P4(X) = X241
Bézout's polynomial equation: A(X) U(X) + B(X)V(X) = C(X)

Specific examples of polynomial applications are provided next.

Modular arithmetic with polynomials

The same way that we defined a finite-arithmetic ring for numbers in a previous
section, we can define a finite-arithmetic ring for polynomials with a given
polynomial as modulo. For example, we can write a certain polynomial P(X) as

P(X) = X (mod X2), or another polynomial Q(X) = X + T (mod X-2).

A polynomial, P(X) belongs to a finite arithmetic ring of polynomial modulus
M(X), if there exists a third polynomial Q(X), such that (P(X) — Q(X)) is a multiple
of M(X). We then would write: P(X) = Q(X) (mod M(X)). The later expression is
interpreted as “P(X) is congruent to Q(X), modulo M(X)".

The CHINREM function

CHINREM stands for CHINese REMainder. The operation coded in this
command solves a system of two congruences using the Chinese Remainder
Theorem. This command can be used with polynomials, as well as with integer
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numbers (function ICHINREM). The input consists of two vectors [expression_1,
modulo_1] and [expression_2, modulo_2]. The output is a vector containing
[expression_3, modulo_3], where modulo_3 is related to the product
(modulo_1)(modulo_2). Example: CHINREM([X+1, X" 2-1],[X+1,X"2]) =
[X+1,4X"4-X"2)]

Statement of the Chinese Remainder Theorem for integers

If m7, my,...,m, are natural numbers every pair of which are relatively prime,
and aj, ay, ..., a, are any integers, then there is an integer x that
simultaneously satisfies the congruences: x =aj (mod m1), x =ay (mod my),
..., x =a, (mod m). Additionally, if x = a is any solution then all other solutions
are congruent fo a modulo equal to the product m;-m5- ... m,.

The EGCD function

EGCD stands for Extended Greatest Common Divisor. Given two polynomials,
A(X) and B(X), function EGCD produces the polynomials C(X), U(X), and V(X),
so that C(X) = UX)*A(X) + V(X)*B(X). For example, for A(X) = X*2+1, B(X) =
XA2:1, EGCD(A(X),B(X)) = {2, 1, -1}. iie., 2 = 1% X*2+17)-1%( X*2-1). Also,
EGCD('X"32¥X+5/X) = { 5,1, (X" 22)}. i.e., 5= (X 22)*X + 1*(X"3-
2%X+5).

The GCD function

The function GCD (Greatest Common Denominator) can be used to obtain the
greatest common denominator of two polynomials or of two lists of polynomials
of the same length. The two polynomials or lists of polynomials will be placed
in stack levels 2 and 1 before using GCD. The results will be a polynomial or a
list representing the greatest common denominator of the two polynomials or of
each list of polynomials. Examples, in RPN mode, follow (calculator set to Exact
mode):

X" 3-1"@vE) X" 2-1'@®) GCD  Results in: ‘X-17

{'XA2+42*X4+17/ X 34X 2"} @) {' X 3+1",'X*2+1'} @m) GCD results in {'X+1'
1}

The HERMITE function

The function HERMITE [HERMI] uses as argument an integer number, k, and
returns the Hermite polynomial of kth degree. A Hermite polynomial, Hey(x) is
defined as

He, =1, He, (x)= (—l)”e"2 2 %(«e”2 ), n=1.2,..
A%
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An alternate definition of the Hermite polynomials is

n

H*=1, Hn*(x):(—1)"ex2d—”(e*x2), n=12,.
dx

where d"/dx" = n-th derivative with respect to x. This is the definition used in
the calculator.

Examples: The Hermite polynomials of orders 3 and 5 are given by:
HERMITE(3) = ‘8*X"3-12*X,
And HERMITE(5) = ‘32*x"5-160*X"3+120*X".

The HORNER function

The function HORNER produces the Horner division, or synthetic division, of a
polynomial P(X) by the factor (X-a). The input to the function are the polynomial
P(X) and the number a. The function returns the quotient polynomial Q(X) that
results from dividing P(X) by (X-a), the value of g, and the value of P(a), in that
order. In other words, P(X) = Q(X)(X-a)+P(a). For example,
HORNER(‘'X"3+2*X"2-3*X+1/,2) = {'X"2+4*X+5’, 2, 11}. We could,
therefore, write X3+2X23X+1 = (X2+4X+5)(X-2)+11. A second example:
HORNER('X"6-17,-5)= {'X"5-5*X"4+25*X"3-125*X"2+625*X-3125'-5, 15624}
e, X1 = (X2-5*X*+25X3-125X2+625X-3125)(X+5)+15624.

The variable VX

A variable called VX exists in the calculator's {HOME CASDIR} directory that
takes, by default, the value of ‘X’.  This is the name of the preferred
independent variable for algebraic and calculus applications. Avoid using the
variable VX in your programs or equations, so as to not get it confused with the
CAS’ VX. If you need to refer to the xcomponent of velocity, for example, you

can use vx or Vx. For additional information on the CAS variable see
Appendix C.

The LAGRANGE function

The function LAGRANGE requires as input a matrix having two rows and n
columns. The matrix stores data points of the form [[x1,x2, ..., x,] [y1, Y2 ---,
ynll. Application of the function LAGRANGE produces the polynomial
expanded from

Page 5-19



n

" H(x —X;)
Poa(0)=D = ——y.
/= (xj - xk)

k=Lk#j

For example, for n = 2, we will write:

xX—Xx X—X V=) x+(y, x,—y, - X,)
p(x)= ey + Ly, === SR
X| =X, X, =X X=X,

Check this result with your calculator:
LAGRANGE([[ x1,x2],[y1,y211) = ‘((y1-y2)*X+(y2*x1-y1*x2))/(x1-x2)".

Other examples: LAGRANGE([[1, 2, 3][2, 8, 15]]) = ‘(X"2+9*X-6)/2’
LAGRANGE([[0.5,1.5,2.5,3.5,4.5][12.2,13.5,19.2,27.3,32.5]]) =

“(1375* X4+ - 7666666666667 * X3+ - .74375*X 2 +
1.991666666667*X-12.92265625)'.

INote: Matrices are infroduced in Chapter 10. |

The LCM function

The function LCM (Least Common Multiple) obtains the least common multiple
of two polynomials or of lists of polynomials of the same length.  Examples:

LCM('2*XA244%X+2" 'XA21" ) = /(2% XA 244*X+2)*(X-1).
LCM('XA3-1, /XA 242%X’) = “(XA3-1)%( XA 2+2*X)’

The LEGENDRE function

A Legendre polynomial of order n is a polynomial function that solves the

d’y dy
-2 x-—+n-(n+tl)-y=0
dx? * dx ( )y

To obtain the n-th order Legendre polynomial, use LEGENDRE(n), e.g.,

differential equation (1— x%)-

LEGENDRE(3) = “(5*X"3-3*X)/2’
LEGENDRE(5) = ‘(63*X A5-70*X"3+15*X)/8'
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The PCOEF function

Given an array containing the roots of a polynomial, the function PCOEF
generates an array containing the coefficients of the corresponding polynomial.
The coefficients correspond to decreasing order of the independent variable.
For example: PCOEF([-2,-1,0,1,1,2]) = [1. -1. =5. 5. 4. -4. 0.], which
represents the polynomial X0-X>-5X4+5X3+4X%4X.

The PROOT function

Given an array containing the coefficients of a polynomial, in decreasing order,
the function PROQT provides the roots of the polynomial. Example, from

X2+5%-6 =0, PROOT([1, -5, 6]) = [2. 3.].

The PTAYL function

Given a polynomial P(X) and a number g, the function PTAYL is used to obtain
an expression Q(X-a) = P(X), i.e., to develop a polynomial in powers of (X- a).
This is also known as a Taylor polynomial, from which the name of the function,
Polynomial & TAYLor, follow:

For example, PTAYL('X"3-2*X+2/,2) = ‘X" 3+6*X"2+10*X+6'".

In actuality, you should interpret this result to mean
'(X2) A3+6*(X2) A2+10%(X2) +6.

Let's check by using the substitution: ‘X = x — 2. We recover the original
polynomial, but in terms of lower-case x rather than upper-case x.

The QUOT and REMAINDER functions
The functions QUOT and REMAINDER provide, respectively, the quotient Q(X)
and the remainder R(X), resulting from dividing two polynomials, P4 (X) and

Po(X). In other words, they provide the values of Q(X) and R(X) from P;(X)/P5(X)
= Q(X) + R(X)/Py(X). For example,

QUOT(X"3-2*X+2, X-1) = X" 2+X-1
REMAINDER(X"3-2*X+2, X-1) = 1.

Thus, we can write:  (X3-2X+2)/(X-1) = X24X-1 + 1/(X-1).
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Note: you could get the latter result by using PROPFRAC:
PROPFRAC('(X~32*X+2)/(X-1)) = “XA24X-1 + 1/(X-1).

The EPSXO function and the CAS variable EPS

The variable & (epsilon) is typically used in mathematical textbooks to represent
a very small number. The calculator’'s CAS creates a variable EPS, with default

value 0.0000000001 = 10719, when you use the EPSXO function. You can
change this value, once created, if you prefer a different value for EPS. The
function EPSXO, when applied to a polynomial, will replace all coefficients
whose absolute value is less than EPS with a zero. Function EPSXO is not
available in the ARITHMETIC menv, it must be accessed from the function
catalog (N). Example:

EPSXO('X"3-1.2E-12*X*2+1.2E-6*X+6.2E-11)=
X*3-0*X"2+.0000012*X+0".
With : X*3+.0000012*X..

The PEVAL function

The functions PEVAL (Polynomial EVALuation) can be used to evaluate a

polynomial p(x) = a,x"+a,.;x "1+ ...+ ayx?+a;x+ ap, given an array of

coefficients [a,,, a,.7, ... a5 aj, ag] and a value of xp. The result is the

evaluation p(xg). Function PEVAL is not available in the ARITHMETIC menu, it

must be accessed from the function catalog (,N). Example:
PEVAL([1,5,6,1],5) = 281.

The TCHEBYCHEFF function
The function TCHEBYCHEFF(n) generates the Tchebycheff (or Chebyshev)
polynomial of the first kind, order n, defined as T,(X) = cos(n-arccos(X)). If the

integer n is negative (n < 0), the function TCHEBYCHEFF(n) generates the
Tchebycheff polynomial of the second kind, order n, defined as T,(X) =

sin(n-arccos(X))/sin(arccos(X)). Examples:

TCHEBYCHEFF(3) = 4*X"3-3*X
TCHEBYCHEFF(-3) = 4*X"2-1
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Fractions
Fractions can be expanded and factored by using functions EXPAND and
FACTOR, from the ALG menu (,x). For example:

EXPAND('(1+X)"3/((X-1)*(X+3))) = ‘(X 3+3*X"2+3*X+1)/(X"2+2"X3)
EXPAND( (X" 2)* (X+Y)/(2*XXA2)72)') = “(X+Y)/(X"2-4*X+4)’
EXPAND('X*(X+Y)/(X*2-1)') = ‘(XA 2+Y*X)/ (X" 2-1)’

EXPAND( 4+2*(X-1)+3/((X2)*(X+3))-5/X"2") =
(2*XA5+A*XN4-10%XA 3-1 4*XA 2-5%X+30)/ (XA 44X 3-6*XA2)'

FACTOR((3*X"3-2*X"2)/(XA2-5*X+6)') = ‘X7 2*(3*X2)/((X-2)* (X-3))
FACTOR( (X" 3-9*X)/(X"2-5*X+6) ) = ‘X*(X+3)/(X-2)
FACTOR(‘(XA2-1)/(X"3*YY)) = “(X+1)/((X"2+X+1)*Y)

The SIMP2 function

Functions SIMP2 and PROPFRAC are used to simplify a fraction and to produce
a proper fraction, respectively. Function SIMP2 takes as arguments two
numbers or polynomials, representing the numerator and denominator of a
rational fraction, and returns the simplified numerator and denominator. For

example: SIMP2('X"3-1//X"2-4*X+3') = { ‘X" 24+X+1",'X-3'}.

The PROPFRAC function

The function PROPFRAC converts a rational fraction into a “proper” fraction,
i.e., an integer part added to a fractional part, if such decomposition is
possible. For example:

PROPFRAC('5/4") = "1+1/4’
PROPFRAC((x"2+1)/x2) = ‘1+1/x"2’

The PARTFRAC function

The function PARTFRAC decomposes a rational fraction into the partial fractions
that produce the original fraction. For example:

PARTFRAC(/(2*X"6-14*XA54+29*X  4-37 * XA 3+41*X 216 *X+5)/ (X" 5-
7HXM 41 TAXA 37X 2410*X)') =
DRX+(1/2/(X2)+5/(X5)+1/2/X+X/ (X 2+1))

This technique is useful in calculating integrals (see chapter on calculus) of
rational fractions.
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If you have the Complex mode active, the result will be:

DRX+(1/2/ (X+i)+1/2/(X2)+5/(X-5)+1/2/X+1/2/ (X))

The FCOEF function

The function FCOEF is used to obtain a rational fraction, given the roots and
poles of the fraction.

Note: If a rational fraction is given as F(X) = N(X)/D(X), the roots of the
fraction result from solving the equation N(X) = O, while the poles result from

solving the equation D(X) = 0.

The input for the function is a vector listing the roots followed by their multiplicity
(i.e., how many times a given root is repeated), and the poles followed by their
multiplicity represented as a negative number. For example, if we want to
create a fraction having roots 2 with multiplicity 1, O with multiplicity 3, and -5
with multiplicity 2, and poles 1 with multiplicity 2 and -3 with multiplicity 5,
use:

FCOEF([2, 1, 0, 3, -5, 2, 1, =2, =3, =5]) = ‘(X-~5)"2*X"*3*(X-2)/(X+3)*5*(X-
)72
If you press (EAD(G) ans_ (or, simply (84D, in RPN mode) you will get:

(X" 6+8*XN5+5*X"4-50*X"3)/ (XN 7+13*X"6+61*X " 5+105*X"4-45* X" 3-
297*X"2-81*X+243)

The FROOTS function

The function FROQTS obtains the roots and poles of a fraction. As an
example, applying function FROOTS to the result produced above, will result in:
[1-2.-3-5.03.21.-52]. The result shows poles followed by their
multiplicity as a negative number, and roots followed by their multiplicity as a
positive number. In this case, the poles are (1, -3) with multiplicities (2,5)
respectively, and the roots are (0, 2, -5) with multiplicities (3, 1, 2), respectively.

Another example is: FROOTS('(X*2-5*X+6)/(X"5X"2))= [0 -2. 1 -1. 3 1. 2
1.]. i.e., poles = 0 (2), 1(1), and roots = 3(1), 2(1). If you have had Complex
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mode selected, then the results would be:

[0-2.1-1. - ((1+i*V3)/2) =1. = ((1-i*V3)/2) -1. 3 1. 2 1.].

Step-by-step operations with polynomials and fractions

By setting the CAS modes to Step/step the calculator will show simplifications
of fractions or operations with polynomials in a step-by-step fashion. This is
very useful to see the steps of a synthetic division. The example of dividing

X’ -5X*+3X-2
X-=2

is shown in detail in Appendix C. The following example shows a lengthier
synthetic division:

X’ -1
X?-1

Note that DIV2 is available from the ARITH/POLYNOMIAL menu.
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The CONVERT Menu and algebraic operations

The CONVERT menu is activated by using Ca)cower key (the (6 key). This
menu summarizes all conversion menus in the calculator. The list of these menus
is shown next:

RO WY¥Z HEX R= 'H' ALG
HOHE2

CONVERT HENU

1. UNITS.

5.HATRI CONVERT..

The functions available in each of the sub-menus are shown next.

UNITS convert menu (Option 1)
This menu is the same as the UNITS menu obtained by using (@) wrs . The
applications of this menu are discussed in detail in Chapter 3.
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BASE convert menu (Option 2)
This menu is the same as the UNITS menu obtained by using () 8 . The
applications of this menu are discussed in detail in Chapter 19.

TRIGONOMETRIC convert menu (Option 3)
This menu is the same as the TRIG menu obtained by using (7)) ™6 . The
applications of this menu are discussed in detail in this Chapter.

MATRICES convert menu (Option 5)
This menu contains the following functions:
ﬂgnﬁxz HEX E= "' ALG

HARTRI: CONYERT MENU
1. AHL

NG
ERE
Y. ZYETINAT
5. CONYERT..

These functions are discussed in detail in Chapter 10.

REWRITE convert menu (Option 4)

This menu contains the following functions:

Al
THon KREWRITE WENU

. DIZTRIE
LERFLN
.EXF2FOH
.FDIZTRIE
LIS

.LIN
LLRCOLLECT
. FOHERFAND

Functions I>R and R are used to convert a number from integer (1) to real (R),
or vice versa. Integer numbers are shown without trailing decimal points, while
real numbers representing integers will have a trailing decimal point, e.g.,

P I+RIS)
PRFINIE.)
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Function >NUM has the same effect as the keystroke combination (=) ~num
(associated with the key). Function >NUM converts a symbolic result into
its floating-point value.  Function >Q converts a floating-point value into a
fraction. Function >Qn converts a floating-point value into a fraction of =, if a
fraction of m can be found for the number; otherwise, it converts the number to a
fraction. Examples are of these three functions are shown next.

. Iz ¢ G, FSEE)
H —}HUH[? 2793
. SEEAZS4EITES SE0E
002, 5523 L H0Ti2, 39439518239
25523 2
3'11
[SHIF] +OEL | DEL+|DEL L|

Out of the functions in the REWRITE menu, functions DISTRIB, EXPLN,
EXP2POW, FDISTRIB, LIN, LNCOLLECT, POWEREXPAND, and SIMPLIFY apply
to algebraic expressions. Many of these functions are presented in this
Chapter. However, for the sake of completeness we present here the help-facility
entries for these functions.

DISTRIB EXPLN

unctions in terms of
#F and LH

APLHCCOS (a2 .
TEXPCi%s2+1-EXPCi®sin,,

e2i SIMCOS ERFZHYF
| ECHO | SEEL | SEE2 | SEEZ |

EXP2POW FDISTRIB
AFZFOLE LISTEIE:
ewrlte expla¥lnibha ull distribution of *
nd « owver + and -
HPEPDNiEHPtH*LHi?)}} DISTRIEBC CH+Y 2% 2+1 00
ZERTLEEFZEY +1 %Y

EEH ez DISTRIE

| ECHO | SEE1 | EE2 | SEEZ | ERET
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IH:
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cxponentials

I CERPCHY™20

ExP o2kl

LNCOLLECT

FLIFY:
Attempt=s to simplify

an expression
hIHPL?FT(SIH(SH}fSIH(H

40050 2-1
EXPAND COLLECT

=1=1=H
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Chapter 6
Solution to single equations

In this chapter we feature those functions that the calculator provides for solving
single equations of the form f(X) = 0. Associated with the key there are
two menus of equation-solving functions, the Symbolic SOLVer ((2)ssv_ ), and
the NUMerical SolVer (CP)mmsy ). Following, we present some of the functions
contained in these menus. Change CAS mode to Complex for these exercises
(see Chapter 2).

Symbolic solution of algebraic equations
Here we describe some of the functions from the Symbolic Solver menu.
Activate the menu by using the keystroke combination . With system flag 117

set to CHOOSE boxes, the following menu lists will be available:
RnfZ.2L RERT Hin [ 2L RERT

1.DEZOLYE

2. I50L

T

Z.LDEC 2.LDEC
H.LINF0LVE H.LINZGLVE
5. ZOLYEVH 5. SOLVEWH
6. FOLVE E.SOLVE

7. ZER0E

Functions DESOLVE and LDEC are used for the solution of differential equations,
the subject of a different chapter, and therefore will not be presented here.
Similarly, function LINSOLVE relates to the solution of multiple linear equations,
and it will be presented in a different chapter. Functions ISOL and SOLVE can
be used to solve for any unknown in a polynomial equation. Function SOLVEVX
solves a polynomial equation where the unknown is the default CAS variable
VX (typically set to ‘X’). Finally, function ZEROS provides the zeros, or roots, of
a polynomial. Entries for all the functions in the S.SLV menu, except ISOL, are
available through the CAS help facility

(D) (o) R ),

Function ISOL

Function ISOL(Equation, variable) will produce the solution(s) to Equation by
isolating variable. For example, with the calculator set to ALG mode, to solve

for tin the equation at>-bt = 0 we can use the following:

s 150U &t bt 1

o ._ sk, &b
t=At= = t——a

[ZRIF+ HIEL [ DEL+[DEL L
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Using the RPN mode, the solution is accomplished by entering the equation in
the stack, followed by the variable, before entering function ISOL. Right before
the execution of ISOL, the RPN stack should look as in the figure to the left.
After applying ISOL, the result is shown in the figure to the right:

1 |— _%
{t A t=- }
[ZRIF+ +OEL | DEL+|DEL L| EMIE.'EEIEHHIEE.[EEU

The first argument in ISOL can be an expression, as shown above, or an
equation. For example, in ALG mode, 1ry'

s 150 % Sk =k®

]
[—1+[5 0k [1+J_]k
lﬂ!ﬂlﬁllllllllll

Note: To type the equal sign (=) in an equation, use (P)__= (associated
with the key).

The same problem can be solved in RPN mode as illustrated below (figures
show the RPN stack before and after the application of function ISOL):

T 1: {h [—1?§§Lk . [1+£§M
I I R

Function SOLVE

Function SOLVE has the same syntax as function ISOL, except that SOLVE can
also be used to solve a set of polynomial equations. The help-facility entry for
function SOLVE, with the solution to equation X*4 - 1 = 3, is shown next:

OLVE:
olwes a Cor a =set of 2
olynomial equation
OLYECH"~d4— 1 #a

M=]2 u=—r2

ec: LIMSOLME SOLWEW:
| ECHi | SEE] | SEE2 | SEEZ |

The following examples show the use of function SOLVE in ALG and RPN
modes:
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: SIIIL'-.-'E[IEiq—S-|3=125I 'E'] c

SEIL'-.-'E[E‘ -2F= E-' '
F=—1 p=2 f=—
E}EI

1+1

The screen shot shown above displays two solutions. In the first one, *-5p

=125, SOLVE produces no solutions { }. In the second one, B4- 58 = 6, SOLVE
produces four solutions, shown in the last output line.  The very last solution is
not visible because the result occupies more characters than the width of the
calculator’s screen. However, you can still see all the solutions by using the
down arrow key ((30), which triggers the line editor (this operation can be
used to access any output line that is wider than the calculator’s screen):

ssoLvEl R Sﬁ g, ?L_

F=—1 f=2 p=—

= —cc1+1*¢
1%§x25,ﬁ-—cc1 iEM110

[SRIFH +DEL [ DEL+[DEL L

The corresponding RPN screens for these two examples, before and after the
application of function SOLVE, are shown next:

L2
[ZRIFH +DEL | DEL+IDEL LI IN: uf

1: :
{E=—1 F=2 f=— 1+12JH b
[ZHIFH +H0EL | DEL+OEL L] TN af

!ﬁ=_1' 1E=2 'ﬁ -
1+isf110-20! 'E——'i'il—
isfllas20"

[ZRIF+ +DEL | DEL+[DEL L]

Function SOLVEVX

The function SOLVEVX solves an equation for the default CAS variable
contained in the reserved variable name VX. By default, this variable is set to
‘X'. Examples, using the ALG mode with VX = ‘X’, are shown below:
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: SDL'-.-'E'-.-'K[KS—E-K=I:|]
L2

: SI:IL'-.-'E'-.-'H[HS—E--H=EE] _
[SRIFH +HIEL | DEL+[DEL LI I ul

In the first case SOLVEVX could not find a solution. In the second case,
SOLVEVX found a single solution, X = 2.

The following screens show the RPN stack for solving the two examples shown
above (before and after application of SOLVEVX):

1: ] :
W —m= 1: L3
[WELF] | | 1 iscHIHELF] [ [ [ |

The equation used as argument for function SOLVEVX must be reducible to a
rational expression. For example, the following equation will not processed by
SOLVEVX:

db SOLVENE
Error:
Mot reducible
to a rational

2 SOLVEYRITE-1=L+1] 150l Eexpression

Mot r'e--:h_u:lble- tD a Fu "cht reducible Lo a r.
[ZRIF+H +DEL | DEL+|DEL L]

HELF| [ [ [ |

Function ZEROS

The function ZEROS finds the solutions of a polynomial equation, without
showing their multiplicity. The function requires having as input the expression
for the equation and the name of the variable to solve for. Examples in ALG
mode are shown next:

. =
:2EEDS[k5—k2_,k] _ 'EE%'.:'iS.Lm _342&'1}]; Eoivm
{EI g ixiE _1-idE = = =
2 2 = = = c
[ZKIF+H +IEL | DEL+[DEL L] [ZKIF+ +DEL | DEL+IDEL L] INZ |

To use function ZEROS in RPN mode, enter first the polynomial expression, then
the variable to solve for, and then function ZEROS. The following screen shots
show the RPN stack before and after the application of ZEROS to the two
examples above:
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1+id5  1-idE
a1 = =
[SRIF +DEL | DEL+|DEL L] In: o

1 [ =i diir =1
- 5 Th

=i = =l = e 7
[ZRIF+ +HEL [ DEL+|DEL L] INZ ul

The Symbolic Solver functions presented above produce solutions to rational
equations (mainly, polynomial equations). If the equation to be solved for has
all numerical coefficients, a numerical solution is possible through the use of the
Numerical Solver features of the calculator.

Numerical solver menu

The calculator provides a very powerful environment for the solution of single
algebraic or transcendental equations. To access this environment we start the
numerical solver (NUM.SLV) by using (P Jaumsy . This produces a drop-down
menu that includes the following options:

ltem 2. Solve diff eq.. is to be discussed in a later chapter on differential
equations. ltem 4. Solve lin sys.. will be discussed in a later Chapter on
matrices. ltem 6. MSLV (Multiple equation SolVer) will be presented in the next
chapter.  Following, we present applications of items 3. Solve poly.., 5. Solve
finance, and 1. Solve equation.., in that order. Appendix 1-A, at the end of
Chapter 1, contains instructions on how to use input forms with examples for the
numerical solver applications.

Notes:

1. Whenever you solve for a value in the NUM.SLV applications, the value
solved for will be placed in the stack. This is useful if you need to keep that
value available for other operations.

2. There will be one or more variables created whenever you activate some of
the applications in the NUM.SLV menu.
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Polynomial Equations

Using the Solve poly... option in the calculator’'s SOLVE environment you can:
(1) find the solutions to a polynomial equation;

(2) obtain the coefficients of the polynomial having a number of given roots;
(3) obtain an algebraic expression for the polynomial as a function of X.

Finding the solutions to a polynomial equation
A polynomial equation is an equation of the form: a,x" + a,.;x™' + ...+ a;x +
ag = 0. The fundamental theorem of algebra indicates that there are n solutions

1

to any polynomial equation of order n. Some of the solutions could be complex
numbers, nevertheless. As an example, solve the equation: 35+ 23 -5+ 1=

0.

We want to place the coefficients of the equation in a vector [a,,,a,.1,97 ag].
For this example, let's use the vector [3,2,0,-1,1]. To solve for this polynomial
equation using the calculator, try the following:

(EInumsy (v 3 Select solve poly...

B/ —! — (o)

JUBEB 3N WD

-

Enter vector of coefficients
Solve equation

The screen will show the solution as follows:

OLYE AN-#°N+ +A1- 85+A0
CogFFicients [ an .. ai ad 1

[3-52-5@-5_1-51-]

Press to return fo stack. The stack will show the following results in ALG
mode (the same result would be shown in RPN mode):

oot S0, 432194894523,
[SRIFH +DEL [ DEL+[DEL L

To see all the solutions, press the down-arrow key (V) to trigger the line
editor:

oot =00, 432194894523,

:Roots:
[v.422194894523, —, 289,
[ZHIF+ +IEL | DEL~+[DEL L
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All the solutions are complex numbers: (0.432,-0.389), (0.432,0.389), (-0.766,
0.632), (0.766, -0.632).

Note: Recall that complex numbers in the calculator are represented as
ordered pairs, with the first number in the pair being the real part, and the
second number, the imaginary part. For example, the number (0.432,-0.389),
a complex number, will be written normally as 0.432 - 0.389i, where i is the

imaginary unit, i.e., iZ =-1.

Note: The fundamental theorem of algebra indicates that there are n solutions
for any polynomial equation of order n. There is another theorem of algebra
that indicates that if one of the solutions to a polynomial equation with real
coefficients is a complex number, then the conjugate of that number is also a
solution. In other words, complex solutions to a polynomial equation with real
coefficients come in pairs. That means that polynomial equations with real
coefficients of odd order will have at least one real solution.

Generating polynomial coefficients given the polynomial's roots
Suppose you want to generate the polynomial whose roots are the numbers [1,
5, 2, 4]. To use the calculator for this purpose, follow these steps:

(Eowsy P
@@L (D23
)@

Select solve poly...

Enter vector of roofs

Solve for coefficients

Press to return to stack, the coefficients will be shown in the stack.

[1-55-,_2-54-]

Enter cogfficignts or press FOLVE
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Press 3 to trigger the line editor to see all the coefficients.

Note: If you want to get a polynomial with real coefficients, but having com-
plex roots, you must include the complex roots in pairs of conjugate numbers.
To illustrate the point, generate a polynomial having the roots [1 (1,2) (1,
2)]. Verity that the resulting polynomial has only real coefficients. Also, try
generating a polynomial with roots [1 (1,2) (-1,2)], and verify that the result-
ing polynomial will have complex coefficients.

Generating an algebraic expression for the polynomial

You can use the calculator to generate an algebraic expression for a
polynomial given the coefficients or the roots of the polynomial. The resulting
expression will be given in terms of the default CAS variable X.  (The examples
below shows how you can replace X with any other variable by using the
function |.)

To generate the algebraic expression using the coefficients, try the following
example. Assume that the polynomial coefficients are [1,5,-2,4]. Use the
following keystrokes:

(Ponumsy 3 I Select Solve poly...

B/ _ Enter vector of coefficients
(2P

ay Generate symbolic expression
ENTER Return to stack.

The expression thus generated is shown in the stack as:
XA3+5*¥XN2+2*X+4".

To generate the algebraic expression using the roots, try the following example.
Assume that the polynomial roots are [1,3,2,1]. Use the following keystrokes:

(Cmwmsy ) DB Select Solve poly...
\Z G/ _ Enter vector of roots
C-)E)

TR Return to stack.

Generate symbolic expression

The expression thus generated is shown in the stack as:'(X-1)*(X-3)*(X+2)*(X-1)".
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To expand the products, you can use the EXPAND command. The resulting
expression is: X 4+-3*X"3+ -3*X*2+11*X-6".

A different approach to obtaining an expression for the polynomial is to
generate the coefficients first, then generate the algebraic expression with the
coefficients highlighted. For example, for this case try:

(e wmsy (3 3 Select Solve poly...
NZ GBI/ _ Enter vector of roots
_ _

Solve for coefficients

N

ENTER Return to stack.

Generate symbolic expression

The expression thus generated is shown in the stack as: 'X*4+-3*X"3+ -
3*X"2+11*X+6*X"0". The coefficients are listed in stack level 2.

Financial calculations

The calculations in item 5. Solve finance.. in the Numerical Solver (NUM.SLV)
are used for calculations of time value of money of interest in the discipline of
engineering economics and other financial applications. This application can
also be started by using the keystroke combination (o) @ mance (associated with
the (9 key). Before discussing in detail the operation of this solving
environment, we present some definitions needed to understand financial
operations in the calculator.

Definitions
Often, to develop projects, it is necessary to borrow money from a financial

institution or from public funds. The amount of money borrowed is referred to
as the Present Value (PV). This money is to be repaid through n periods
(typically multiples or sub-multiples of a month) subject to an annual interest rate
of I%YR. The number of periods per year (P/YR) is an integer number of
periods in which the year will be divided for the purpose of repaying the loan
money. Typical values of P/YR are 12 (one payment per month), 24 (payment
twice a month), or 52 (weekly payments).  The paymenf(PMT) is the amount
that the borrower must pay to the lender at the beginning or end of each of the
n periods of the loan. The future value of the money (FV) is the value that the
borrowed amount of money will be worth at the end of n periods.  Typically
payment occurs at the end of each period, so that the borrower starts paying at
the end of the first period, and pays the same fixed amount at the end of the
second, third, etc., up to the end of the n-th period.
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Example 1 - Calculating payment on a loan

If $2 million are borrowed at an annual interest rate of 6.5% to be repaid in 60
monthly payments, what should be the monthly payment? For the debt to be
totally repaid in 60 months, the future values of the loan should be zero. So, for
the purpose of using the financial calculation feature of the calculator we will

use the following values: n = 60, 1%YR = 6.5, PV = 2000000, FV =0, P/YR =
12. To enter the data and solve for the payment, PMT, use:

() Avance Start the financial calculation input form

' Enter n = 60

Enter I%YR = 6.5 %

Enter PV = 2,000,000 US$

Skip PMT, since we will be solving for it
Enter FV = 0, the option End is highlighted
Highlight PMT and solve for it

& @

The solution screen will look like this:
TIHE YALUE OF MONE
I'|= =15] IME: E.5D

EEEEEE E'"a

Entar payHant adount or EQLUE

The screen now shows the value of PMT as —-39,132.30, i.e., the borrower must
pay the lender US $ 39,132.30 at the end of each month for the next 60
months fo repay the entire amount. The reason why the value of PMT turned
out fo be negative is because the calculator is looking at the money amounts
from the point of view of the borrower. The borrower has + US $
2,000,000.00 at time period t = O, then he starts paying, i.e., adding -US $
39132.30 attimest=1, 2, ..., 60. Att= 60, the net value in the hands of the
borrower is zero. Now, if you take the value US $ 39,132.30 and multiply it
by the 60 payments, the total paid back by the borrower is US $ 2,347,937.79.
Thus, the lender makes a net profit of $ 347,937.79 in the 5 years that his
money is used to finance the borrower’s project.

Example 2 - Calculating amortization of a loan
ame solution to the problem in Example 1 can be found by pressing
i, which is stands for AMORTIZATION. This option is used to calculate

how much of the loan has been amortized at the end of a certain number of
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payments. Suppose that we use 24 periods in the first line of the amortization
screen, i.e., Then, press You will get the following

result:

E=F\ | HMOF

This screen is interpreted as indicating that after 24 months of paying back the
debt, the borrower has paid up US $ 723,211.43 into the principal amount
borrowed, and US $ 215,963.68 of interest. The borrower still has to pay a
balance of US $1,276,788.57 in the next 36 months.

Check what happens if you replace 60 in the Payments: entry in the
amortization screen, then press The screen now looks like this:

. modraET. 79
-3, 16E-6

E=F\ | HMOF

This means that at the end of 60 months the US $ 2,000,000.00 principal
amount has been paid, together with US $ 347937.79 of interest, with the
balance being that the lender owes the borrower US $ 0.000316. Of course,
the balance should be zero. The value shown in the screen above is simply
round-off error resulting from the numerical solution.

Press or , twice, to return to normal calculator display.

Example 3 - Calculating payment with payments at beginning of period
Let's solve the same problem as in Examples 1 and 2, but using the option that
payment occurs at the beginning of the payment period. Use:

() Anance Start the financial calculation input form
Enter n = 60

Enter I%5YR = 6.5 %

Enter PV = 2,000,000 US$
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Skip PMT, since we will be solving for it
Enter FV = 0, the option End is highlighted
Change payment option to Begin
Highlight PMT and solve for it

@ ©

The screen now shows the value of PMT as -38,921.47, i.e., the borrower must
pay the lender US $ 38,921.48 at the beginning of each month for the next 60
months to repay the entire amount. Notice that the amount the borrower pays
monthly, if paying at the beginning of each payment period, is slightly smaller
than that paid at the end of each payment period. The reason for that
difference is that the lender gets interest earnings from the payments from the
beginning of the period, thus alleviating the burden on the lender.

Notes:
1. The financial calculator environment allows you to solve for any of the terms
involved, i.e., n, I%YR, PV, FV, P/Y, given the remaining terms in the loan

calculation.  Just highlight the value you want to solve for, and press

The result will be shown in the highlighted field.

2. The values calculated in the financial calculator environment are copied to
the stack with their corresponding tag (identifying label).

Deleting the variables

When you use the financial calculator environment for the first time within the
ny sub-directory, it will generate the variable
to store the corresponding terms in the calculations.. You
can see the contents of these variables by using:

You can either keep these variables for future use, or use the PURGE function to

erase them from your directory. To erase all of the variables at once, if using

ALG mode, try the following:
()

Enter PURGE, prepare list of variables
Enter name of variable N

Enter a comma

Enter name of variable 1%YR

Enter a comma

Enter name of variable PV

Enter a comma

Enter name of variable PMT
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® ) Enter a comma

) Enter name of variable PYR
@) Enter a comma

) Enter name of variable FV
Execute PURGE command

The following two screen shots show the PURGE command for purging all the
variables in the directory, and the result affer executing the command.

CLUH S "THYR s

E
' E};PHTI y "PYRE . P PURGEC'M' TR IPI"IIII‘JIIIIP'-.-'HF-Ir
[ZRIFH HIEL | DEL+[DEL L] [ZRIF+ HIEL | DEL+[DEL L]

In RPN mode, the command is executed by using:

KD Prepare a list of variables to be purged
Enter name of variable N

Enter name of variable 1%YR

Enter name of variable PV

Enter name of variable PMT

Enter name of variable PYR

Enter name of variable FV

ENTER Enter list of variables in stack

(oo Purge variables in list

Before the command PURGE is entered, the RPN stack will look like this:

1t {H I%YR FY PMT PYR FY
[ I2VE ] Fu | FHT | FVE |

Solving equations with one unknown through NUM.SLV
The calculator's NUM.SLV menu provides item 1. Solve equation.. solve different
types of equations in a single variable, including non-linear algebraic and

transcendental equations.  For example, let's solve the equation: e*sin(7x/3) =

0.

Simply enter the expression as an algebraic object and store it into variable
EQ. The required keystrokes in ALG mode are the following:
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(W& ()P
O (DH (B P] = 0

) @) 0 @ @ @

Function STEQ
Function STEQ, available through the command catalog, () _ar , will store its
argument into variable EQ, e.g., in ALG mode:

. w_ LI

: 5TER[e -5 1| T |=p)
HOVA

[ LT3 [CHANLIFOLRA] HESS |

In RPN mode, enter the equation between apostrophes and activate command

STEQ. Thus, function STEQ can be used as a shoricut to store an expression

into variable EQ.

Press to see the newly created EQ variable:

' -5 N1 |=a bED
e R

Then, enter the SOLVE environment and select Solve equation..., by using:

NUMSLY

The correspondlng screen will be shown as:
OLUE ERURTION

Enter Function to zalug
EDIT [CHONZ

The equation we stored in variable EQ is already loaded in the Eq field in the
SOLVE EQUATION input form. Also, a field labeled x is provided. To solve the
equation o|| need fo do is highlight the field in front of X: by using &>,
and pres The solution shown is X: 4.5006E-2:

Page 6-14




ZOLYE EQUATION

This, however, is not the only possible solution for this equation. To obtain a
negative solution, for example, enter a negative number in the X: field before
solving the equation. Try N2 The solution is now X: -
3.045.
Solution procedure for Equation Solve...
The numerical solver for single- unknown equations works as follows:
It lets the user type in or i an equation to solve.
It creates an input form with input fields corresponding to all variables
involved in equation stored in variable EQ.
«  The user needs to enter values for all variables involved, except one.
The user then highlights the field corresponding to the unknown for
which to solve the equation, and presses
+  The user may force a solution by providing an initial guess for the
solution in the appropriate input field before solving the equation.

The calculator uses a search algorithm to pinpoint an interval for which the
function changes sign, which indicates the existence of a root or solution. It
then utilizes a numerical method to converge into the solution.

The solution the calculator seeks is determined by the initial value present in the
unknown input field. If no value is present, the calculator uses a default value of
zero. Thus, you can search for more than one solution to an equation by
changing the initial value in the unknown input field. Examples of the equations
solutions are shown following.

Example 1 - Hooke’s law for stress and strain
The equation to use is Hooke's law for the normal strain in the x-direction for a
solid particle subjected to a state of stress given by

O-xx O-xy O-xz
O-yx O-yy O-yz
O-zx Gzy O-zz
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The equation is e_ = é[O'xx —n-(0,, +0_ )]+ o AT, here e, is the unit

strain in the x-direction, ay,, 0,,, and o, are the normal stresses on the particle

in the directions of the x-, y-, and z-axes, E is Young's modulus or modulus of
elasticity of the material, n is the Poisson ratio of the material, « is the thermal
expansion coefficient of the material, and AT is a temperature increase.

Suppose that you are given the following data: oy,= 2500 psi, 6;,,=1200 psi,
and o,, = 500 psi, E = 1200000 psi, n=0.15, a.= 0.00001/°F, AT = 60 °F.

To calculate the strain ey, use the following:

Access numerical solver to solve equations
Access the equation writer to enter equation

At this point follow the instructions from Chapter 2 on how to use the Equation
Writer to build an equation. The equation to enter in the Eq field should look
like this (notice that we use only one sub-index to refer to the variables, i.e., ey,

is translated as ex, efc. - this is done to save typing time):

K=%'[UK—H'EUH+UE:I:]+D:'&T

| CUES | EIG ml EVAL [FACTO]

Use the following shortcuts for special characters:

o: ) ()@ o ) (eI @ A: ) (=J)@

and recall that lower-case letters are entered by using before the letter
key, thus, x is typed as (a9 .

Press (@) to return to the solver screen. Enter the values proposed above into
the corresponding fields, so that the solver screen looks like this:
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ZEOLUE EQUATION B
Eq: ex=1  E¥Cax—n*{ay+d,.
«: [l £ 128, = 25.
e 15 w12, m: SEE
w @8, &T: &8

Entar walug or prass SOLVE

With the ex: field highlighted, press i to solve for ex:

FZOLVE ERUATION
Eq: ex=]1-Ex{aox—n*og+d,
ec: EFM E: 128, = 25,
e 15 w12, w2 SEE
w @8, «T: &8

Enter walug or press SOLVE
INFO =0l

The solution can be seen from within the SOLVE EQUATION input form by
pressing while the ex: field is highlighted. The resulting value is
2.470833333333E-3. Press to exit the EDIT feature.

Suppose that you now, want to determine the Young's modulus that will produce
a strain of e, = 0.005 under the same state of stress, neglecting thermal

expansion. In this case, you should enter a value of 0.005 in the ex: field, and
a zero in the AT: field (with AT = 0, no thermal effects are included). To solve
for E, highlight the E: field and press The result, seeing with the
feature is, E = 449000 psi. Press to return to normal display.

Notice that the results of the calculations performed within the numerical solver
environment have been copied to the stack:

E
ext 2. 47VER3333333E-
E: 4426865,
[ T | E | o ]| = |

Also, you will see in your soft-menu key labels variables corresponding to those
variables in the equation stored in EQ (press to see all variables in your
directory), i.e., variables ex, AT, &, oz, oy, n, ox, and E.

Example 2 - Specific energy in open channel flow
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Specific energy in an open channel is defined as the energy per unit weight
measured with respect to the channel bottom. Let E = specific energy, y =
channel depth, V = flow velocity, g = acceleration of gravity, then we write
2
E=y+—.

2g
The flow velocity, in turn, is given by V = Q/A, where Q = water discharge, A
= cross-sectional area. The area depends on the cross-section used, for
example, for a trapezoidal cross-section, as shown in the figure below, A =
(b+m-y) -y, where b = bottom width, and m = side slope of cross section.

17
k— b—f

T =
y
L

We can type in the equation for E as shown above and use auxiliary variables
for A and V, so that the resulting input form will have fields for the fundamental
variables y, Q, g, m, and b, as follows:
«  First, create a sub-directory called SPEN (SPecific ENergy) and work
within that sub-directory.
Next, define the following variables:

wl 1 = H
= b+meglu'kA ' '

T (el E—u+£ bED
1 [ 2N 2vg 5

Launch the numerical solver for solving equations: (=) aumst
Notice that the input form contains entries for the variables y, Q, b, m,
and g:

Entgr FUnction o Zalug

EDIT JcHoos] [ wAks [  ERFES]

+  Try the following input data: E =10 fi, Q = 10 cfs (cubic feet per
second), b=25f, m=1.0,g=2322 ft/s2:
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SOLVE ECUATIO
MRS 2R
:

Entgr uvalug of press ZOLYE

[EpIT] | |
Solve for y.

SO0LNE EQUATION 3
Eq: E=y+M 20 2%g0
E: 1A u:
v 1A
H: 1

Entgr valug or prgss SOLVE

EOIT] | |

The result is 0.149836.., i.e., y = 0.149836.

It is known, however, that there are actually two solutions available for
y in the specific energy equation. The solution we just found
corresponds to a numerical solution with an initial value of O (the
default value for y, i.e., whenever the solution field is empty, the initial
value is zero). To find the other solution, we need to enter a larger

value of y, say 1%, highlight the y input field and solve for y once
more:

ZO0LVE EQUATIO

MR E*E b

Entar ualug or press SOLVE

[EprT] | [waks [InFofsoLvE
The result is now 9.99990, i.e., y = 9.99990 ft.

This example illustrates the use of auxiliary variables to write complicated
equations. When NUM.SLV is activated, the substitutions implied by the
auxiliary variables are implemented, and the input screen for the equation
provides input field for the primitive or fundamental variables resulting from the
substitutions. The example also illustrates an equation that has more than one
solution, and how choosing the initial guess for the solution may produce those
different solutions.
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In the next example we will use the DARCY function for finding friction factors in
pipelines. Thus, we define the function in the following frame.

Special function for pipe flow: DARCY (¢/D,Re)

The Darcy-Weisbach equation is used to calculate the energy loss (per unit

weight), hy, in a pipe flow through a pipe of diameter D, absolute roughness ¢,

and length L, when the flow velocity in the pipe is V. The equation is written as
LV

hy=f — el The quantity fis known as the friction factor of the flow and

D

it has been found to be a function of the relative roughness of the pipe, £/D,
and a (dimensionless) Reynolds number, Re. The Reynolds number is defined as
Re = pVD/u = VD/v, where p and u are the density and dynamic viscosity of
the fluid, respectively, and v = wp is the kinematic viscosity of the fluid.

The calculator provides a function called DARCY that uses as input the relative
roughness £/D and the Reynolds number, in that order, to calculate the friction
factor . The function DARCY can be found through the command catalog:

AD i
i CATALYG: PeE COMMANDE

DEDICACE

For example, for ¢/D = 0.0001, Re = 1000000, you can find the friction factor
by using: DARCY(0.0001,1000000). In the following screen, the function
>NUM () was used to obtain a numerical value of the function:

DHEM aam L AEEEEE]
BHET, | AREDEE
+HUH[HHS[1]]
1. 244142207 24E-
3 L H b 1 ¢

The result is f = DARCY(0.0001,1000000) = 0.01341...

The function FANNING(c/D,Re)

In aerodynamics applications a different friction factor, the Fanning friction
factor, is used. The Fanning friction factor, f; is defined as 4 times the Darcy-
Weisbach friction factor, f. The calculator also provides a function called
FANNING that uses the same input as DARCY, i.e., ¢/D and Re, and provides
the FANNING friction factor. Check that FANNING(0.0001,1000000) =
0.0033603589181s.
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Example 3 - Flow in a pipe

You may want to create a separate sub-directory (PIPES) to try this example.
The main equation governing flow in a pipe is, of course, the Darcy-Weisbach
equation. Thus, type in the following equation info EQ:

Also, enter the following variables (f, A, V, Re):

F e, AR | T
et [

2ab L mDT g

: DARCY| S Ree bt " A .
DHEE‘T‘[%,RE "'E

O O O O B T O
Y 'IT.DL E
|m| 4 III‘II Dl H

H =1 [ H o | Jei)
] MO
d e | —

I T T T

In this case we stored the main equation (Darcy-Weisbach equation) into EQ,
and then replaced several of its variables by other expressions through the
definition of variables f, A, V, and Re. To see the combined equation, use
EVALEQ). In this example we changed the display setting so that we can see
the entire equation in the screen:

-EVALLERY

£ .p
Ll
g LDARCY| £ ——

i

hF

b

Thus, the equation we are solving, after combining the different variables in the
directory, is:
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0D
2 2
h _SQ_L.DARCY ﬁ,ﬂ'D—/“

f 2 5

 7’gD D’ Nu

The combined equation has primitive variables: hy Q, L, g, D, & and Nu.

Launch the numerical solver (P numsy
in the SOLVE EQUATION input form:

to see the primitive variables listed

EDIT |CHOG:E
Suppose that we use the values hf = 2 m, ¢ = 0.00001 m, Q = 0.05 m3/s, Nu
=0.000001 m?/s, L =20 m, and g=9.806 m/s2, find the diameter D. Enter

the input values, and solve for D, The solution is: 0.12, i.e.,, D=0.12 m.

OLYE E¢UATION
Eq: hf =F ¥V 2% - 2%g%0)
& 6. o MIEN
B, L: 28

Enter walug or press :0LVE
INFO [S0LVE

If the equation is dimensionally consistent, you can add units to the input

values, as shown in the figure below. However, you must add those units to the
initial guess in the solution. Thus, in the example below we place O_m in the D:
field before solving the problem. The solution is shown in the screen to the right:

% FOLYE EQUATIO
Eq: b =f €\ 2% <0 2xg¥D)
W Z_m £ L @3 n=gm
@5, M (@, L 2B m
a 9.8,

Enter walug or press Z0LVE

Y-l ey

CHliCL] ok

Press to return to normal calculator display. The solution for D will be listed
in the stack.
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Example 4 - Universal gravitation
Newton's law of universal gravitation indicates that the magnitude of the
attractive force between two bodies of masses m; and m, separated by a

M,-M,

distance r is given by the equation = G . .

r
Here, G is the universal gravitational constant, whose value can be obtained
through the use of the function CONST in the calculator by using:

: COMSTIG
=

E.ET2S9E-11_—0—
= kg
I I

We can solve for any term in the equation (except G) by entering the equation
as:

E=COMSTIG) [”12'12]

| CURE [ BTG u] EVAL [FACTH]

This equation is then stored in EQ:

3
6.67259E-1 1_5‘—
.kg
: F=comsTiz L QE En
I

Launching the numerical solver for this equation results in an input form
containing input fields for F, G, m1, m2, and r.

E ZOLYE ECURTION
Eq F=i5. |-.._'=n-'E 11 _m™3

Entar Function to zolug
EDIT |CHOOE

Let's solve this problem using units with the following values for the known
variables m1 = 1.0x10° kg, m2 = 1.0x10'2 kg, r= 1.0x10"" m. Also, enter

a value of O_N in field F to ensure the proper solution using units in the
calculator:
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5 TOLVE ESUATION
1 F=058.67239E-11_m™3..
i m2: 1.Elz_.

Hi:

Solve for F, and press to return to normal calculator display. The solution is F :
6.67259E-15_N, or F = 6.67259x10°1° N.

Note: When using units in the numerical solver make sure that all the variables
have the proper units, that the units are compatible, and that the equation is

dimensionally homogeneous.

Different ways to enter equations into EQ

In all the examples shown above we have entered the equation to be solved
directly into variable EQ before activating the numerical solver. You can
actually type the equation to be solved directly into the solver after activating it
by editing the contents of the EQ field in the numerical solver input form. If
variable EQ has not been defined previously, when you launch the numerical
solver () numswy BiTHH), the EQ field will be highlighted:

SOLVE EQUATION

Entgr Function to zalug
EDIT [CHOOE

At this point you can either type a new equation by pressing You will be
provided with a set of apostrophes so that you can type the expression between
them:

SOLYE ERUATION
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Type an equation, say X2 - 125 = 0, directly on the stack, and press

SOLME EQUATIN
Eq: i 2=125=H
hH

'Rt 2=125=04

Enter uglug or press SOLVE

At this point the equation is ready for solution.

Alternatively, you can activate the equation writer after pressin
your equation. Press to return to the numerical solver screen.

Another way to enter an equation into the EQ variable is to select a variable
already existing in your directory to be entered into EQ. This means that your
equation would have to have been stored in a variable name previously to
activating the numerical solver. For example, suppose that we have entered the
following equations into variables EQ1 and EQ2:

: H3—58=EIIEI]1

. H3—58=E
HE) —a+3@B=BFE%2

2 —a+3HE=H
[ Eed | E¢ [LETE [CHARLIFOLEA
Now, launch the numerical solver () nmsy §#, and highlight the EQ field. At
this point press th soft menu key. Use the up and down arrow keys ((a
) to select, say, variable EQ1:

Henorg: adabad | telect: i)

Press i affer selecting EQ1 to load into variable EQ in the solver. The new
equation is ready to be solved.
THLVE ECUATION

Enter walug oF prazz ZOLVE
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The SOLVE soft menu

The SOLVE soft menu allows access to some of the numerical solver functions
through the soft menu keys. To access this menu use in RPN mode: 74 MENU,
or in ALG mode: MENU(74). Alternatively, you can use () (hold) to
activate the SOLVE soft menu. The sub-menus provided by the SOLVE soft menu
are the following:

00T [DIFFE| FOLY | =3

The ROOT sub-menu

The ROOT sub-menu include the following functions and sub-menus:

1
ZOLYE] ROaT

Function ROOT

Function ROOT is used to solve an equation for a given variable with a starting
guess value. In RPN mode the equation will be in stack level 3, while the
variable name will be located in level 2, and the initial guess in level 1. The
following figure shows the RPN stack before and after activating function B

7. ooea 123554
[RooT | Ee | [ | :

In ALG mode, you would use ROOT(‘'TAN(6)=6',"8',5) to activate function ROOT:

t ROOTITAMIE1=A",'8" 5]
7. 7252518369
(RooT| E¢ | 1|

Variable EQ

The soft menu key this sub-menu is used as a reference to the variable
EQ. Pressing this soft menu key is equivalent to using function RCEQ (ReCall
EQ).

The SOLVR sub-menu

The SOLVR sub-menu activates the soft-menu solver for the equation currently
stored in EQ. Some examples are shown next:
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Example 1 - Solving the equation 125t = -4

For example, if you store the equation ‘t*2-5*t=-4" into EQ, and pres
will activate the following menu:

i
G |~ I |
This result indicates that you can solve for a value of t for the equation listed at
the top of the display. If you try, for example, C2J[ t ], it will give you the
result t: 1., after briefly flashing the message “Solving for t.” There is a second
root fo this equation, which can be found by changing the value of t, before
solving for it again. Do the following: 10 [ t ], then press (2)[ t ]. The
result is now, t: 4.0000000003. To verify this result, press the soft menu key
labeled , which evaluates the expression in EQ for the current value of 1.
The results in this case are:

.

: L1,
F t1 4, BRBEEREEEGS
eF Leftsi—4,
1: E g_ht i~

- |

To exit the SOLVR environment, press (). The access to the SOLVE menu is
lost at this point, so you have fo activate it once more as indicated earlier, to
continue with the exercises below.

Example 2 - Solving the equation Q = at+bt

It is possible to store in EQ, an equation involving more than one variable, say,
‘Q =at"2 + bt. In this case, after activating the SOLVE soft menu, and
pressing , you will get the following screen:

=
1.-2 ) | | 3=
Within this SOLVR environment you can provide values for any of the variables
listed by entering the value in the stack and pressing the corresponding soft-
menu keys. For example, say you enter the values Q = 14, a =2, and b = 3.
Youwoulduse: 14 Q ],2[ a ],3[ b .

As variables Q, a, and b, get assigned numerical values, the assignments are
listed in the upper left corner of the display. At this point we can solve for t, by
using C)[ t ]. Theresultist: 2. Pressing ¥ shows the results:

= H
=H
=H LeFt 14
1: Eig
[ | I | | IMI

Example 3 - Solving two simultaneous equations, one at a time
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You can also solve more than one equation by solving one equation at a time,
and repeating the process until a solution is found. For example, if you enter
the following list of equations into variable EQ: { ‘a*X+b*Y = ¢’, ‘k*X*Y=s},

the keystroke sequence

i, within the SOLVE soft menu, will produce

=
1:
o I g ¥ I <

The first equation, namely, a*X + b*Y = ¢, will be listed in the top part of the
display. You can enter values for the variables a, b, and ¢, say:

2[a ] 5[ b ]119[ ¢ ]. Also, since we can only solve one equation at
a time, let's enter a guess value for Y, say, 0 [ Y ], and solve for X, by using
[ X ]. This gives the value, X: 9.4999.... To check the value of the
equation at this point, press i . The results are:  Left: 19, Right: 19. To
solve the next equation, press The screen shows the soft menu keys
as:

the following screen:

wie, SRREEERREEA S
: Left:l9,
: Right:lS
E L d by Il =
Soy we enter the values k = 2, s = 12. Then solve for Y, and press
i The results are now, Y:

=TI

[T ) [ R |

[T | I | |
We then continue moving from the first fo the second equation, back and forth,
solving the first equation for X and the second for Y, until the values of X and Y
converge fo a solution. To move from equation to equation use
To solve for X and Y use (D[ X ], and D[ Y |, respectively. The following

sequence of solutions is produced:

: Al4A5445
: i e, Fa9904993 16,
g s e Iy I« hllxll?llslmm

After solving the two equations, one at a time, we notice that, up to the third
decimal, X is converging to a value of 7.500, while Y is converging to a value o
0.799.
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Using units with the SOLVR sub-menu

These are some rules on the use of units with the SOLVR sub-menu:
Entering a guess with units for a given variable, will introduce the use
of those units in the solution.
If a new guess is given without units, the units previously saved for that
particular variable are used.
To remove units enter a number without units in a list as the new guess,
i.e., use the format { number }.
A list of numbers can be given as a guess for a variable. In this case,
the units takes the units used belong to the last number in the list. For
example, entering { 1.41_ft 1_cm 1_m } indicates that meters (m) will
be used for that variable.
The expression used in the solution must have consistent units, or an
error will result when trying to solve for a value.

The DIFFE sub-menu

The DIFFE sub-menu provides a number of functions for the numerical solution of
differential equations. The functions provided are the following:

RER_|RRF3TIRRES TIRRFERIFSEER
These functions are presented in detail in Chapter 16.

The POLY sub-menu

The POLY sub-menu performs operations on polynomials. The functions
included are the following:

Function PROOT
This function is used to find the roots of a polynomial given a vector containing
the polynomial coefficients in decreasing order of the powers of the

1

independent variable. In other words, if the polynomial is o x" + a,.1x™" + ...

+ a2 + arx + ag, the vector of coefficients should be entered as [a,, a1, ...
, Ay, a1, agl. For example, the roots of the polynomial whose coefficients are
[1,-5, 6] are[2, 3].

Function PCOEF
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This function produces the coefficients [a,, an.1, ... , ap, a7, ag] of a

polynomial a,x" + a,1x™ ! + ... + aox? + ajx + ag, given a vector of its roots
[r1, ro, ..., ry].  For example, a vector whose roots are given by

[-1, 2, 2, 1, 0], will produce the following coefficients: [1, -4, 3, 4, -4, O]. The
polynomial is x° - 4x* + 3x3 + 4x2 - 4x.

Function PEVAL
This function evaluates a polynomial, given a vector of its coefficients, [a,, a,.1,

1

., Gy, a7, dgl, and a value xg, i.e., PEVAL calculates axg" + ap.1xg™" + ...

+ agxp2 + arxg + ag. For example, for coefficients [2, 3, -1, 2] and a value of
2, PEVAL returns the value 28.

The SYS sub-menu

The SYS sub-menu contains a listing of functions used to solve linear systems.
The functions listed in this sub-menu are:

These functions are presented in detail in Chapter 11.

The TVM sub-menu

The TVM sub-menu contains functions for calculating Time Value of Money. This
is an alternative way to solve FINANCE problems (see Chapter 6). The
functions available are shown next:

TUHEO|AHORT] BEG =] |

The SOLVR sub-menu
The SOLVR sub-menu in the TVM sub-menu will launch the solver for solving
TVM problems.  For example, pressing at this point, will trigger the

following screen:
=
1:
0 IZvell Fy 0 FHT 0L FY |

As an exercise, try using the values n = 10, I%YR = 5.6, PV = 10000, and FV
=0, and enter (29[ PMT ] to find PMT =-1021.08.... Pressing (W7), produces

the following screen:
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1Z. ﬁaumentEKHEEF
mode

: PMT:(-16821. 828254232
[T | EEG ufl [ [ [

Press to exit the SOLVR environment. Find your way back to the TVM sub-
menu within the SOLVE sub-menu to try the other functions available.

Function TVMROOT

This function requires as argument the name of one of the variables in the TVM
problem. The function returns the solution for that variable, given that the other
variables exist and have values stored previously. For example, having solved a
TVM problem above, we can solve for, say, ‘N’, as follows: [ ] ()@ @&

i The result is 10.

Function AMORT

This function takes a value representing a period of payment (between O and n)
and returns the principal, inferest, and balance for the values currently stored in
the TVM variables. For example, with the data used earlier, if we activate
function AMORT for a value of 10, we get:

TVHEORHORTIEEGE] |

Function BEG
If selected, the TMV calculations use payments at the beginning of each period.
If deselected, the TMV calculations use payments at the end of each period.
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Chapter 7
Solving multiple equations

Many problems of science and engineering require the simultaneous solutions
of more than one equation. The calculator provides several procedures for
solving multiple equations as presented below. Please notice that no discussion
of solving systems of linear equations is presented in this chapter. Linear
systems solutions will be discussed in detail in subsequent chapters on matrices
and linear algebra.

Rational equation systems

Equations that can be re-written as polynomials or rational algebraic
expressions can be solved directly by the calculator by using the function
SOLVE. You need to provide the list of equations as elements of a vector. The
list of variables to solve for must also be provided as a vector. Make sure that
the CAS is set to mode Exact before attempting a solution using this procedure.
Also, the more complicated the expressions, the longer the CAS takes in solving
a particular system of equations. Examples of this application follow:

Example 1 - Projectile motion

Use function SOLVE with the following vector arguments, the first being the list of
equations: ['x = x0 + vO*COS(80)*t' ‘y =y0+vO*SIN(60)*t - g*t"2/2"|@m),
and the second being the variables to solve for, say t and y0, i.e., ['t' 'y0'].

The solution in this case will be provided using the RPN mode. The only reason
being that we can build the solution step by step. The solution in the ALG
mode is very similar. First, we store the first vector (equations) into variable A2,
and the vector of variables info variable A1. The following screen shows the
RPN stack before saving the variables.

i [:-:=:-:IJ+I.IIJ-IIIIISIZ$IJ:I-1: y=yd+ul I

At this point, we need only press twice to store these variables.
To solve, first change CAS mode to Exact, then, list the contents of A2 and AT,
in that order:
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i [x:xuwu--:oscam-t Y=yl umEIM
1: Lt y0
[ |

Use command SOLVE at this point (from the S.SLV menu: (9)ssv_ ) After about

40 seconds, maybe more, you get as result a list:

{t = (xx0)/(COS(60)*v0)’

%0 = (2*COS(60)" 2*v0" 2*y+(g*x" 2(2*x0*g+2* SIN(60))* COS(60)*v0 2) *xc+
(0" 2* g+2*SIN(B0) *COS(60) vO* 2*x0)))/(2*COS(60)* 2*v0" 2) ]}

Press to remove the vector from the list, then use command OBJ->, to get
the equations listed separately in the stack.

3 3
2 =t 4=l
o BT
it z £ pezcesenue®yegn® 2
b {[u& R LT 4

T [ ]

| Al | ] | | [T I I

Note: This method worked fine in this example because the unknowns t and
yO were algebraic terms in the equations. This method would not work for

solving for 60, since 80 belongs to a transcendental term.

Example 2 - Stresses in a thick wall cylinder

Consider a thick-wall cylinder for inner and outer radius a and b, respectively,
subject to an inner pressure P; and outer pressure P,. At any radial distance r
from the cylinder’s axis the normal stresses in the radial and transverse
directions, o,, and 6, respectively, are given by

a-P-b"-P +a2-b2-(Pi—R))

o

06 = b — P o(b—d?)

_@-P-V-P_d-b-(R-P)

0, = 2 2 T2 g2 2y
b”—a r--(b"—a")

Notice that the right-hand sides of the two equations differ only in the sign
between the two terms. Therefore, to write these equations in the calculator, |
suggest you type the first term and store in a variable T1, then the second term,
and store it in T2. Writing the equations afferwards will be matter of recalling
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the contents of T1 and T2 to the stack and adding and subtracting them. Here
is how to do it with the equation writer:
Enter and store term T1:

aE-F‘i—bE-F‘D

b —a

| CUES | EIG ml EVAL [FACTO]

Enter and store term T2:

2 bS(Fi-Fo)
FE-[bE—aE ]

| CUFRE | BTG m] EVAL [FRCTH]
Notice that we are using the RPN mode in this example, however, the
procedure in the ALG mode should be very similar. Create the equation for

Op6* W) (=)@ ) (e I(@ ™® )=

Create the equation for o, (=) ()@ Wi ()@
™® ) =

Put together a vector with the two equations, using function >ARRY (find it
using the command catalog (@) _ai ) after typing a (20

uE-Pi-hE-F‘-:- uz-hz-l:F'i-F'-:-:l
bz'ﬂz I-E'[tlz'ﬂz]
Aozt b a®bPipi-Fol : a2 aa
R .27 1: [ A Fi-bTFe | ashoiFioFal
1: 2 b2-a® 2lb2-q%]

Now, suppose that we want to solve for P;and P,, given q, b, r, o}, and og.
We enter a vector with the unknowns:

hz-uz rz-[hz-uz]

||
To solve for P;and P, use the command SOLVE from the S.SLV menu (C2Dssv_ ),
it may take the calculator a minute to produce the result:
{['Pi={((06-0r)** 2(c0+01) *a”2)/(2*a* 2))
‘Po=-(((00-0r)*r* 2-(c0+0x) *b"2)/(2*b"2))' 1 }, i.e.,

Page 7-3



Fuo=

1: {[H P e e I

]
2]
I I

Notice that the result includes a vector [ ] contained within a list { }. To remove
the list symbol, use (820. Finally, o decompose the vector, use function OBJ->.
The result is:

L= b =L A g

2
(ﬂﬁ-arhrz-(¢¢+¢rhb

Fi

2
F

an?

1: 2.3
| 4 | [ [

These two examples constitute systems of linear equations that can be handled
equally well with function LINSOLVE (see Chapter 11). The following example
shows function SOLVE applied to a system of polynomial equations.

Example 3 - System of polynomial equations

The following screen shot shows the solution of the system X2+XY=10, X%Y2=.5,
using function SOLVE:

[ =10 15— *.*: g]
e =1l =]
SIIIL'-.-'E[HHSII i Y]
iCw=z ¥=3] [¥=—2 Y=-513
————

Solution to simultaneous equations with MSLV
Function MSLV is available as the last option in the (PJ)Mmsy menu:

1. 50lue equation..
2. 5alug JifF @q..
F.Eolug poly.,

Y. Zolug lin sy=.
5 Findnce..
|

on— palunnm1al multi-
ariate solwer
SLHi'ESIHiH}+? A+SIHC
3= Y1, EE,670
FiTidasabiald s 202241
uee- S LVE
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Example 1 - Example from the help facility
As with all function entries in the help facility, there is an example attached to
the MSLV entry as shown above. Notice that function MSLV requires three
arguments:

1. A vector containing the equations, i.e., ‘[SIN(X)+Y,X+SIN(Y)=1]’

2. A vector containing the variables to solve for, i.e., ‘[X,Y]’

3. A vector containing initial values for the solution, i.e., the initial values

of both X and Y are zero for this example.

In ALG mode, press E#il to copy the example to the stack, press to run the
example. To see all the elements in the solution you need to activate the line
editor by pressing the down arrow key (0 ):

.

*HE
= MS
SI
LS
Ff:

P
MIULS THE1+Y H+SIH["|"]
Gl B+HSIHYI=1,1L

S L A H+SIH':"|"3'—1

W
]

2haq112611,-. 9681,
[ZRIF] +DEL ] DEL+DEL L

,_|
=

fo—cr

In RPN mode, the solution for this example is produced by using:

[SIMCE+Y R+SIHYI=1.
LAy

1: @, @,
fWECF] 1 1]

Activating function MSLV results in the following screen.

[SIMCE+Y B+51 H["|"][=H1 .

1: [1.592354112611 —. 36
[HELF] | [ |

You may have noticed that, while producing the solution, the screen shows
intermediate information on the upper left corner. Since the solution provided
by MSLV is numerical, the information in the upper left corner shows the results
of the iterative process used to obtain a solution. The final solution is X =
1.8238, Y =-0.9681.

Example 2 - Entrance from a lake into an open channel

This particular problem in open channel flow requires the simultaneous solution
2

of two equations, the equation of energy: H, =y +2— , and Manning’s

g
Cu A5/3

equation: ) = 7 I2E

head (m, or ft) available for a flow at the entrance to a channel, y is the flow
depth (m or ft), V = Q/A is the flow velocity (m/s or ft/s), Q is the volumetric

-y/S, - Inthese equations, H,, represents the energy
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discharge (m3/s or H3/s), A is the cross-sectional area (m2 or ft2), C,isa
coefficient that depends on the system of units (C, = 1.0 for the SI, C, = 1.486

for the English system of units), n is the Manning’s coefficient, a measure of the
channel surface roughness (e.g., for concrete, n = 0.012), P is the wetted
perimeter of the cross section (m or ft), S, is the slope of the channel bed

expressed as a decimal fraction.  For a trapezoidal channel, as shown below,
the area is given by 4 = (b + my)y , while the wetted perimeter is given by

P=b+2yJ1+m* . where b is the bottom width (m or ft), and m is the side

slope (1V:mH) of the cross section.

Typically, one has to solve the equations of energy and Manning's
simultaneously for y and Q. Once these equations are written in terms of the
primitive variables b, m, y, g, So, n, Cu, Q, and H,, we are left with a system of
equations of the form f1(y,Q) = 0, f5(y,Q) = 0. We can build these two
equations as follows.

We assume that we will be using the ALG and Exact modes in the calculator,
although defining the equations and solving them with MSLV is very similar in
the RPN mode. Create a sub-directory, say CHANL (for open CHANnel), and
within that sub-directory define the following variables:

_ -
g 2
: Ho=wu+=—#ER1 3
29 . |:4='3F'-'-F'—2-JE MEGZ
1 P§
I T I I
s =
. P EBY
2
: A
o : (B+mglgkA -
A bty i
g——g h | v lEea [Eei | | |

s [b+mglgkA

bt+2egedl +m2 kF

To see the original equations, EQ1 and EQ?2, in terms of the primitive variables
listed above, we can use function EVAL applied to each of the equations, i.e.,
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i The equations are listed in the stack as follows (small
font option selected):
—— = =
HxN 1+Hzpp EIHE-3-bz+|-|-33-r|-3-h+2.3q.Ha.g
pea 3 . tEVALCER2) a
+3iyedp
2
:E"'“L':E'u:' 2 3y £ 2 [gebeu i) [Ea cu JH-I:H-HE-H
27+ 2y gib T+ Yy b2y T g = 2 E]
a 2 .3 2 y a | | 2
b T+ Yy T i He b+ 3y H g fr Ab+digedH+1
[ n | % | Eea | Ewi] [ n | v [Ega [Eedi]| |

We can see that these equations are indeed given in terms of the primitive
variables b, m, y, g, So, n, Cu, Q, and H,,.

In order to solve for y and Q we need to give values to the other variables.
Suppose we use Hg=5ft, b=1.5f, m=1,n=0.012, Sg=0.00001, g=
32.2, and Cu = 1.486. Before being able to use MSLV for the solution, we
need to enter these values into the corresponding variable names. This can be
accomplished as follows:

= SkHo .E12kn
1.5k f . HE0E1kSD

Now, we are ready fo solve the equation. First, we need to put the two

equations together info a vector. We can do this by actually storing the vector

into a variable that we will call EQS (EQuation$):
T I FEEFLO

t[EC EC2IMERS

v2+2-~ﬂ g B Cud]
2 2

3P

As initial values for the variables y and Q we will use y = 5 (equal to the value

of Hg, which is the maximum value that y can take) and Q = 10 (this is a

guess). To obtain the solution we select function MSLV from the NUM.SLV

menu, e.g., (PINmsy ((6) o place the command in the screen:

1.4285

Ho

Page 7-7



N =1
t[EQ] ERZIPERS
oYt HJ_E:UBT

o Tog [
e 3J_
FISLY 4

bl Ho l F 1 5 [ v | Fogl
Next, we'll enter variable EQS: i, followed by vector [y,Q]:

() (I (DA @@
and by the initial guesses (P)__ (=)0 (5)(P)_ » (1D(0).

Before pressing @), the screen will look like this:

I S X=1=]
:[EGL EQZIMEDS
oV tewa | AEE.cud]
o Zeg [ =+
nEF

SLMCERS, [ua. 1. L5, 18]
[T T T T T

Press to solve the system of equations. You may, if your angular measure
is not set to radians, get the following requesf'

s[EC] ER2IMERS

Fiﬂd:.ﬂl'l Hodg an?
Hn:u

SLWCERS, [iga G, ES 1EH3I
||

--
Pres and allow the solution to proceed. An infermediate solution step may
look like this:

[4.539e0e51lesr 15,9011
. 358822986286

Y +2ugg - ArlSo Cus]

29 2
3P

SLMCERS, [Ua By L5, 16040
T I =T T

Ho

The vector at the top representing the current value of [y,Q] as the solution
progresses, and the value .358822986286 representing the criteria for
convergence of the numerical method used in the solution. If the system is well
posed, this value will diminish until reaching a value close to zero. At that point
a numerical solution would have been found. The screen, after MSLV finds a
solution will look like this:

= =
= =Yl

:msthms Ly 015 161
yEaz, a9 o AlSoCud
e 3J_

Ho

2g
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The result is a list of three vectors. The first vector in the list will be the equations
solved. The second vector is the list of unknowns. The third vector represents the
solution. To be able to see these vectors, press the down-arrow key 30 to
activate the line editor. The solution will be shown as follows:

AR WYZ HEW F-~ 'H' ALG
HOHE EHZZ

= 2g 7 2
l @ n3F
[Ho=CW"2+2%g*gl-(2%g,

[us i
(345869613276, 20, 661.
[SHIF + +DEL | DEL=IDEL L] TN =)

The solution suggested is [4.9936.., 20.661...]. This means, y = 4.99 f, and
Q =20.661... ##3/s. You can use the arrow keys (O > @) to see the

solution in detail.

Using the Multiple Equation Solver (MES)

The multiple equation solver is an environment where you can solve a system of
multiple equations by solving for one unknown from one equation at a time. It
is not really a solver to simultaneous solutions, rather, it is a one-by-one solver of
a number of related equations. To illustrate the use of the MES for solving
multiple equations we present an application related to trigonometry in the next
section. The examples shown here are developed in the RPN mode.

Application 1 - Solution of triangles

In this section we use one important application of trigonometric functions:
calculating the dimensions of a triangle. The solution is implemented in the
calculator using the Multiple Equation Solver, or MES.

Consider the triangle ABC shown in the figure below.

C

7
a b

yie O~
B c A

The sum of the interior angles of any triangle is always 180°, i.e., oo+ B+7vy=
180°. The sine law indicates that:

sina _sinff _siny

a b c
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The cosine law indicates that:

a?=b? + 2 - 2bccos q,
b?=a? +c? - 2-accos
2 =qa? +b? - 2-abcos ¥

In order to solve any triangle, you need to know at least three of the following
six variables: a, b, ¢, &, B, . Then, you can use the equations of the sine law,
cosine law, and sum of interior angles of a triangle, to solve for the other three
variables.

If the three sides are known, the area of the triangle can be calculated with

Heron's formula 4 =./s (s —a)- (s —b)- (s —c) ,where s is known as the

at+b+c
—2 )

semi-perimeter of the triangle, i.e., s =

Triangle solution using the Multiple Equation Solver (MES)
The Multiple Equation Solver (MES) is a feature that can be used to solve two or

more coupled equations. It must be pointed out, however, that the MES does
not solve the equations simultaneously. Rather, it takes the known variables,
and then searches in a list of equations until it finds one that can be solved for
one of the unknown variables. Then, it searches for another equation that can
be solved for the next unknowns, and so on, until all unknowns have been
solved for.

Creating a working directory

We will use the MES to solve for triangles by creating a list of equations
corresponding to the sine and cosine laws, the law of the sum of interior angles,
and Heron's formula for the area. First, create a sub-directory within HOME
that we will call TRIANG, and move into that directory. See Chapter 2 for
instructions on how to create a new sub-directory.

Entering the list of equations

Within TRIANG, enter the following list of equations either by typing them
directly on the stack or by using the equation writer. (Recall that G ()@
produces the character o, and produces the character B. The
character y needs to be ed from () cmes ):
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‘SIN(0)/a = SIN(B)/b’
‘SIN(e)/a = SIN(y)/c’
‘SIN(B)/b = SIN(y)/c’
‘"2 = a”2+b"22*a*b*COS(y)’
‘'b"2 = a”2+c" 22*a*c*COS(B)’
‘a2 = b"2+c"22*b*c*COS(a)’
‘o+B+y = 180’
‘s = (a+b+c)/2’
‘A = (s*(s-a)*(s-b)*(sc))’

Then, enter the number (9, and create a list of equations by using: function
SLIST (use the command catalog () _ar ). Store this list in the variable EQ.

The variable EQ contains the list of equations that will be scanned by the MES
when trying to solve for the unknowns.

Entering a window title
Next, we will create a string variable to be called TITLE to contain the string
“Triangle Solution”, as follows:

@)_» Open double quotes in stack

Locks keyboard into lower-case alpha.
GOEOA®EO® ) Enter text: Triangle_
Salelalalalaleld Enter fext: Solution

ENTER Enter string “Triangle Solution” in stack
D Open single quotes in stack

(aurA) (ard) (7) (1) (T) (T () (EVTeR) Enter variable name ‘TITLE’

Store string into ‘TITLE’

Creating a list of variables
Next, create a list of variable names in the stack that will look like this:

{abcafBynrs
and store it in variable LVARI (List of VARIables). The list of variables represents
the order in which the variables will be listed when the MES gefs started. It must
include all the variables in the equations, or it will not work with function MITM
(see below). Here is the sequence of keystrokes to use to prepare and store this
list:
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if needed, to get your variables menu. Your menu should show the

Press

variables

Preparing to run the MES

The next step is to activate the MES and try one sample solution. Before we do
that, however, we want to set the angular units to DEGrees, if they are not
already set to that, by typing (@) (@) @ @ @ )

Next, we want to keep in the stack the contents of TITLE and LVARI, by using:

We will use the following MES functions
MINIT: MES INITialization: initializes the variables in the equations
stored in EQ.
MITM: MES’ Menu ltem: Takes a title from stack level 2 and the list of
variables from stack level 1 and places the title atop of the MES
window, and the list of variables as soft menu keys in the order
indicated by the list. In the present exercise, we already have a title
(“Triangle Solution”) and a list of variables ({ a b c By A s })in
stack levels 2 and 1, respectively, ready to activate MITM.
MSOLVR: MES SOLVER; activates the Multiple Equation Solver (MES)
and waits for input by the user.

Running the MES interactively

To get the MES started, with the variables TITLE and LVARI listed in the stack,
activate command MINIT, then MITM, and finally, MSOLVR (find these functions
in the catalog (2D _ar ).

The MES is launched with the following list of variables available (Press to
see the next list of variables):

= T
‘1= ‘ E__F:
Ca e < I <« e I« 1 | I | I | | || 11 1

Press to see the third list of variables. You should see:

EEEE]!EI N | N—

Press once more to recover the first variable menu.
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Let's try a simple solution of Case |, usinga =5, b=3, c =5. Use the
following entries:

[ a ] a:5 is listed in the top left corner of the display.

3 b ] b:3 is listed in the top left corner of the display.

[ ¢ ] c:5 is listed in the top left corner of the display.

To solve for the angles use:

[ o] Calculator reports Solving for o, and shows the result o
72.5423968763.

Note: If you get a value that is larger than 180, try the following:

)] o ] Re-initialize a to a smaller value.
[ o ] Calculator reports Solving for o

Next, we calculate the other two values:
[ B 1] The result is B: 34.9152062474.

[ v 1] The resultis y: 72.5423968763.
You should have the values of the three angles listed in stack levels 3 through

. Press (+) twice to check that they add indeed to 180°.

Press to move to the next variables menu. To calculate the area use: (5]
A ]. The calculator first solves for all the other variables, and then finds the
area as A: 7.15454401063.

os 52, 5423968?

A: 7. 1545440 1 ElEu
L=+ I 11

[ PIOE Y

Note: When a solution is found, the calculator reports the conditions for the
solution as either Zero, or Sign Reversal. Other messages may occur if the
calculator has difficulties finding a solution.
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Pressing will solve for all the variables, temporarily showing the

infermediate results. Press o see the solutions:

1 F2lE45598ETES

P BT
T V.1534544810682

When done, press to return to the MES environment. Press to exit the
MES environment and return to the normal calculator display.

Your variable menu will now contain the variables (press to see the second
set of variables):

Ei E

Variables corresponding fo all the variables in the equations in EQ have been
created. There is also a new variable called Mpar (MES parameters), which
contains information regarding the setting up of the MES for this particular set
of equations. If you use o see the contents of the variable Mpar. You
will get the cryptic message: Library Data. The meaning of this is that the MES
parameters are coded in a binary file, which cannot be accessed by the editor.

Next, we want to place them in the menu labels in a different order than the
one listed above, by following these steps:

1. Create a list containing { EQ Mpar LVARI TITLE }, by using:
G-
2. Place contents of LVARI in the stack, by using

3. Join the two lists by pressing ().
Use function ORDER (use the command catalog CP) _car ) to order the variables
as shown in the list in stack level 1.

4. Press to recover your variables list. It should now look like this:

1:
| Hpar [LYARTITITLE] a | I T T

5. Press to recover the first variable menu.
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Programming the MES triangle solution using User RPL
To facilitate activating the MES for future solutions, we will create a program

that will load the MES with a single keystroke. The program should look like
this: << DEG MINIT TITLE LVARI MITM MSOILVR >>, and can be typed in by

using:

) «» Opens the program symbol

Locks alphanumeric keyboard

@@ @) Type in DEG (angular units set to DEGrees)
@AM @A) Type in MINIT_

Unlocks alphanumeric keyboard
List the name TITLE in the program
List the name LVARI in the program

Locks alphanumeric keyboard
@ (@ (@ @ (s ) Type in MITM_
aIsicralala Type in MSOLVR

ENTER Enter program in stack

Store the program in a variable called TRISOL, for TRiangle SOlution, by using:
) (urme) (ara) (1) R (D (81 @ (@

Press (#8), if needed, to recover your list of variables. A soft key labe
should be available in your menu.

Running the program - solution examples

To run the program, press the soft menu key. You will now have the MES
menu corresponding to the friangle solution. Let's try examples of the three
cases listed earlier for triangle solution.

Example 1 — Right triangle
Use a =3, b =4, c =5. Here is the solution sequence:

(3)[a]@)[ b1 c] Toenter data

[ o ] The resultis o: 36.8698976458
&l B 1] The result is B: 53.1301023541.
Il v ] The result is y: 90.

NXT To move to the next variables menu.
(<] & ] The result is A: 6.

To move to the next variables menu.

Example 2 - Any type of triangle
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Use a = 3, b =4, c = 6. The solution procedure used here consists of solving
for all variables at once, and then recalling the solutions to the stack:

VAR

To clear up data and re-start MES
(3)[a]&@)[b]1CI[ ¢ ] Toenter data

To move to the next variables menu.

Solve for all the unknowns.

Show the solution:

The solution is:

=Tr;un li 50lUt10

é334329?495
. Bopesozsios

At the bottom of the screen, you will have the soft menu keys:

The square dot in indicates that the values of the variables, rather than
the equations from which they were solved, are shown in the display. To see the
equations used in the solution of each variable, press the soft menu key.
The display will now look like this:
ﬁﬂﬂﬂlﬂﬂﬂﬂﬂﬂi

~BopnE i3 Babe.
Catbh+caA2!

a
=
A=Tis*i{=—g32x{=—b.,

The soft menu key s used to print the screen in a printer, if available.
And returns you to the MES environment for a new solution, if needed. To
return to normal calculator display, press (#2).

The following table of triangle solutions shows the data input in bold face and
the solution in italics. Try running the program with these inputs to verify the
solutions. Please remember to press i at the end of each solution to
clear up variables and start the MES solution again. Otherwise, you may carry
over information from the previous solution that may wreck havoc with your

current calculations.
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a b < a9 | B w0 A
2.5 [6.9837| 7.2 120.229 75 84.771 8.6933
7.2 | 85 | 142622616 27 130.38 23.309
2192 175 | 13.2 | 90 | 5298 37.03 1155
4192 23 | 296 | 75 | 32 | 73 32881
1027| 326 | 105 | 77 | 18 | 85 | 16.66
17 | 25 | 32 |31.79|50.78 9744 210.71

Adding an INFO button to your directory
An information button can be usetul for your directory to help you remember the

operation of the functions in the directory. In this directory, all we need to

remember is to press to get a triangle solution started. You may want to
type in the following program: <<“Press [TRISO] to start.” MSGBOX >>, and store it
in a variable called INFO. As a result, the first variable in your directory will be

Application 2 - Velocity and acceleration in polar coordinates
Two-dimensional particle motion in polar coordinates often involves determining
the radial and transverse components of the velocity and acceleration of the

particle given r, r' = dr/d, " = d?r/dt? 6, 0 =d 0 /dt, and, 8” = d%0/dt?.
The following equations are used:

v, =T a, =i-r6*

Ve =ré a, =rf+2/0
Create a subdirectory called POLC (POLar Coordinates), which we will use to

calculate velocities and accelerations in polar coordinates. Within that
subdirectory, enter the following variables:

Program or value Store info variable:
<< PEQ STEQ MINIT NAME LIST MITM MSOILVR >> SOLVEP

"vel. & acc. polar coord." NAME

{rrD rDD 6D 6DD vr v6 v ar a6 a } LIST

{'vr=rD" 'vB =r*6D"' 'v=+(vr"2 + v6"2)'
‘ar = rDD - r*6D"2"' 'a6 = r*eDD + 2*rD*6D'
'a =V(ar*2 + a8”2)"' } PEQ
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An explanation of the variables follows:
SOLVEP = a program that triggers the multiple equation solver for the
particular set of equations stored in variable PEQ;

NAME = a variable storing the name of the multiple equation solver, namely,
"vel. & acc. polar coord.",;

LIST=  a list of the variable used in the calculations, placed in the order we

want them to show up in the multiple equation solver environment;

PEQ = list of equations to be solved, corresponding to the radial and
transverse components of velocity (vr, v0) and acceleration (ar, a6)
in polar coordinates, as well as equations to calculate the
magnitude of the velocity (v) and the acceleration (a) when the

polar components are known.

r, rD, rDD = r (radial coordinate), r-dot (first derivative of r), rdouble dot
(second derivative of r).

6D, 6DD = 6-dot (first derivative of 8), 6-double dot (second derivative of 6).

Suppose you are given the following information: r=2.5, rD = 0.5, rDD = -
1.5, 6D = 2.3, 6DD = -6.5, and you are asked to find vr, v6, ar, a6, v, and a.
Start the multiple equation solver by pressing The calculator
produces a screen labeled , "vel. & acc. polar coord.", that looks as follows:

==

L I co Nepp [ op 0| opp |

To enter the values of the known variables, just type the value and press the
button corresponding to the variable to be entered. Use the following

keystrokes: 2.5 [r] 0.5[rD ] 1.5 [rDD] 2.3[6D ]16.5 [ 6DD ].
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Notice that after you enter a particular value, the calculator displays the
variable and its value in the upper left corner of the display. We have now
entered the known variables. To calculate the unknowns we can proceed in two
ways:

a).

. Solve for all variables at once, by pressing

Solve for individual variables, for example, C=)[ vr ] gives vr: 0.500.
Press (D) (=) vO ] to get vO : 5.750 , and so on. The remaining results
are v: 5.77169819031; ar: -14.725; a0: -13.95; and a:
20.2836911089.; or,

The calculator will
flash the solutions as it finds them. When the calculator stops, you can
press o list all results. For this case we have:

Pressing the soft-menu ke will let you know the equations used to

solve for each of the values in the screen:

ar=rDh—r *B0~ §Z'
'aH‘F*HDD+~.+FD¥.
'a=l{gr"2. +abl"2. 2

To use a new set of values press, either (D) (1), or

Let's try another example using r = 2.5, vr=rD=-0.5,rDD=1.5,v=3.0,a =
25.0. Find, 6D, 6DD, v6, ar, and a6. You should get the following results:
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. polar Coord.
V=l du™2 . +uB”

WA= D

'ar=rDbh-r+ab"2. "

'a=ligr™ 2. +al 2. .
'af=r#800+2, i,

LEenz JPRINT] 1 | EXIT YALUE[ECNZm[FRINT
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Chapter 8
Operations with lists

Lists are a type of calculator’s object that can be useful for data processing and
in programming. This Chapter presents examples of operations with lists.

Definitions

A list, within the context of the calculator, is a series of objects enclosed
between braces and separated by spaces (7)), in the RPN mode, or commas
((®J)__3), in both modes. Objects that can be included in a list are numbers,
letters, character strings, variable names, and/or operators. Lists are useful for
manipulating data sets and in some programming applications. Some
examples of lists are:

In the examples shown below we will limit ourselves to numerical lists.

Creating and storing lists

To create a list in ALG mode, first enter the braces key (<)0__  (associated
with the key), then type or enter the elements of the list, separating them
with commas ((P)__1). The following keystrokes will enter the list {1 2 3 4}
and store it into variable L1.

@ D @D @ @
> D@D 0 (DE

The screen will show the following:

1 2 3 43kL1

The figure to the left shows the screen before pressing @7, while the one to the
right shows the screen after storing the list into L1. Notice that before pressing
the list shows the commas separating its elements. However, after pressing
@), the commas are replaced with spaces.

Entering the same list in RPN mode requires the following keystrokes:

@ (D @D E 360 @ @@
@) @ (D & )

Page 8-1



The figure below shows the RPN stack before pressing the key:
2: 1. 2. 3. 43
i} |L1 1

ATRE | FROW | GRAY | FIFE

Composing and decomposing lists

Composing and decomposing lists makes sense in RPN mode only. Under such
operating mode, decomposing a list is achieved by using function OBJ->. With
this function, a list in the RPN stack is decomposed into its elements, with stack
level 1: showing the number of elements in the list. The next two screen shots
show the stack with a small list before and after application of function OBJ->:

1: -zl i 3.
Wpar ILYARTITITLE] o | Wpar ILYARTITITLE] 0 |

Notice that, after applying OBJ->, the elements of the list occupy levels 4:
through 2:, while level 1: shows the number of elements in the list.

To compose a list in RPN mode, place the elements of the list in the stack, enter
the list size, and apply function SLIST (select it from the function catalog, as
follows: () _car () =, then use the up and down arrow keys (@) to
locate function SLIST). The following screen shots show the elements of a list of
size 4 before and after application of function >LIST:

1 SEa2
[War [LVRRI[TITLE] 1|

[ Hpar [LYARTITITLE] a |

Note: Function OBJ-> applied to a list in ALG mode simply reproduces the list,
adding to it the list size:

FOBE+{Z 2 -1
22-13.%
| Hpar [LYARI[TITLE] a | b |

Operations with lists of numbers

To demonstrate operations with lists of numbers, we will create a couple of
other lists, besides list L1 created above: 12={-3,2,1,5}, L3={-6,5,3,1,0,3,-4},
L4={3,2,1,5,3,2,1}. In ALG mode, the screen will look like this after entering
lists L2, L3, L4:
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-2 2152

=321 3%

52183 42
i-65 31083 -4

=3 EISBEI}IL-fl
15321}

[ L7 | L2 | Li [TEIAN|

In RPN mode, the following screen shows the three lists and their names ready
to be stored. To store the lists in this case you need to press three times.

Changing sign
The sign-change key (G-)) , when applied to a list of numbers, will change the
sign of all elements in the list. For example:

Addition, subtraction, multiplication, division
Multiplication and division of a list by a single number is distributed across the
list, for example:

Subtraction of a single number from a list will subtract the same number from
each element in the list, for example:

=
-22135
iLz—-1a
i-12. -8, -9, -5,

Addition of a single number to a list produces a list augmented by the number,
and not an addition of the single number to each element in the list. For
example:

=L1
123 4;
iL1+E
1123246}
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Subtraction, multiplication, and division of lists of numbers of the same length
produce a list of the same length with term-by-term operations. Examples:

4, 8. 2. -1.
tL1L2
tL1-L2Z {-2. 4. 2. 20.
4.8, 2. -1.4 | L1
iL1Lz LZ
{=3. 4. 3. 20.Y {-.323232323333 1. 2. .

The division L4/L3 will produce an infinity entry because one of the elements in
L3 is zero:

If the lists involved in the operation have different lengths, an error message is
produced (Error: Invalid Dimension).

The plus sign ((+)), when applied to lists, acts a concatenation operator,
putting together the two lists, rather than adding them term-by-term. For

example:
sL1+L2
1224-3215;

In order to produce term-by-term addition of two lists of the same length, we
need to use operator ADD. This operator can be loaded by using the function
catalog (CP) _cr ). The screen below shows an application of ADD to add lists
L1 and L2, term-by-term:

L1 ADD L2
i—24 4 9
[ L7 [ 14 [ L1 [TRIAn] HESS |

Real number functions from the keyboard

Real number functions from the keyboard (ABS, €, LN, 10%, LOG, SIN, x2 A,
COS, TAN, ASIN, ACOS, ATAN, y*) can be used on lists. Here are some

examples:
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ABS

sL2
-2 213

=Lz
3213

LOG and ANTILOG

LoG
{El LDGIE] LOGS) LOGI1
= ALOIGE

IEIEIEI 168 16 186886

——

SIN, ASIN

:SIMIL1]
STMITY SIMIZ) SIMIZ) ST
:HSIH[%]

- SB4ESEE54B1S | 2E1ESH

TAN, ATAN

_THF_II_HIIII TFIHIE] TAMEZ) TAMC=H
—ATAMEZT ATAMIZ] E ATAML Y

EXP and LN
L1
=

{E'l E"2 E"3 E'q.}

sLHIL1)
18 LHGZ) LHCS) 2L M2

SQ and square root

HES{R VI ]
14916k
e L2
=105 2 1[5}

COS, ACOS

s COSILZ)
COSIE COSE) COSI1) COSE
. chs[%]

1. 47062590563 1, 36943

INVERSE (1/x)

= IMWILL)D

141

TRIAN

Real number functions from the MTH menu

Functions of interest from the MTH menu include, from the HYPERBOLIC menu:
SINH, ASINH, COSH, ACOSH, TANH, ATANH, and from the REAL menu: %,
%CH, %T, MIN, MAX, MOD, SIGN, MANT, XPON, IP, FP, RND, TRNC,
FLOOR, CEIL, D->R, R>D. Some of the functions that take a single argument
are illustrated below applied to lists of real numbers:

SINH, ASINH COSH, ACOSH

tSIMHILL)

STHHIT) SIHHIZ) SIHHIZ) Sk tCOSHILE

. Lz EDSH[B] EDSH[E] COSHCL) C¥
RSINH TH :ACOS

. 2ITET3047SE3 L 19563
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TANH, ATANH SIGN, MANT, XPON
TSIGHICT]

11113
= TAHHIL =) P MANTIIBELE)
=THMHCZ] TAMHCZT TAMHCLT 2. 2. 1. 5.}
= HTHHHIL 1) P APOHIL 1 16E)
ATAHHILY ATAMHEEY ATAHHL 2 20 2a 2al

| =TGN | HANT [ HEon | IF |

IP, FP FLOOR, CEIL

FLOORL.2 2.2 -1.3})
l, 24 -2
sCEILML.2 2.2 -1.5M

2. 3. -1.3%

Examples of functions that use two arguments

The screen shots below show applications of the function % to list arguments.
Function % requires two arguments. The first two examples show cases in which
only one of the two arguments is a list.

sx1E 26 38k1)
.1.2.3Y

FX05,418 268 201
1 3}

1
{Sﬁ 5 7@

The results are lists with the function % distributed according to the list
argument. For example,

%({10, 20, 30},1) = {%(10,1),%(20,1),%(30, 1)},
while

%(5,{10,20,30}) = {%(5,10),%(5,20),%(5,30)}

In the following example, both arguments of function % are lists of the same
size. In this case, a term-by-term distribution of the arguments is performed, i.e.,
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%({10,20,30},{1,2,3}) = {%(10,1),%(20,2),%(30,3)}

sRM1E 28 28k 2 30

D R S
{1‘3'1@@ =855 ¥ Tag

This description of function % for list arguments shows the general pattern of
evaluation of any function with two arguments when one or both arguments are
lists. Examples of applications of function RND are shown next:

wool(} 1)

tRHD[L 42 2 4

1,33 .333 . 333232
[ FoLY [HODUL] FERH [DIVIS]

Lists of complex numbers

The following exercise shows how to create a list of complex numbers given two
lists of the same length, one representing the real parts and one the imaginary
parts of the complex numbers. Use L1 ADD i*L2.

AD HYZ HEW L= 'H’ ALG
HOHEX

L B g
§.23 .17 .33
 RHD[$.42 3 41

.33 .323 .3333)
L1 ADD il
T141=3 2412 341 d4+1:5%

Functions such as LN, EXP, SQ, etc., can also be applied to a list of complex
numbers, e.g.,

SEIT+1—30) SRIZ+H1E2) SENE- o
s LS E1+i-—3 EE+i-E ES+i e‘”"'

[[3+i]-E—2-Ei-E]-J1+Jﬁ i

= LHILS)
LMiL+i—=21 LH2+1:21 LH3-
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AL LT

(RLOGILF I —3) ALOGE2+1@) Y S INILS) _

(LG -3 LOGEHE 2 L0y FBIp e oo me) 8

2 THYLS] STHHITHi—31 SINHIZ+i:2)

[ 1L L} EESINLS) _
T+i—3 Z+i2 o+l a+is) FASINOFi-32) ASINIZ+i2)

The following example shows applications of the functions RE(Real part),
IM(imaginary part), ABS(magnitude), and ARG(argument) of complex
numbers. The results are lists of real numbers:

: REILS)
1234
: TMILS)
(-2215) |ARGILS)
2 LS -tz T ATAN[L] ATAN|
i =z {18 J41} 4 3

Lists of algebraic objects
The following are examples of lists of algebraic objects with the function SIN

applied to them:

=
{% e Lz

The MTH/LIST menu

The MTH menu provides a number of functions that exclusively to lists. With
flag 117 set to CHOOSE boxes:

Al [HATH_HEND
L VECTor,

-BRZE..
.FROEREILITY..
FFT.. 7. HATH..

Next, with system flag 117 set to SOFT menus:
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This menu contains the following functions:

ALIST Calculate increment among consecutive elements in list

ZLIST Calculate summation of elements in the list

TILIST Calculate product of elements in the list

SORT Sorts elements in increasing order

REVLIST Reverses order of list

ADD Operator for term-by-term addition of two lists of the same length

(examples of this operator were shown above)

Examples of application of these functions in ALG mode are shown next:

-6 -4 81335

= =
653163 -4! -553163-4
fal TSTILE) PELISTILZN
111 =2 -2 -13 -7V} g
iL3 iL3
-6332103-4; -563321683-4
= SORTILZ) REWLISTILZ]

-13B8125-5

SORT and REVLIST can be combined to sort a list in decreasing order:
iL=

183 -4

==
tREVLISTISORTILZN
i33 31 8 -4 -6

If you are working in RPN mode, enter the list onto the stack and then select the
operation you want. For example, to calculate the increment between
consecutive elements in list L3, press:

(I &BICIE)|GSBLICENZAN 2

This places L3 onto the stack and then selects the ALIST operation from the MTH
menu.
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Manipulating elements of a list
The PRG (programming) menu includes a LIST sub-menu with a number of
functions to manipulate elements of a list. With system flag 117 set to

CHOQOSE boxes:

Al [FEOG_HEND
1. STACHK..

How [LIZT EnD
_ELEHERT:.

2. FROCEDURES..

NN

Y +LIST

5.5UE

%.REFL

7. FRRAH..

HOH

2. HENORY..
2. ERANCH..
H.TEET..
5. TYFE..

7 .GROE..
& FICT..

ltem 1. ELEMENTS.. contains the following functions that can be used for the
manipulation of elements in lists:

111}
HioH ELENENT WENU

Al
il ELEHENT HEQU

List size
Function SIZE, from the PRG/LIST/ELEMENTS sub-menu, can be used to obtain

the size (also known as length) of the list, e.g.,

L=
-65231683 -4}
FSIZEILE] -

| L2 [ L2 | 14 [ L1

Extracting and inserting elements in a list

To extract elements of a list we use function GET, available in the PRG/LIST/
ELEMENTS sub-menu. The arguments of function GET are the list and the
number of the element you want to extract. To insert an element into a list use
function PUT (also available in the PRG/LST/ELEMENTS sub-menu). The
arguments of function PUT are the list, the position that one wants to replace,
and the value that will be replaced. Examples of applications of functions GET
and PUT are shown in the following screen:

= GETILZ,5]

: PUTILE,S, 180
{8551 18 5 -4
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Functions GETI and PUTI, also available in sub-menu PRG/ ELEMENTS/, can
also be used to extract and place elements in a list. These two functions,
however, are useful mainly in programming. Function GETI uses the same
arguments as GET and returns the list, the element location plus one, and the
element at the location requested. Function PUTI uses the same arguments as
GET and returns the list and the list size.

Element position in the list
To determine the position of an element in a list use function POS having the list
and the element of interest as arguments. For example,

=

: F"DS[LE,E]{

HEAD and TAIL functions

The HEAD function extracts the first element in the list. The TAIL function
removes the first element of a list, returning the remaining list. Some examples
are shown next:

L3

-633103-42
s HERDMLZ) o
=TAILILZ

The SEQ function
ltem 2. PROCEDURES.. in the PRG/LIST menu contains the following functions

that can be used to operate on lists.

Functions REVLIST and SORT were introduced earlier as part of the MTH/LIST
menu. Functions DOLIST, DOSUBS, NSUB, ENDSUB, and STREAM, are
designed as programming functions for operating lists in RPN mode. Function
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SEQ is useful to produce a list of values given a particular expression and is
described in more detail here.

The SEQ function takes as arguments an expression in terms of an index, the
name of the index, and starting, ending, and increment values for the index,
and returns a list consisting of the evaluation of the expression for all possible
values of the index. The general form of the function is SEQ(expression, index,
start, end, increment).

In the following example, in ALG mode, we identify expression = n?, index =
n, start=1, end = 4, and increment = 1:

=SEE[n il 1.]
1. 4.

The list produced corresponds to the values {1 222 32 42} |n RPN mode, you
can list the different arguments of the function as follows:

n
1.
4.
1.

before applying function SEQ.

The MAP function

The MAP function, available through the command catalog () _ar ), takes as
arguments a list of numbers and a function f(X) or a program of the form << >
a ... >>, and produces a list consisting of the application of that function or
program to the list of numbers. For example, the following call to function MAP
applies the function SIN(X) to the list {1,2,3}:

sMAFTLL all
i5 H j SIH[E] STH(3)
I .

In ALG mode, the syntax is:

@R @R @ @@ @AY ) (D) (D) @)
5

In RPN mode, the syntax is:

@) 2@ 2 (3 Em) () (e (X ) (@ve) (awms) (arm) (7
@ (@ @)
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In both cases, you can either type out the MAP command (as in the examples
above) or select the command from the CAT menu.

The following call to function MAP uses a program instead of a function as
second argument:

P MAPCLE, 1,234 + x 'x
2-1" ®2
-1 032

Defining functions that use lists

In Chapter 3 we introduced the use of the DEFINE function ( C9) 2 ) to
create functions of real numbers with one or more arguments. A function
defined with DEF can also be used with list arguments, except that, any function
incorporating an addition must use the ADD operator rather than the plus sign
((3)). For example, if we define the function F(X,Y) = (X-5)*(Y-2), shown here
in ALG mode:

: DEF IMECFE, Y 1=05 -5, M=k
HOYAL
I T I

we can use lists (e.g., variables L1 and L2, defined earlier in this Chapter) to
evaluate the function, resulting in:

t DEF IMECFGR, 1= =5, R =k
MOVAL

Since the function statement includes no additions, the application of the
function to list arguments is straightforward. However, if we define the function
G(X,Y) = (X+3)*Y, an attempt to evaluate this function with list arguments (L1,
L2) will fail:

Ik # Error:
:pE[  Inwalid "1
= DEF IMENMGHS, Y 1=0A+3 . 19" Limension A
HOWAL EGILLLEr ] ]
tL1.L22 frualid Dimension"

| F (2 [ ] | | F [ 12 ] ] |

which we can list

To fix this problem we can edit the contents of variable

in the stack by using
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: DEF TMEC'GES, Y 1=0K+3. 14"
HOWAL

:G[Ll Lz1
fnualld Limension"
# 0 o| Y TR aEY
| F [t |1 ] |

to replace the plus sign (+) with ADD:

PGILLLET
W frgalid
& o oMo
HEE S
e
+ om0y 'CH ADD 2.0y

[SHIF+ HIEL | DEL+DEL L

N .
o+ B Y 'O ADD 2. ey

HHS[l 5
: Yo% ADD . ey

Evaluating G(L1,L2) now produces the following result:

sGIL1LED
-12. 18. 6. 35.%

As an alternative, you can define the function with ADD rother than the plus

sign (+), from the start, i.e., use

i DEFIMENGEA, 1= ADRD 3.k
MOVAL

sGIL1LED
-12. 18. 6. 35.%
| F |2 [l |

You can also define the function as G(X,Y) = (X-3)*Y
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Applications of lists
This section shows a couple of applications of lists to the calculation of statistics
of a sample. By a sample we understand a list of values, say, {s1, s9, ..., sp}-

Suppose that the sample of interest is the list

and that we store it into a variable called S (The screen shot below shows this
action in ALG mode, however, the procedure in RPN mode is very similar. Just
keep in mind that in RPN mode you place the arguments of functions in the
stack before activating the function):

il. 50201, 2. 1.
{15312

b

.42, 1.
1. 2. 4. 2. 1.7

[ZRIF+H HIEL | DEL+[DEL L

Harmonic mean of a list

This is a small enough sample that we can count on the screen the number of
elements (n=10). For a larger list, we can use function SIZE to obtain that
number, e.g.,

sil. 5. 3. 1. 20 1. 3. 4.k
« 0. 3. 1. 2.0 10 20 4, b
SIZE(S) 18

|6 | F | L2 | L1 ]

Suppose that we want to calculate the harmonic mean of the sample, defined
as

1 1

Sh= =

12”11 11 1 1
=18,  nis s, s

n

To calculate this value we can follow this procedure:

1. Apply function INV () to list S:

{15312134
3. 1. 2. 1. 3. 4.

SIEE[S]
16.

: THMIS)

£l. .2 .333333333333 1.

2. Apply function ZLIST() fo the resulting list inT.
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Rl. 9. 5. 1. 20 1. 3.0 4. 2
:SIZE(S)

18.

: THVIES)
il. .2 . 3IFIIIITIIIZ 1.
ELIST[FIHSII 1
. 166666666
-

3. Divide the result above by n=10:

T IMVIS
ila 2 3333333333331
tELISTIANS,

6. ilecee6e6e
L AMSI1. )

16

51l lEEEEEEEE

4. Apply the INV() function to the latest result:

TECISITAMSIL, I
£. 1 1EEEEEEEE

Bl 1EEEEEEEE
* IMMIAMSCL . T)

1.63248377334

Thus, the harmonic mean of list S is s;, = 1.6348...

Geometric mean of a list
The geometric mean of a sample is defined as

Xg =n ka :"/xl "Xy X,
Vi
To find the geometric mean of the list stored in S, we can use the following

procedure:
1. Apply function TILIST() to list S:

« AHSLL o T bl

Bl 1EEEEEEEE
*IMMIAMSCL . T)

1.624877284
tTMLISTIS)

72d.

2. Apply function XROOT(x,y), i.e., keystrokes (P) %7, to the result in 1:
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1@, - . Bl IECECEEEE
BllEEEEEEEE = IMMIAMSIL . )

= IMVIAMSL. 1) 1.63234877324
1.634877234 EMLISTISY
sTLISTS) T2,
T2l AN ) TG,
ROOTCAMS L g 164 1.8022821 548

| 6 | F [ L2 | Li]

Thus, the geometric mean of list S is sy = 1.003203...

Weighted average
Suppose that the dcﬁo in ||st S, deflned above ncmely

is affected by the welghts B

{w1,w2, wn}, we notice that the k -th
element in list W, above, can be defined by wy = k. Thus we can use function
SEQ to generate this list, and then store it into variable
[=L=
< AMSCL . 5T
1.883208312468:2
ISEIH[k k. 14 15?-.-1 1

2.5, T Stk
:HHS[l 1 20

If we define fhe welght ||st as W

as follows:

2. %.4.5.6. 7. 2.
B I N

Given the data list {s1, s, ..., s, }, and the weight list {w1, wo, ..., w, }, the
weighted average of the data in S is defined as

n
2 WSy
_ k=1
w n
2
k=1

To calculate the weighted average of the data in list S with the weights in list W,
we can use th e following steps:

N

1. Multiply lists S and W:

s SEQNE kL.
1. 2.

: AHSL
1. 2. 4.

HE=
1.

2. Use function ZLIST in this result to calculate the numerator of s,,:
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ELIST[ALIET] 20RT [REVLT

1. 2. 5o 4 50 B0 7 5a %K
= Sl

1. 10. 3. 4. 18. &. 21. ¥
FELISTIAMSIL. T 121

3. Use function ZLIST, once more, to calculate the denominator of s,,:

FELISTIM
| K| = | 6 [ F | L2 [1li]

0.

4. Use the expression ANS(2)/ANS(1) to calculate the weighted average:

" AL IS TIAMNSLIL T

1z1.
ELISTIM
S5,
. AMSIZ. )
" AMS1.)
2.2
H I L2 | L1

Thus, the weighted average of list S with weights in list W is s,,= 2.2.

Note: ANS(1) refers to the most recent result (55), while ANS(2) refers to
the previous to last result (121).

Statistics of grouped data
Grouped data is typically given by a table showing the frequency (w) of data in
data classes or bins. Each class or bin is represented by a class mark (s),

typically the midpoint of the class. An example of grouped data is shown next:

Class  Frequency

Class mark count
boundaries Sk Wk
0-2 1 5
2-4 3 12
4-6 5 18
6-8 7 1
8-10 9 3
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The class mark data can be stored in variable S, while the frequency count can
be stored in variable W, as follows:

sSEQC2k-1,k,1,5,1)
{12573
fAMSC1IMS
{12573
2512121 3

512121 3%
| s | 6 | F | L2 |

Given the list of class marks S = {s1, s, ..., s, }, and the list of frequency counts
W = {wq, wo, ..., w, }, the weighted average of the data in S with weights W
represents the mean value of the grouped data, that we call s, in this context:

n

n
Zwk'sk Zwk'sk
=

k=1

T
k=1

s =

7

where N = ZWk represents the total frequency count.

=
The mean value for the data in lists S and W, therefore, can be calculated using
the procedure outlined above for the weighted average, i.e.,

. L ISTIW-S1
" ELISTIW

I I I

o5

1
= +HUMIARSI1 1
4, 2376923877
Wl s | 6 F | L2]Lt
WEe'll store this value into a variable called XBAR:
ECISTIAT —

pata]

1=
= +HUMIAHSIL1
o =15 I =Y Foe 1 Py
* AMS(11k<EBAR
4. 23872307
| K| = | G | F |

The variance of this grouped data is defined as
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n n

Zwk'(sk_§)2 Zwk'(sk_§)2

V — k=1 — k=1

> !

To calculate this last result, we can use the following:

= AMS11k<EAR * AMS(11k<EBAR

4. ESEI?E‘BESEI?? 4. 23E7EI2307
=ELIST[N-[S—HE!FIE] ] =ELIST[N-[S—HE!FIE]

156, 923875923 156, 22387892
=ELISTIM fELISTI

29 2

The standard deviation of the grouped data is the square root of the variance:

ToOLLI-JTIHS
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Chapter 9
Vectors

This Chapter provides examples of entering and operating with vectors, both
mathematical vectors of many elements, as well as physical vectors of 2 and 3
components.

Definitions

From a mathematical point of view, a vector is an array of 2 or more elements
arranged into a row or a column. These will be referred to as row and column
vectors. Examples are shown below:

-1
v=| 3 |, u=[1,-3,52]
6

Physical vectors have two or three components and can be used to represent
physical quantities such as position, velocity, acceleration, forces, moments,
linear and angular momentum, angular velocity and acceleration, etc.
Referring to a Cartesian coordinate system (x,y,z), there exists unit vectors i, j, k
associated with each coordinate direction, such that a physical vector A can be
written in terms of its components A,, A, A, as A = Aji + Ajj + A k.
Alternative notation for this vector are: A = [A,, A, AL A= (A AL A, or A
= <Ay A, A, > Atwo dimensional version of this vector will be written as A
“AG+AL A=A AL A=(A,A) or A= <A, A > Since in the
calculator vectors are written between brackets [ ], we will choose the notation
A=A, A, AjJorA=T[A, A, A, to refer to two- and three-dimensional
vectors from now on. The magnitude of a vector A is defined as |A| =

[A + Ayz + A2 - A unit vector in the direction of vector A, is defined as e =

A/|A|. Vectors can be multiplied by a scalar, e.g., kA = [kA,, kA,, kA,].
Physically, the vector kA is parallel to vector A, if k>0, or anti-parallel to vector
A, if k<O. The negative of a vector is defined as -A = (-1)A = [-A,, -A, =Al
Division by as scalar can be interpreted as a multiplication, i.e., A/k = (1/k)-A.
Addition and subtraction of vectors are defined as A+B = [A, £ B,, A £ B,, A,
+ B,], where B is the vector B = [B,, B,, B,].

There are two definitions of products of physical vectors, a scalar or internal
product (the dot product) and a vector or external product (the cross product).
The dot product produces a scalar value defined as AeB = |A| | B|cos(6),
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where 6 is the angle between the two vectors. The cross product produces a
vector AxB whose magnitude is |AxB| = |A| |B|sin(8), and its direction is
given by the so-called right-hand rule (consult a textbook on Math, Physics, or
Mechanics to see this operation illustrated graphically). In terms of Cartesian
components, AeB = A,B,+A B, +A,B, and AxB = [A/B,A,B, A,B,AB, AB,-
A/B,]. The angle between two vectors can be found from the definition of the
dot product as cos(6) = AeB/ |A| |B|= eseep. Thus, if two vectors A and B

are perpendicular (6 = 90° = /29, AeB = 0.

Entering vectors

In the calculator, vectors are represented by a sequence of numbers enclosed
between brackets, and typically entered as row vectors. The brackets are
generated in the calculator by the keystroke combination (=), associated

A 2-D vector
A 3-D vector
A vector of algebraics

Typing vectors in the stack

With the calculator in ALG mode, a vector is typed into the stack by opening a
set of brackets (54 ) and typing the components or elements of the vector
separated by commas ((P) ). The screen shots below show the entering of
a numerical vector followed by an algebraic vector. The figure to the left shows
the algebraic vector before pressing (). The figure to the right shows the
calculator’s screen after entering the algebraic vector:

53 -124]

) [52-124]

LER L R [+ s—z-t@]

[472, 5—2%4, [Ch-o4] [+& =24 i=3]
N . I — I I — —

In RPN mode, you can enter a vector in the stack by opening a set of brackets
and typing the vector components or elements separated by either commas

((PJ__2) or spaces (7). Notice that after pressing , in either mode,

the calculator shows the vector elements separated by spaces.
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Storing vectors into variables
Vectors can be stored into variables. The screen shots below show the vectors

upy=01s 21,03 =11, vy=01 -5 5 =
stored into variable , respectively. First, in ALG
mode:
1 =1
i[-3 2 —21kus
-2 2 -21
=[1 21ku2 02 -11k02
1z [=-11
f[-3 2 -21kuz L1 -5 21ku3

Using the Matrix Writer (MTRW) to enter vectors

Vectors can also be entered by using the Matrix Writer CaD#mw (third key in the
fourth row of keys from the top of the keyboard). This command generates a
species of spreadsheet corresponding to rows and columns of a matrix (Details
on using the Matrix Writer to enter matrices will be presented in a subsequent
chapter). For a vector we are interested in filling only elements in the top row.
By default, the cell in the top row and first column is selected. At the bottom of
the spreadsheet you will find the following soft menu keys:

The B} key is used to edit the contents of a selected cell in the Matrix
Writer.
The key, when selected, will produce a vector, as opposite to a

matrix of one row and many columns.

Page 9-3



Vectors vs. matrices

To see the §i## key in action, try the following e

(1) Launch the Matrix Writer (C<)#mw ). With and iim selected, enter
CDem S Em (2)@m) @) . This produces [3. 5. 2.]. (In RPN mode,

you can use the following keystroke sequence to produce the same result:

BIEICEIEFI(2) @) (@) ).
(2) With deselected and Eii—m selected,, enter

CHEOCIEFI(2) @@ . This produces [[3. 5. 2.]].

Although these two results differ only in the number of brackets used, for the
calculator they represent different mathematical objects. The first one is a vector
with three elements, and the second one a matrix with one row and three
columns. There are differences in the way that mathematical operations take
place on a vector as opposite to a matrix. Therefore, for the time being, keep
the soft menu ke m selected while using the Matrix Writer.

The < key is used to decrease the width of the columns in the
spreadsheet. Press this key a couple of times to see the column width
decrease in your Matrix Writer.
The key is used to increase the width of the columns in the
spreadsheet. Press this key a couple of times to see the column width
increase in your Matrix Writer.
The EEE-m key, when selected, automatically selects the next cell to the
right of the current cell when you press @) . This option is selected by
|

key, when selected, automatically selects the next cell below
the current cell when you press @) .

Activate the Matrix Writer and enter (3) @& (5 ) @) (2 ) @) (@ver) with the
key selected (default). Next, enter the same sequence of numbers with
m key selected to see the difference. In the first case you entered a
vector of three elements. In the second case you entered a matrix of three rows
and one column.

Activate the Matrix Writer again by using C9)#® | and press to check out
the second soft key menu at the bottom of the display. It will show the keys:
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The  key will add a row full of zeros at the location of the selected
cell of the spreadsheet.

The E# key will delete the row corresponding to the selected cell of
the spreadsheet.

The key will add a column full of zeros at the location of the
selected cell of the spreadsheet.

The key will delete the column corresponding to the selected cell
of the spreadsheet.

The t key will place the contents of the selected cell on the stack.
The key, when pressed, will request that the user indicate the
number of the row and column where he or she wants to position the
cursor.

once more produces the last menu, which contains only one
(delete).

Pressing
function

The function will delete the contents of the selected cell and

replace it with a zero.

To see these keys in action try the following exercise:

(1) Activate the Matrix Writer by using C<)#®v . Make sure the
—m keys are selected.

(2) Enter the following:

and

NXT

I
(D)@ (5D s (6 ) ovm)

(D@m= (8 ) @) (9 ) (@v)
(3) Move the cursor up two positions by using (& &y ¢ay. Then pres
The second row will disappear.

(4) Press A row of three zeroes appears in the second row.

(5) Press The first column will disappear.

(6) Press ppears in the first row.

(7) Press to move to position (3,3).

(8) Press This will place the contents of cell (3,3) on the stack, although

you will not be able to see it yet.
(?) Press to return to normal display. Element (3,3) and the full matrix will
be available in the screen.
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Summary of Matrix Writer use for entering vectors

In summary, to enter a vector using the Matrix Writer, simply activate the writer
(=)#mw ), and place the elements of the vector, pressing after each of
them. Then, press @) (@7 . Make sure that the i
selected.

Example: CeDmmw. (20 @) (o) (0P (20 @) (20 @vie) (5 G (BvieR) (6viee)
produces: ['x"2'2-5]

Building a vector with ->ARRY

The function -ARRY, available in the function catalog ((P) _ar (P) =, use
@ to locate the function), can also be used to build a vector or array in
the following way. In ALG mode, enter > ARRY(vector elements, number of
elements), e.g.,

= +ARREYIL2,2.4,4)
[1z2=24
= +ARRYL,-2,-2,3]

[1-2-2
= +ARRY o B S ,20
Lo B

[RIFH +DEL [ DEL+[DEL L

In RPN mode:
(1) Enter the n elements of the array in the order you want them to appear in
the array (when read from left to right) into the RPN stack.

(2) Enter n as the last entry.
(3) Use function >ARRY.

The following screen shots show the RPN stack before and after applying
function >ARRY:
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In RPN mode, the function [-ARRY] takes the objects from stack levels n+1, n,
n-1, ..., down to stack levels 3 and 2, and converts them into a vector of n
elements. The object originally at stack level n+1 becomes the first element, the
object originally at level n becomes the second element, and so on.

|Note: Function > ARRY is also available in the PRG/TYPE menu (<)% ) |

Identifying, extracting, and inserting vector elements

If you store a vector into a variable name, say A, you can identify elements of
the vector by using A(i), where i is an integer number less than or equal to the
vector size. For example, create the following array and store it in variable A:

[']/ '2/ '31 '4/ '5]:

:[-1 -2 -2 -4 —SIkA
[-1-F-2-4-5
oz [z | uz [ uz |

To recall the third element of A, for example, you could type in A(3) into the
calculator. In ALG mode, simply type A(3). In RPN mode, type ‘A(3)’ ) (£vaD) .

You can operate with elements of the array by writing and evaluating algebraic
expressions such as:

. . AL3)
= ALZI+HALT) _ =T
=AC11-Al4) %
= ACZ1ACZ) = LHIACSI]
LHES+i

More complicated expressions involving elements of A can also be written. For
example, using the Equation Writer ((P)_gw ), we can write the following
summation of the elements of A:
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soft menu key, we get the

Note: The vector A can also be referred to as an indexed variable because
the name A represents not one, but many values identified by a sub-index.

To replace an element in an array use function PUT (you can find it in the
function catalog () _ar , or in the PRG/LIST/ELEMENTS sub-menu - the later
was introduced in Chapter 8). In ALG mode, you need to use function PUT with
the following arguments: PUT(array, location to be replaced, new value). For
example, to change the contents of A(3) to 4.5, use:

In RPN mode, you can change the value of an element of A, by storing a new
value in that particular element. For example, if we want to change the
contents of A(3) to read 4.5 instead of its current value of -3., use:

(DO am@a)L

To verify that the change took place use: The result now shown is: [-

12 45 -4 5]

Note: This approach for changing the value of an array element is not
allowed in ALG mode, if you try to store 4.5 into A(3) in this mode you get the

following error message: Invalid Syntax.

To find the length of a vector you can use the function SIZE, available through
the command catalog (N) or through the PRG/LIST/ELEMENTS sub-menu.
Some examples, based on the arrays or vectors stored previously, are shown
below:
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tSIZE(Z)
tSIZED2)
:SIZEMR)

Simple operations with vectors

To illustrate operations with vectors we will use the vectors A, u2, u3, v2, and
v3, stored in an earlier exercise.

Changing sign
To change the sign of a vector use the key (3D, e.g.,

Addition, subtraction
Addition and subtraction of vectors require that the two vector operands have
the same length:

Attempting to add or subtract vectors of different length produces an error
message (Invalid Dimension), e.g., v2+v3, u2+u3, A+v3, etc.

Multiplication by a scalar, and division by a scalar

Multiplication by a scalar or division by a scalar is straightforward:
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Absolute value function
The absolute value function (ABS), when applied to a vector, produces the
magnitude of the vector. For a vector A = [A7,A,,...,A,], the magnitude is

defined as | A= \/Az +A2 Feeet Az . In the ALG mode, enter the function

name followed by the vector argument. For example:
i %, will show in the screen as follows:

sl -2 &1

HI3]

The MTH/VECTOR menu

The MTH menu ((5)#™_ ) contains a menu of functions that specifically to
vector objects:

Al [WATH WENL
hot 1_VECTOF..

CHATRIM..
LLIET..
CHYFEREOLIC..

.REAL..

.EBRZE..
.FROBREILITY..
.FFT..

The VECTOR menu contains the following functions (system flag 117 set to
CHOOSE boxes):

A i B i
A 4 [EECTAE_HERU i po  [NECTRE_HERD
L RES |

.
LCYLIR =

Magnitude

The magnitude of a vector, as discussed earlier, can be found with function
ABS. This function is also available from the keyboard ((5)485 ). Examples of
application of function ABS were shown above.
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Dot product

Function DOT is used to calculate the dot product of two vectors of the same
length. Some examples of application of function DOT, using the vectors A, u2,
u3, v2, and v3, stored earlier, are shown next in ALG mode. Attempts to
calculate the dot product of two vectors of different length produce an error
message:

= DOTIAA) FDOTIuZ 03] . .
5 "Imvalid Dimension”

s DOTIuZ,we2) DOTIAME ] .
1 "Imwalid Dimension”

DOTwE,u3) FDOT0wE 03] ] .
-1 "Imvalid Dimension"

Cross product

Function CROSS is used to calculate the cross product of two 2-D vectors, of two
3-D vectors, or of one 2-D and one 3-D vector. For the purpose of calculating a
cross product, a 2-D vector of the form [A,, Al is treated as the 3-D vector [A,,
A,0]. Examples in ALG mode are shown next for two 2-D and two 3-D vectors.

Notice that the cross product of two 2-D vectors will produce a vector in the z-

direction only, i.e., a vector of the form [0, O, C,]:

s CROSS0Z 0,20 s CROSS(03,0,3)
b a -7 [-& 4 13]
s CROSS02,[2 31 s CROSS(03,03]
A& -7 [ & [l
=CROSSIL. S —2]02) CROSS01 2 -51,01 2 211
B &4, [19 -8 -11
ICTE I TER I

Examples of cross products of one 3-D vector with one 2-D vector, or vice versa,
are presented next:

f CROSS0E,02)

fCROSSLZ,03) C
:CROSSICL 2 31,05 -5
[i2 15
| w2 | w2 [ u? | u2 |

-1

Attempts to calculate a cross product of vectors of length other than 2 or 3,
produce an error message (Invalid Dimension), e.g., CROSS(v3,A), etc.

Decomposing a vector
Function V> is used to decompose a vector into its elements or components. If
used in the ALG mode, V-> will provide the elements of the vector in a list, e.g.,
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= \=+(A)
i-1. 2. —5. —4. -3.

yalaa)
: 2]

In the RPN mode, application of function V> will list the components of a
vector in the stack, e.g., V=>(A) will produce the following output in the RPN
stack (vector A is listed in stack level 6:).

Building a two-dimensional vector

Function >V2 is used in the RPN mode to build a vector with the values in stack
levels 1: and 2:. The following screen shots show the stack before and after
applying function >V2:

1 :ﬁ 1: [-2. —6.1

Building a three-dimensional vector

Function >V3 is used in the RPN mode to build a vector with the values in stack
levels 1:, 2:, and 3:. The following screen shots show the stack before and
after applying function >V2:

[2. &. 2.1
[ vz | o2 [ uz o2 | |

Changing coordinate system

Functions RECT, CYLIN, and SPHERE are used to change the current coordinate
system to rectangular (Cartesian), cylindrical (polar), or spherical coordinates.
The current system is shown highlighted in the corresponding CHOOSE box
(system flag 117 unset), or selected in the corresponding SOFT menu label
(system flag 117 set). In the following figure the RECTangular coordinate
system is shown as selected in these two formats:
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AD
Hu"llTEcmn HERL

When the rectangular, or Cartesian, coordinate system is selected, the top line
of the display will show an XYZ field, and any 2-D or 3-D vector entered in the
calculator is reproduced as the (x,y,z) components of the vector. Thus, to enter
the vector A = 3i+2j-5k, we use [3,2,-5], and the vector is shown as:

1 [32—51

If instead of entering Cartesian components of a vector we enter cylindrical
(polar) components, we need to provide the magnitude, r, of the projection of
the vector on the x-y plane, an angle 6 (in the current angular measure)
representing the inclination of r with respect to the positive x-axis , and a z-
component of the vector. The angle 6 must be entered preceded by the angle
character (£), generated by using @8 (=) (6 ). For example, suppose that we

have a vector with r = 5, 6 = 25° (DEG should be selected as the angular
measure), and z = 2.3, we can enter this vector in the following way:

@)L ) P ()6 (el (203
Before pressing @), the screen will look as in the left-hand side of the
following figure. After pressing @), the screen will look as in the right-hand
side of the figure (For this example, the numerical format was changed to Fix,
with three decimals).

1= H
LSy d25a 2. 3] 1: [4.522 2.113 2. 28H]

Notice that the vector is displayed in Cartesian coordinates , with components
x =r cos(6), y = rsin(8), z = z, even though we entered it in polar coordinates.
This is because the vector display will default to the current coordinate system.

For this case, we have x = 4.532, y = 2.112, and z = 2.300.

Suppose that we now enter a vector in spherical coordinates (i.e., in the form
(p,8,0), where p is the length of the vector, 8 is the angle that the xy projection
of the vector forms with the positive side of the x-axis, and ¢ is the angle that p

forms with the positive side of the z axis), with p = 5, 8 = 25°, and ¢ = 45°.
We will use:C0_ (5D ()3 @ (106D 2
() (6 )
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The figure below shows the transformation of the vector from spherical to
Cartesian coordinates, with x = p sin(¢) cos(8), y = p sin (¢) cos (), z = p
cos(¢). For this case, x = 3.204, y = 1.494, and z = 3.536.

1=
LSy £25, L4504
[CYLIN|SFHER] | |

If the CYLINdrical system is selected, the top line of the display will show an Rz
Z field, and a vector entered in cylindrical coordinates will be shown in its
cylindrical (or polar) coordinate form (r,8,z). To see this in action, change the
coordinate system to CYLINdrical and watch how the vector displayed in the
last screen changes to its cylindrical (polar) coordinate form. The second
component is shown with the angle character in front to emphasize its angular
nature.

[2.204 1.494 2, 536]
cvLInlsFHER] | | HTH |

1: [3.536 £25. 008 3. 536
]

The conversion from Cartesian to cylindrical coordinates is such that r =

(x2+y2)1/2 0 = tan'(y/x), and z = z. For the case shown above the
transformation was such that (x,y,z) = (3.204, 2.112, 2.300), produced (r,0,z)

= (3.536,25°,3.536).

At this point, change the angular measure to Radians. If we now enter a vector
of integers in Cartesian form, even if the CYLINdrical coordinate system is
active, it will be shown in Cartesian coordinates, e.g.,

: [2.536 £25. 008 3, 526
: (225

This is because the integer numbers are intended for use with the CAS and,
therefore, the components of this vector are kept in Cartesian form. To force the
conversion fo polar coordinates enter the vector components as real numbers

(i.e., add a decimal point), e.g., [2., 3., 5.].

1 [3.606 £6. 953 5. 606

With the cylindrical coordinate system selected, if we enter a vector in spherical
coordinates it will be automatically transformed to its cylindrical (polar)
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equivalent (r,0,z) with r = p sin 9, 8 =6, z = p cos ¢. For example, the following
figure shows the vector entered in spherical coordinates, and transformed to

polar coordinates. For this case, p = 5, 8 = 25°, and ¢ = 45°, while the
transformation shows that r = 3.563, and z = 3.536. (Change to DEG):

: [2.536 £25. 606 3,536 : [2.5536 425,606 3, S35
1z 225 : [225]
[y 2T L35 1: [3.536 £25. 880 3, 336k
CYLIs[sFHER] | | CvLIn|sFHERL [ | HTH |
Next, let's change the coordinate system to spherical coordinates by using
function SPHERE from the VECTOR sub-menu in the MTH menu. When this
coordinate system is selected, the display will show the RZZ format in the top
line. The last screen will change to show the following:

: [5. 000 £25. 608 £45, 0
: (225

1t [5.000 <25, 968 £45, O
CYLIN|FHER] [ |

Notice that the vectors that were written in cylindrical polar coordinates have
now been changed to the spherical coordinate system. The transformation is

such that p = (2+22)172, 8 = 6, and ¢ = tan'(r/z). However, the vector that
originally was set to Cartesian coordinates remains in that form.

Application of vector operations

This section contains some examples of vector operations that you may
encounter in Physics or Mechanics applications.

Resultant of forces

Suppose that a particle is subject to the following forces (in N): Fy = 3i+5j+2k,
F, = -2i+3j-5k, and F3 = 2i-3k. To determine the resultant, i.e., the sum, of all
these forces, you can use the following approach in ALG mode:

025 2H-2 2 51+ [2 8 -2
[22-&

Angle between vectors
The angle between two vectors A, B, can be found as 6 =cos ' (AsB/|A| |B|)
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Suppose that you want to find the angle between vectors A = 3i-5j+6k, B =
2i+j-3k, you could try the following operation (angular measure set to degrees)
in ALG mode:

- Enter vectors [3,-5,6], press @), [2,1,-3], press @) .

- DOT(ANS(1),ANS(2)) calculates the dot product

- ABS(ANS(3))* ABS((ANS(2)) calculates product of magnitudes

- ANS(2)/ANS(1) calculates cos(6)

- ACOS(ANS(1)), followed by ,»NUM(ANS(1)), calculates 6
The steps are shown in the following screens (ALG mode, of course):

O N W N —

i[2 1 -3 | = =N |
fL3 m el (2-561 | [z 1 -3
02 1 -3 : DOTIANST11,ANSEN '
[21-3 -
: DOTIANSI L1, ANSIZN s IAMSESIMANS )]
-1 Fa.Jiqd
I T T T
Fadig
Fadid) |
S ACOSIANSILN
ANSIL)
17
Fa.Jid
NER R R T

Thus, the result is 6 = 122.891°.

Moment of a force

The moment exerted by a force F about a point O is defined as the cross-
product M = rxF, where r, also known as the arm of the force, is the position
vector based at O and pointing towards the point of application of the force.
Suppose that a force F = (2i+5j-6k) N has an arm r = (3i-5j+4k)m. To
determine the moment exerted by the force with that arm, we use function
CROSS as shown next:
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02 -5 4]

[-54
025 -5l
[25 -
s CROSSIAMHS21,AHSI1)
L1826 25
| 00T JoRoss] i+ | 12 |

Thus, M = (10i+26j+25k) m-N. We know that the magnitude of M is such that
[M| = |r]||F|sin(8), where 0 is the angle between r and F. We can find this
angle as, 8 = sin”'(|[M| /|r| |F|) by the following operations:

1 — ABS(ANS(1))/(ABS(ANS(2))* ABS(ANS(3)) calculates sin(6)

2 — ASIN(ANS(1)), followed by >NUM(ANS(1)) calculates 6

These operations are shown, in ALG mode, in the following screens:

f CROSSIANSIZT ARSI = [e5.5.02
[18 26 231 |:ASIMIAMSILN
. lAMSL) {1481
" TAHSEIMANSIEN HSIH[ A
AL48L AL
[e5.5.02 41.638

DOT |CROEE pOT |CROES

Loy =S4 (@m

Equation of a plane in space
Given a point in space Po(xo,y0,20) and a vector N = N,i+N,j+N,k normal to

a plane containing point Py, the problem is to find the equation of the plane.
We can form a vector starting at point Pg and ending at point P(x,y,z), a
generic point in the plane. Thus, this vector ¥ = PoP = (xxq)i+ (y-yo)i + (zzo)k,
is perpendicular to the normal vector N, since r is contained entirely in the

plane. We learned that for two normal vectors N and r, Ner =0. Thus, we can
use this result to determine the equation of the plane.

To illustrate the use of this approach, consider the point Pg(2,3,-1) and the
normal vector N = 4i+6j+2k, we can enter vector N and point P as two
vectors, as shown below. We also enter the vector [x,y,z] last:
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Next, we calculate vector PoP = r as ANS(1) - ANS(2), i.e.,

452
i[23-11]
[23-1
iz gzl
[z
= AMSL1I-AMS2]
[x—2 y—32 z—1

T S N T

Finally, we take the dot product of ANS(1) and ANS(4) and make it equal to

zero to complete the operation Ner =0:

[Z=z-1
[z
3z—1

gzl
= AMS1I-AMS2]

[x—2 5—
= DOTIAMSIL L ARSI =5
[Z——=1124+(g—30E+[x—2Nd=
| 00T [cRozs] M+ | 3 |

We can now use function EXPAND (in the ALG menu) to expand this
expression:

[uz
3z—1

= AMNSI1I-AHECZ)

[x—2 5—
= DOTIAMSIL L ARSI =5
[Z—=112+g=3E+[x—2Nhd=
s ExPAMNDIAFS1N
detoig+z—2d=
[EXFRN[FACTOILACOL] LIN |

Thus, the equation of the plane through point Py(2,3,-1) and having normal
vector N = 4i+6j+2k, is 4x + 6y + 2z — 24 = 0. In RPN mode, use:

Row vectors, column vectors, and lists

The vectors presented in this chapter are all row vectors. In some instances, it is
necessary to create a column vector (e.g., to use the pre-defined statistical
functions in the calculator). The simplest way to enter a column vector is by
enclosing each vector element within brackets, all contained within an external
set of brackets. For example, enter:

217 (vim

This is represented as the following column vector:
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L =

l=. 2]

1.2
2.5
2.2
4.5
.2

In this section we will showing you ways to transform: a column vector into a
row vector, a row vector info a column vector, a list into a vector, and a vector
(or matrix) into a list.

We first demonstrate these transformations using the RPN mode. In this mode,
we will use functions OBJ->, >LIST, >ARRY and DROP to perform the
transformation. To facilitate accessing these functions we will set system flag
117 to SOFT menus (see Chapter 1). With this flag set, functions OBJ->,
>ARRY, and SLIST will be accessible by using (9% § Functions
OBJ=>, >ARRY, and >LIST will be available in soft menu keys , , and
. Function DROP is available by using (a6

Following we introduce the operation of functions OBJ->, >LIST, >ARRY, and
DROP with some examples.

Function OBJ>

This function decomposes an object into its components. If the argument is a
list, function OBJ=> will list the list elements in the stack, with the number of

F @ (D

elements in stack level 1, for example: £
results in:

[HREYALIET] 5 TF | +Thi |

When function OBJ-> is applied to a vector, it will list the elements of the vector
in the stack, with the number of elements in level 1: enclosed in braces (a list).
The following example illustrates this application: £ 1 N NEYE

Cme > results in:

[HREYALIET] 5 TE | +Thi |
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If we now apply function OBJ> once more, the list in stack level 1:, {3.}, will be
decomposed as follows:

HERY[HLIST] +5TF | +Thi |

Function > LIST
This function is used to create a list given the elements of the list and the list
length or size. In RPN mode, the list size, say, n, should be placed in stack level
1:. The elements of the list should be located in stack levels 2:, 3:, ..., n+1:.
For example, to creat the list {1, 2, 3}, type: (1)@= -W -W
(3 (a)me

Function > ARRY
This function is used to create a vector or a matrix. In this section, we will use it
to build a vector or a column vector (i.e., a matrix of n rows and 1 column). To
build a regular vector we enter the elements of the vector in the stack, and in
stack level 1: we enter the vector size as a list, e
(D (DY (3)em (a)m g

To build a column vector of n elements, enter the elements of the vector in the
stack, and in stack level 1 enter the list {n 1}. For exomple
e (D0 D)2 (3)evm) (S )me '

Function DROP
This function has the same effect as the delete key (C®)).

Transforming a row vector into a column vector
We illustrate the transformation with vector [ 1 i1, Enter this vector into
the RPN stack to follow the exercise. To transform a row vector into a column
vector, we need fo carry on the following operations in the RPN stack:

1 - Decompose the vector with function OBJ>

|+ARRY L IET] +5TF | +TA0G |
2 - Press to transform the list in stack level 1: from {3} to {3,1}
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iE 43, 1

These three steps can be put together into a UserRPL program, entered as
follows (in RPN mode, still): () _«» () >
(Evrer) () (awerd) (acer) (R] (1) @ (BvTER) (5700

A new variable, |
VAR )+

will be available in the soft menu labels after pressing

Press

o see the program contained in the variable RXC:

This variable, can now be used to directly transform a row vector to a
column vector. In RPN mode, enter the row vector, and then press
for example: © I @v=
After having defined this variable , we can use it in ALG mode to transform a
row vector into a column vector. Thus _change your calculator’s mode to ALG
and try the following procedure: £ 1 0__
avs_, resulting in:

=Ll 23]
= RACIAMSILN

Transforming a column vector into a row vector

To illustrate this frcnsformohon we'll enter the column vector

LD 1 in RPN mode. Then, follow the next exercise to transform
a row vector into a column vector:

1 - Use function OBJ-> to decompose the column vector
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1: i3. 1.
[HREYALIET] 5 TF | +Thi |

I )

HERY[HLIST] +5TF | +Thi |

3 - Press the delete key (@) (also known as function DROP) to eliminate the
number in stack level 1:

1: [123
[HREYALIET] 5 TF | +Thi |

These five steps can be put together into a UserRPL program, entered as follows

(in RPN mode, still):
()6 Ei >k i
(L (arm) (aeerd) @ (X1 (R]

will be available in the soft menu labels after pressing

i:

to see the p

ENTER

e

A new variable,
VAR ) *

Press

rogram contained in the variable CXR:
> B> DROP SFRRY 3
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This variable, , can now be used to directly transform a column vector to a
row vector. In RPN mode, enter the column vector, and then press
for example: ; TER
After having defined variable § we can use it in ALG mode to transform a
row vector into a column vector. Thus, change your calculator’'s mode to ALG
and try the following procedure:

2

1 D0 s

resulting in:

Iz )

F CxREIRMSIN

Transforming a list into a vector
To illustrate this transformation, we’ll enter the list £ i . ¥ in RPN mode.
Then, follow the next exercise to transform a list into a vector:

1 - Use function OBJ-> to decompose the column vector

3 - Use function > ARRY to create the vector

1 [12s
SARRY[+LIZT] +3 TR | +Thi |

These three steps can be put together into a UserRPL program, entered as

follows (in RPN mode):
() (awprd) (acrd) (1) (X (V]
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A new variable,
VAR ) *

will be available in the soft menu labels after pressing

1
[Cik | RHC ] LE | L3 |

to see 1he progrom contcuned in 1he vorlcble LXV:

Press

This variable, & can now be used to di

In RPN mode, enter the list, and then press
ENTER

tly transform a st info a vector
. Try, for example: % H

After having defined variabl , we can use it in ALG mode to transform a
list into a vector. Thus, change your calculator’s mode to ALG and try the

followmg procedure: % i (v () E Ca)aw_, resulting
in:

sl 23k

: LEMIAMSI1TD

Transforming a vector (or matrix) into a list
To transform a vector into a list, the calculator provides function AXL. You can
find this function through the command catalog, as follows:

) o @R @ @ @ (0 @

As an example apply function AXL to the vector 1 in RPN mode by

using:L ' .. The following screen shot shows the application of
function AXL fo the same vector in ALG mode.

P AWLICL 2 37

1123
| CHR | RHE [ LS | L2 |
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Chapter 10
Creating and manipulating matrices

This chapter shows a number of examples aimed at creating matrices in the
calculator and demonstrating manipulation of matrix elements.

Definitions

A matrix is simply a rectangular array of objects (e.g., numbers, algebraics)
having a number of rows and columns. A matrix A having n rows and m
columns will have, therefore, nxm elements. A generic element of the matrix is
represented by the indexed variable aj;, corresponding to row i and column j.
With this notation we can write matrix A as A = [ajj]num - The full matrix is

shown next:
a ap 4y,
A=[a]. = Ay Ay o 4y,
T WMiidexm T
anl anZ anm

A matrix is square if m = n.  The transpose of a matrix is constructed by
swapping rows for columns and vice versa. Thus, the transpose of matrix A, is
A’ = [(aT)ii] mxn = [Qjilmxn- The main diagonal of a square matrix is the
collection of elements a;;. An identity matrix, I, is a square matrix whose

main diagonal elements are all equal to 1, and all off-diagonal elements are
zero. For example, a 3x3 identity matrix is written as

1 00
I=/0 1 O
0 01

An identity matrix can be written as I, = [8;], where §;; is a function known as
Kronecker’s delta, and defined as

1 AN
51.4: > lfl .]
P00, ifi#E]
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Entering matrices in the stack

In this section we present two different methods to enter matrices in the
calculator stack: (1) using the Matrix Writer, and (2) typing the matrix directly
into the stack.

Using the Matrix Writer
As with the case of vectors, discussed in Chapter 9, matrices can be entered
info the stack by using the Matrix Writer.  For example, to enter the matrix:

-25 42 20
03 19 28]
2 =01 05

first, start the matrix writer by using Ca)#®v . Make sure that the option Ei—m
is selected. Then use the following keystrokes:

(DG Eem () 2DEem (2 OO
D= (DI Em= (23C08)

IO Em () Em)

At this point, the Matrix Writer screen may look like this:

EDIT | VEC m| +HID | RID=+| Go-+u] G04

Press once more to place the matrix on the stack. The ALG mode stack is
shown next, before and after pressing @=), once more:
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If you have selected the textbook display option (using and checking
off v Textbook), the matrix will look like the one shown above. Otherwise, the
display will show:

The display in RPN mode will look very similar to these.

INote: Details on the use of the matrix writer were presented in Chapter 9. |

Typing in the matrix directly into the stack

The same result as above can be achieved by entering the following directly

into the stack:

KD/

L ) ) DI ) oo
rJ_

L ) W) ) @) ™
rJ_

KD/ ) W) )2 ()

Thus, to enter a matrix directly into the stack open a set of brackets ((9)1__)

and enclose each row of the matrix with an additional set of brackets

(=04 ). Commas ((PJ)__2 (+)) should separate the elements of each

row, as well as the brackets between rows. (Note: In RPN mode, you can omit
the inner brackets after the first set has been entered, thus, instead of typing, for

example, [[12 3] [4 5 6] [7 8 9], type [123]4 567 89].)

For future exercises, let's save this matrix under the name A. In ALG mode use

G @@ . In RPN mode, use CO@m@ ().

Creating matrices with calculator functions
Some matrices can be created by using the calculator functions available in

either the MTH/MATRIX/MAKE sub-menu within the MTH menu (Ca)#m_ ),
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Al [HATH WENL

" Al -
Hin ! HATRIX HENU !

HoH

d. .MORMALIZE..
2.LIZT.. CFRCTORE..
Y. HTPERBOLIE LE0L..

5. .ROH..

B. BHEE .LEg

7 .FROEREILITY.. CRED

2.FFT.. LEnY

or in the MATRICES/CREATE menu available fhrough (7)) MATRICES

Al [HATRICES HENL

HiH CREATE
LOFERATIONE..
CFACTORIZATION..
.RUADRATIC FORH..
.LINEARRE ZYETEMZ..
.LINERK AFFL..
LEIGENYECTORZ..
MECTOR..

=]
r

Bt oWl

The MTH/MATRIX/MAKE sub menu (let's call it the MAKE menu) contains the
following functions:

AD i
HiaH HATEIN HMAHE HENU

Al
HoH HATRIN HAKE HENU

13.EEFL

Al i
ik HATEIX HWAKE WENU

.0
MANDERHONDE
_HILEERT

while the MATRICES/CREATE sub-menu (let’s call it the CREATE menu) has the

following functions:

Al [HATRI® CREATE WENU i

Al i
HioH HATRIY CREATE HENU

HOH

£.GET
3.GETI

10 HILEERT
11 . FUT

132, FUTI

1= EANH
i4.KDH
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Al HATRIX CREATE HERL i

HIk 11 FUT
12 FUTI

i4_RDH
15.REFL
16 ZUE
17 MANDERHONDE
12 HATRICES..

As you can see from exploring these menus (MAKE and CREATE), they both
have the same functions GET, GETI, PUT, PUTI, SUB, REPL, RDM, RANM,
HILBERT, VANDERMONDE, IDN, CON, -DIAG, and DIAG—. The CREATE
menu includes the COLUMN and ROW sub-menus, that are also available
under the MTH/MATRIX menu. The MAKE menu includes the functions SIZE,
that the CREATE menu does not include. Basically, however, both menus,
MAKE and CREATE, provide the user with the same set of functions. In the
examples that follow, we will show how to access functions through use of the
matrix MAKE menu. At the end of this section we present a table with the
keystrokes required to obtain the same functions with the CREATE menu when
system flag 117 is set to SOFT menus.

If you have set that system flag (flag 117) to SOFT menu, the MAKE menu will
be available through the keystroke sequence: Ca)mmH |

The functions available will be shown as soft-menu key labels as follows (press
to move to the next set of functions):

triggered by MATRICE

| EoM [AUGHE] I0n | Con |+0IA) HILEE[ FUT |

In the next sections we present applications of the matrix functions in the MAKE

and CREATE menu.
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Functions GET and PUT

Functions GET, GETI, PUT, and PUTI, operate with matrices in a similar manner
as with lists or vectors, i.e., you need to provide the location of the element that
you want to GET or PUT. However, while in lists and vectors only one index is
required to identify an element, in matrices we need a list of two indices {row,
column} to identify matrix elements. Examples of the use of GET and PUT
follow.

Let's use the matrix we stored above into variable A to demonstrate the use of
the GET and PUT functions. For example, to extract element as3 from matrix A,

in ALG mode, can be performed as follows:
*GETIA.2 3]

PACZ3D

FUTI | ZLE |

%) and pressing

Notice that we achieve the same result by simply typing
arer) . In RPN mode, this exercise is performed by entering

", or by using i ERNEE

Suppose that we want to place the value ‘n’ into element a37 of the matrix.
We can use function PUT for that purpose, e.g.,

fPUTIA,LZ 15,m)
-2.324.2 2
.2 1. 92.8
1T -.1 .5
[ GETI | FUT [FUTI [ ZUE |

In RPN mode you can use: (&) S Lk ) ()T
Alternatively, in RPN mode you can use: -T[ i
see the contents of variable A after this operation, use

» @@ @) . To

Functions GETI and PUTI

Functions PUTI and GETI are used in UserRPL programs since they keep track of
an index for repeated application of the PUT and GET functions.  The index list
in matrices varies by columns first. To illustrate its use, we propose the
following exercise in RPN mode: {2,2}@=) GETI. Screen shots showing
the RPN stack before and after the application of function GETI are shown
below:
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-2.34.2 2
3 1.9
2 -.1.5

2. 2.1
1.9

[GETT | FUT | PUTI | SUE | REFL]

Notice that the screen is prepared for a subsequent application of GETl or GET,
by increasing the column index of the original reference by 1, (i.e., from {2,2}
to {2,3}), while showing the extracted value, namely A(2,2) = 1.9, in stack level
1.

Now, suppose that you want to insert the value 2 in element {3 1} using PUTI.

Shl in RPN mode, try the following keystrokes: (@) (@)< = 13 @vm) (2) @=)
1. The screen shots below show the RPN stack before cnd after the
oppllcahon of function PUTI:

| GETI | FUT |FUTI | SUE | ] EIEI
In this case, the 2 was replaced in position {3 1}, i.e., now A(3,]) =2, and the
index list was increased by 1 (by column first), i.e., from {3,1} to {3,2}. The
matrix is in level 2, and the incremented index list is in level 1.

Function SIZE

Function SIZE provides a list showing the number of rows and columns of the
matrix in stack level 1. The following screen shows a couple of applications of

function SIZE in ALG mode:

tSIZEAD

srze[33]

100 [ TRO [ ROH | RANH |

= and

In RPN mode these exercises are performed by using

117 (v =

Function TRN

Function TRN is used to produce the transconjugate of a matrix, i.e., the
transpose (TRAN) followed by its complex conjugate (CONJ). For example, the
following screen shot shows the original matrix in variable A and its transpose,
shown in small font display (see Chapter 1):
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] PA=didif

-2.54.2 2 =3.5--2.5d:2 4.2-Y. 2@ 2-Feied
[ L2 1.3 oa 3= Fad 1.3-1.34E3 a-eaed
2 -.1.5 2-dvid =.1--.1u.2 .5-.5did

PA=idiA s TRNCA=-1:2A)
=2.5--2.5d:2 Y4.2-Y4. 2@ 2-Feied =3.5=--3.5=i@ 2= F=ied 2=
L= Pad L 3-1 Mad a-medd 4.3-Y4.2w=-id 1.53-1.3-33 -, 1--,
2-Ziid -.1--.1a.2 .5-.5ud2 2-Zi-id A-i—id .5-.5

| 100 | TRO | RDH | RANH | | 100 | TRO | RDH | RANH |

If the argument is a real matrix, TRN simply produces the transpose of the real
matrix. Try, for example, TRN(A), and compare it with TRAN(A).

In RPN mode, the transconjugate of matrix A is calculated by using

Note: The calculator also includes Function TRAN in the MATRICES/
OPERATIONS sub-menu:

Al i A i
fon HATRICES HERU I HiH HHTREIX OFERATIONE WERU '
1.CREATE.. -_—

CFACTORIZATION..
.RUARDRATIC FORH..
.LINEAR =YSTEWS.
.LINEAR AFFL..
CEIGENYECTORE..
MECTOR.. 12 HATRICEZ..

R

For example, in ALG mode:

: TRAMIAD

Function CON

The function takes as argument a list of two elements, corresponding to the
number of row and columns of the matrix to be generated, and a constant
value. Function CON generates a matrix with constant elements. For example,
in ALG mode, the following command creates a 4x3 matrix whose elements are
all equal to -1.5:
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= COML 2, 11

1

tnenining,

1.
1.
1.
1

I'_|1I'_|1L|1I'_|1
[

|--|—-|--|—-
I'_|'|I'_|'|I'_|'|I'_|'|

-1.
i
[SRIFH +HIEL | DEL+|DEL L]

In RPN mode this is accomplished by using + ¢ 5 =¥ OO

ENTRR) £

Function IDN
Function IDN (IDeNtity matrix) creates an identity matrix given its size. Recalll
that an identity matrix has to be a square matrix, therefore, only one value is

required to describe it completely. For example, to create a 4x4 identity matrix
in ALG mode use:

= IDH(4)

You can also use an existing square matrix as the argument of function IDN,
e.g.,

= IDHIA]

| 106 [ TEN |

The resulting identity matrix will have the same dimensions as the argument
matrix. Be aware that an attempt to use a rectangular (i.e., non-square) matrix
as the argument of IDN will produce an error.

In RPN mode, the two exercises shown above are created by using:

{ and

Function RDM

Function RDM (Re-DiMensioning) is used to re-write vectors and matrices as
matrices and vectors. The input to the function consists of the original vector or
matrix followed by a list of a single number, if converting to a vector, or two
numbers, if converting to a matrix. In the former case the number represents the
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vector’s dimension, in the latter the number of rows and columns of the matrix.
The following examples illustrate the use of function RDM:

Re-dimensioning a vector into a matrix
The following example shows how to re-dimension a vector of 6 elements into a
matrix of 2 rows and 3 columns in ALG mode:

sRDMICL 23 45 6,42 23X
123
4565

4 (BNTRR

In RPN mode, we can use [ 1: i
produce the matrix shown above.

Re-dimensioning a matrix into another matrix
In ALG mode, we now use the matrix created above and re-dimension it into a
matrix of 3 rows and 2 columns:

In RPN mode, we simply use % :

Re-dimensioning a matrix into a vector

To re-dimension a matrix info a vector, we use as arguments the matrix followed
by a list containing the number of elements in the matrix. For example, to
convert the matrix from the previous example info a vector of length 6, in ALG
mode, use:

F T &
fRDMIAMSL1,2 23

P RDMIAMS1),465]
[1:23
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If using RPN mode, we assume that the matrix is in the stack and use £ &3 (@7

Note: Function RDM provides a more direct and efficient way to transform lists
to arrays and vice versa, than that provided at the end of Chapter 9.

Function RANM

Function RANM (RANdom Matrix) will generate a matrix with random integer
elements given a list with the number of rows and columns (i.e., the dimensions
of the matrix). For example, in ALG mode, two different 2x3 matrices with
random elements are produced by using the same command, namely,

: RAMMILZ 23]

= EARMCLE Sk

In RPN mode, use {2,3}

Obviously, the results you will get in your calculator will most certainly be
different than those shown above. The random numbers generated are integer
numbers uniformly distributed in the range [-10,10], i.e., each one of those 21
numbers has the same probability of being selected. Function RANM is useful
for generating matrices of any size to illustrate matrix operations, or the
application of matrix functions.

Function SUB

Function SUB extracts a sub-matrix from an existing matrix, provided you
indicate the initial and final position of the sub-matrix. For example, if we want
to extract elements aq9, a13, agy, and ap3 from the last result, as a 2x2 sub-
matrix, in ALG mode, use:

= RARMIEZ 23

2 SUBIANSIL), {1 2342

FUTI
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In RPN mode, assuming that the original 2x3 matrix is already in the stack, use
iy (VIR =

Function REPL
Function REPL replaces or inserts a sub-matrix into a larger one. The input for
this function is the matrix where the replacement will take place, the location
where the replacement begins, and the matrix to be inserted. For example,
keeping the matrix that we mherlfed from the previous example, enter the
matrix: £L1s P . In ALG mode, the following
screen shot to the left shows the new motrlx before pressing @) . The screen
shot to ihe right shows the application of function RPL to replace the motrlx in

23, the 2x2 matrix, into the 3x3 matrix currently located in vl
sforhng ot position

| § - P =] Y I = T
: SUBIAMSI11,41 23,42 23) I4 5 sl
3 4 7 &9

szl [REPLIANSI1)(Z 23 ,ANSEEI

123 12 3
a5 e 434
7&9 75 g
[GETI] PUT | FUTT] SUE | CETT] FUT | PUTT] SUE | FEFL]

If working in the RPN mode, assuming that the 2x2 matrix was originally in the
stack, we proceed as follows:

@ (® (this last key swaps the
k (® (another swapping of levels

contents of stack levels 1 qnd 2) 4
1 and 2) BEF

Function —DIAG

Function -DIAG takes the main diagonal of a square matrix of dimensions nxn,
and creates a vector of dimension n containing the elements of the main
diagonal. For example, for the matrix remaining from the previous exercise, we
can extract its main diagonal by using:

* REFLIAMSI1D,{2 22A

L=
S
2
El

1

= +DIAGIAMS1I

L
H
1
4
T
L

00 00 e 0y

b=
F
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In RPN mode, with the 3x3 matrix in the stack, we simply have to activate
5 to obtain the same result as above.

function

Function DIAG—

Function DIAG- takes a vector and a list of matrix dimensions {rows, columns},
and creates a diagonal matrix with the main diagonal replaced with the proper
vector elements. For example, the command

produces a dlogonal mc:trlx wnh fhe flrsi 3 elements of fhe vector argument:

In RPN mode, we can use Lis:—1s:&:31 P 3 Y
obtain the same result as above.

Another example of oppllcchon of the DIAG— function follows, in ALG mode:

* % (ENTER

In RPN mode, use [ 1:is =,

In this case a 3x2 matrix was to be created using as main diagonal elements as
many elements as possible form the vector [1,2,3,4,5]. The main diagonal, for
a rectangular matrix, starts at position (1,1) and moves on fo position (2,2),
(3,3), etc. until either the number of rows or columns is exhausted. In this case,
the number of columns (2) was exhausted before the number of rows (3), so the
main diagonal included only the elements in positions (1,1) and (2,2). Thus,
only the first two elements of the vector were required to form the main
diagonal.

Function VANDERMONDE

Function VANDERMONDE generates the Vandermonde matrix of dimension n
based on a given list of input data. The dimension n is, of course, the length of
the list. If the input list consists of objects {x7, x,... x,}, then, a Vandermonde

matrix in the calculator is a matrix made of the following elements:
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XX X

2 n—1

I x, x5 X5
2 n—1

I x; x; X5
2 n—1
1ox, x, - x|

= WARDERMOMDELL 11213 14}]
124

12 9 2¢¥
141664
DIAGHVANDEIHILEE] |

In RPN mode, enter 4 1 s s b s (@vm) ¥

Function HILBERT

Function HILBERT creates the Hilbert matrix corresponding to a dimension n. By
definition, the nxn Hilbert matrix is H, = [hjilnun, so that

1
k-1
The Hilbert matrix has application in numerical curve fitting by the method of
linear squares.

A program to build a matrix out of a number of lists

In this section we provide a couple of UserRPL programs to build a matrix out of
a number of lists of objects. The lists may represent columns of the matrix
(program ) or rows of the matrix (program . The programs are
entered with the calculator set to RPN mode, and the instructions for the
keystrokes are given for system flag 117 set to SOFT menus. This section is
intfended for you to practice accessing programming functions in the calculator.
The programs are listed below showing, in the left-hand side, the keystrokes
necessary to enter the program steps, and, in the right-hand side, the characters

=
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entered in the display as you perform those keystrokes. First, we present the
steps necessary to produce program CRMC.

Lists represent columns of the matrix

The program

allows you to put together a pxn matrix (i.e., p rows, n

columns) out of n lists of p elements each. To create the program enter the

following keystrokes:

Keystroke sequence: Produces:
<> «
aJme DUP
= EaBI0 >n
<< <<
=)me 1 SWAP
Cme FOR
(rwd) () (@ i
(a)rme i OBJ>
-> ->ARRY
o IF
a9 i
KaD)0 n
e <
()me THEN
i1+
()me ROLL
()me END
()me NEXT
(ame IF
KD nl
e >
(e THEN
1
KD =) nl-
(e FOR
a i
a i1+
(e ROLL
(e NEXT
(aJme END
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(DM () n

MTH HLILBHLLLE B, - COL%
GYG Program is displayed in level 1
To save the program: () (aurmd) (arid) © (R () (©) ()

Note: if you save this program in your HOME directory it will be available

from any other sub-directory you use.

To see the contents of the program use The program listing is

the following:

e —> NP

To use this program, in RPN mode, enter the n lists in the order that you want
them as columns of the matrix, enter the value of n, and pres . Asan
example try the followmg exercise:

The followmg screen shots show the RPN stack before and after runnlng
program

¢ (eNTER) 4

1: 111
24 8
2927

4 16 &4
I I I

To use the program in ALG mode, press i followed by a set of parentheses
(=)0 ). Within the parentheses type the lists of data representing the
columns of the matrix, separated by commas, and finally, @ comma, and the
number of columns.  The command should look like this:

The ALG screen showing the execution of program CRMC is shown below:

fCREMCIL 2 2 43,41 4 ] 16}
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Lists represent rows of the matrix

The previous program can be easily modified to create a matrix when the input
lists will become the rows of the resulting matrix. The only change to be
performed is to change COL— for ROW-s in the program listing. To perform
this change use:

List program CRMC in stack

NGB ANICDICHICD, Move to end of program
(@(@)(e) Delete COL
(acpra) (aLrriA) (R] (O (W (Leri) (EnTeR) Type in ROW, enter program

To store the program use: ()@ (4 @ (] () (R) (i)

b () L lada S ENTER) 4 L g

- @@ 3@ [

The following screen shots show the RPN stack before and after running

1. 2. 9. 1e.
1. 5. 27. 64.
[cRHc] | [ [ |

i l1.z. 3. 4. l

[ CRHC] [ | |
These programs can be useful for statistical applications, specifically to create
the statistical matrix ZDAT. Examples of the use of these program are shown in
a latter chapters.

Manipulating matrices by columns

The calculator provides a menu with functions for manipulating matrices by
operating in their columns. This menu is available through the MTH/MATRIX/
COL.. sequence: ((5)M™_ ) shown in the figure below with system flag 117 set
to CHOOSE boxes:

Al
HoH HATH HENL

Al [HATRI% HEND
B RARE..

2. NORMALIZE..
3, FACTORS..
4. CoL..

5. RioH..

G.L5Q
7.EID
2.EGY

Y HYPEREOLIC..
5. FKEAL..

L. ERZE..
7. FREOEARBILITY..
#.FFT..

or through the MATRICES/CREATE/COLUMN sub-menu:
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l{"ng" HATRICES MENU i F"[' mm:m CREATE_HENU i

|1 . CREATE.. — O T T -nLunn
2. OFERATIONE..

2. FACTORIZATION..
Y. QUADKATIC FORM..
5.LINEAR FYFTEWZE..
L. LINEAR AFFL..

7. EIGENVECTORS..
. MECTOR..

Both approaches will show the same functions:

FAD WYZ HEW R= %' LG FAD 5WZ HEX B= 'n° ALG
EHH FEERTE CoL HEND [HOM FEFRTE COL MERD —

1.+l

2.CoL+ 2.CoL+

2.0+ 7. 00l

Y. caL- Y. caL-

5. C5HP 5. C5HF

&.MATRIN.. &.CRENTE..

through CEDmm_ | , or through (&) mamce
approaches will show the same set of functions:

SCOL | COL+| COL+ | COL- | CEHF |HATRR

The operation of these functions is presented below.

Function —COL

Function -COL takes as argument a matrix and decomposes it into vectors
corresponding fo its columns. An application of function >COL in ALG mode
is shown below. The matrix used has been stored earlier in variable A. The
matrix is shown in the figure to the left. The figure to the right shows the matrix
decomposed in columns. To see the full result, use the line editor (triggered by
pressing ).

: [*:7 L:7=5]
-2.5 4.2 2. COLIA)
3 1.92.8 LS. 232042 1.9 ¢
T 1 » 5 2- 5, » 35 2- ]5
320 = - s
[—25 321[4 219— N =D
s e e [RIF 4 +DEL | DEL+]DEL L] IN: =

In RPN mode, you need to list the matrix in the stack, and the activate function
>COL i.e, >COL. The figure below shows the RPN stack before and
after the application of function >COL.
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In this result, the first column occupies the highest stack level after
decomposition, and stack level 1 is occupied by the number of columns of the
original matrix. The matrix does not survive decomposition, i.e., it is no longer
available in the stack.

Function COL—

Function COL— has the opposite effect of Function -COL, i.e., given n vectors
of the same length, and the number n, function COL-> builds a matrix by
placing the input vectors as columns of the resulting matrix. Here is an example
in ALG mode. The command used was:

+COL | COL+] COL+ | COL= | CIHF IHATES
In RPN mode, place the n vectors in stack levels n+1, n, n-1,...,2, and the
number n in stack level 1. With this set up, function COL-> places the vectors
as columns in the resulting matrix. The following figure shows the RPN stack
before and after using function COL->.

Function COL+

Function COL+ takes as argument a matrix, a vector with the same length as
the number of rows in the matrix, and an integer number n representing the
location of a column. Function COL+ inserts the vector in column n of the
matrix. For example, in ALG mode, we'll insert the second column in matrix A
with the vector [-1,-2,-3], i.e.,
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In RPN mode, enter the matrix first, then the vector, and the column number,
before applying function COL+. The figure below shows the RPN stack before
and after applying function COL+.

.23 1.92.3

I—E.S 4.2 2.
2 1.5

: -i. :é. -2,
: 2.

Function COL-

Function COL- takes as argument a matrix and an integer number representing
the position of a column in the matrix. Function returns the original matrix minus
a column, as well as the extracted column shown as a vector. Here is an
example in the ALG mode using the matrix stored in A:

: COL-IA,2, )
—z. 54,2
.2 1.9l 2.2

In RPN mode, place the matrix in the stack first, then enter the number

representing a column location before applying function COL:-. The following

figure shows the RPN stack before and after applying function COL-.
ot : T =

Function CSWP

Function CSWP (Column SWaP) takes as arguments two indices, say, i and j,
(representing two distinct columns in a matrix), and a matrix, and produces a
new matrix with columns i and | swapped. The following example, in ALG
mode, shows an application of this function. We use the matrix stored in
variable A for the example. This matrix is listed first.
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In RPN mode, function CSWP lets you swap the columns of a matrix listed in
stack level 3, whose indices are listed in stack levels 1 and 2. For example, the
following figure shows the RPN stack before and after applying function CSWP
to matrix A in order to swap columns 2 and 3:

—zéa?.gzz.a :
N 1: -2.5 2. 4.2
: 2. .2 2.81.9
: 3 2. .5 -.1
I A

As you can see, the columns that originally occupied positions 2 and 3 have
been swapped. Swapping of columns, and of rows (see below), is commonly
used when solving systems of linear equations with matrices. Details of these
operations will be given in a subsequent Chapter.

Manipulating matrices by rows

The calculator provides a menu with functions for manipulating matrices by
operating in their rows. This menu is available through the MTH/MATRIX/
ROW.. sequence: ((5)#H ) shown in the figure below with system flag 117 set
to CHOOSE boxes:

AD ;
Ein :HTRIH FEND i
2 NORWALIZE..

2.FRCTHRS..

T

or through the MATRICES/CREATE/ROW sub-menu:

FAD [WATRICEZ HERD i FHD [WATEIR CREATE WEND i
Lo e e PR
3 WFERATIONE..

2. FACTORIZATION..
Y_CUADEATIC FORH..
5 LINERR SVSTEHS..
&.LINEAR AFFL..

7 .EIGENVECTORS..
2. WECTOF..

T.AUGHENT
4.IDN

Both approaches will show the same functions:
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[ [CKERTE KOH HEQU

fil -:nnm: FOH_HENL

Hin
E.RDH+
2. ROH+
Y.FROH-
B_RCI
1
7
2

1. RN

.FnH=+

2. RoH+
H.RoH-
5.RCI
LRCI &
.RZHF 7
-HATRIN.. 2

LRCIW
.REHF
.CREATE..

When system flag 117 is set to SOFT menus, the ROW
through CaDmm_ |, , or through (&) A

approaches will show the same set of functions:

@mmmmﬁ
w Mﬁ

The operation of these functions is presented below.

is accessible
#. Both

Function -ROW

Function - ROW takes as argument a matrix and decomposes it info vectors
corresponding fo its rows. An application of function >ROW in ALG mode is
shown below. The matrix used has been stored earlier in variable A. The
matrix is shown in the figure to the left. The figure to the right shows the matrix
decomposed in rows. To see the full result, use the line editor (triggered by
pressing ).

NFI]
Sd.22.10.2 1,92,
mm-z---

>ROW. The figure below shows the RPN stack before and
after the apphcohon of function >ROW.

In this result, the first row occupies the highest stack level after decomposition,
and stack level 1 is occupied by the number of rows of the original matrix. The
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matrix does not survive decomposition, i.e., it is no longer available in the
stack.

Function ROW—

Function ROW- has the opposite effect of the function sROW, i.e., given n
vectors of the same length, and the number n, function ROW-> builds a matrix
by placing the input vectors as rows of the resulting matrix. Here is an example
in ALG mode. The command used was:

RO+, 2. 2.1,04. 5.

i
4.
7.

2.
=]

[ )
w0

In RPN mode, place the n vectors in stack levels n+1, n, n-1,...,2, and the
number n in stack level 1. With this set up, function ROW-> places the vectors
as rows in the resulting matrix. The following figure shows the RPN stack before
and affer using function ROW->.

1: 1. 2. 2.
4. 0. B,

[R-r-r

[ZHIFH HIEL | DEL+IDEL LI IN: uf

Function ROW+

Function ROW+ takes as argument a matrix, a vector with the same length as
the number of rows in the matrix, and an integer number n representing the
location of a row. Function ROW+ inserts the vector in row n of the matrix. For
example, in ALG mode, we'll insert the second row in matrix A with the vector [-

1,2,-3], i.e.

ROW+HAJL-1. -2, —3.1,2.1
—Z2.04.2 2.

-1. —-2. -3,

.2 1.92.8

2. —.1 .5

[CRHC] A | | |

In RPN mode, enter the matrix first, then the vector, and the row number, before

applying function ROW+. The figure below shows the RPN stack before and
after applying function ROW+.
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Function ROW-

Function ROW- takes as argument a matrix and an integer number representing
the position of a row in the matrix. The function returns the original matrix,
minus a row, as well as the extracted row shown as a vector. Here is an
example in the ALG mode using the matrix stored in A:

= ROk-A,2.]

[ .aﬁfgz E]EE' —: 1.
I

In RPN mode, place the matrix in the stack first, then enter the number
representing a row location before applying function ROW-. The following
figure shows the RPN stack before and after applying function ROW-.

—Z.04.2 2
.2 1.92.8
1.3

Function RSWP

Function RSWP (Row SWaP) takes as arguments two indices, say, i and j,
(representing two distinct rows in a matrix), and a matrix, and produces a new
matrix with rows i and j swapped. The following example, in ALG mode,
shows an application of this function. We use the matrix stored in variable A
for the example. This matrix is listed first.

In RPN mode, function RSWP lets you swap the rows of a matrix listed in stack
level 3, whose indices are listed in stack levels 1 and 2. For example, the
following figure shows the RPN stack before and after applying function RSWP
to matrix A in order to swap rows 2 and 3:
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As you can see, the rows that originally occupied positions 2 and 3 have been
swapped.

Function RCI

Function RCl stands for multiplying Row | by a Constant value and replace the
resulting row at the same location.  The following example, written in ALG
mode, takes the matrix stored in A, and multiplies the constant value 5 into row
number 3, replacing the row with this product.

.3 1.92.8

2. -.1 .5
tRCIAS. 5. )

“2.54.2 2.

.3 1.92.8

18, —.52.5

[CEHCE]l A | | |
This same exercise done in RPN mode is shown in the next figure. The left-hand
side figure shows the setting up of the matrix, the factor and the row number, in
stack levels 3, 2, and 1. The right-hand side figure shows the resulting matrix
after function RCl is activated.

Function RClJ

Function RClJ stands for “take Row | and multiplying it by a constant C and then
add that multiplied row to row J, replacing row J with the resulting sum.” This
type of row operation is very common in the process of Gaussian or Gauss-
Jordan elimination (more details on this procedure are presented in a
subsequent Chapter). The arguments of the function are: (1) the matrix, (2) the
constant value, (3) the row to be multiplied by the constant in(2), and (4) the
row to be replaced by the resulting sum as described above. For example,
taking the matrix stored in variable A, we are going to multiply column 3 times
1.5, and add it to column 2. The following example is performed in ALG
mode:
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In RPN mode, enter the matrix first, followed by the constant value, then by the
row to be multiplied by the constant value, and finally enter the row that will be
replaced. The following figure shows the RPN stack before and after applying
function RClJ under the same conditions as in the ALG example shown above:

—2.04.2 2.

1 -z,
3 3 1 ?53 55
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Chapter 11
Matrix Operations and Linear Algebra

In Chapter 10 we introduced the concept of a matrix and presented a number
of functions for entering, creating, or manipulating matrices. In this Chapter we
present examples of matrix operations and applications to problems of linear
algebra.

Operations with matrices

Matrices, like other mathematical objects, can be added and subtracted. They
can be multiplied by a scalar, or among themselves. They can also be raised to
a real power. An important operation for linear algebra applications is the
inverse of a matrix. Details of these operations are presented next.

To illustrate the operations we will create a number of matrices that we will store
in variables. The generic name of the matrices will be Aij and Bij, where i
represents the number of rows and j the number of columns of the matrices. The
matrices fo be used are generated by using function RANM (random matrices).
If you try this exercise in your calculator you will get different matrices than the
ones listed herein, unless you store them into your calculator exactly as shown
below. Here are the matrices A22, B22, A23, B23, A32, B32, A33 and B33
created in ALG mode:

*RANHCLZ 220kA22 ‘RANHCLE 23ikA2Z

sRANHCEE 33 kE23 ‘RANNCIZ Z3IRE2Z

:RANHCLE 230kAZE *RANACLE Z3AbAZE
5 - -2 -3 4
5 I
5 5 -1y

sRANHCLE 2 RE23D sRANHCLZ 230RE32
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Addition and subtraction
Consider a pair of matrices A = [ajj]nxn and B = [bj]n.q. Addition and

subtraction of these two matrices is only possible if they have the same number
of rows and columns. The resulting matrix, € = A + B = [cj]xn has elements ¢

= ajj = bjj. Some examples in ALG mode are shown below using the matrices
stored above (e.g., )

:R22+E22 tA2T+ERT
-1 -2 [3 i 1]
-z 10 y -2 -2
:n22-E22 :A2T-E23
[s 2 3]
-2 10 17
| E22 | H32 |
RIZ+ETE
-5 -3
14 1
-3 -3
:AZ2-EI2

Translating the ALG examples to RPN is straightforward, as illustrated here. The
remaining examples of matrix operations will be performed in ALG mode only.
Multiplication

There are numerous multiplication operations that involve matrices. These are
described next.

Multiplication by a scalar
Multiplication of the matrix A = [qj]m.q by a scalar k results in the matrix € =

kA = [Ciilmxn = [kjjlmxn- In particular, the negative of a matrix is defined by
the operation -A =(-1)A = [-0j] myn.  Some examples of multiplication of a
matrix by a scalar are shown below.
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533 T ERE

=20 =20 Be =42 -1a
ys 2% H i
=25 0 0 -4y
i-dE32 -5 & #
72 -f -G& :1.25AR32
32 4O -5& [-:I.IJ. o ]
55 =42 -1k 0 2.5

By combining addition and subtraction with multiplication by a scalar we can
form linear combinations of matrices of the same dimensions, e.g.,

DIAZZ-REZZ s Aif22-nE32
-1s -21 -22 =73 72
B3 /0 -1i2 r2 -&d
EF -H1 @ A2 2-mEZ2

s -TE3I-TA22 -2 =20-3a
-6g -84 -3z Y5-5i1  F5--&
-4 -id -ii

-35--4u1 -(-F:)
| E22 |

In a linear combination of matrices, we can multiply a matrix by an imaginary
number to obtain a matrix of complex numbers, e.g.,

Al WYZ HEW €= '3’ ALG
HOHEZ

FEAII-6E22

—16-—HiGd -E-fd F-PiEed
A4--Yiii L6--5id 12-PeErd
10--Fikni -3-GiEi -3

FEXFANDEANECLYY

—(LE-3UE) —CE+5d) 2-43d
144305 164305 13-4
10+42i0  -i3+36id) F-13ed

[EXFARIFACTAILACOL] LIN [FARTF]

Matrix-vector multiplication

Matrix-vector multiplication is possible only if the number of columns of the
matrix is equal to the length of the vector. This operation follows the rules of
matrix multiplication as shown in the next section. A couple of examples of
matrix-vector multiplication follow:

sANECLLCL 2 -2 CANE(ANCL -2]

Vector-matrix multiplication, on the other hand, is not defined. This
multiplication can be performed, however, as a special case of matrix
multiplication as defined next.
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Matrix multiplication
Matrix multiplication is defined by €. = AmypBpxn, Where A =[]y B =
[biloxne and € = [cji]mun. Notice that matrix multiplication is only possible if the

number of columns in the first operand is equal to the number of rows of the

second operand. The general term in the product, cj;, is defined as

p
c; =Zaik by, fori=12,....m; j=12,....n.
P

This is the same as saying that the element in the i-th row and j-th column of the
product, €, results from multiplying term-by-term the ith row of A with the j-th
column of B, and adding the products together. Matrix multiplication is not
commutative, i.e., in general, A-B = B-A. Furthermore, one of the
multiplications may not even exist.

The following screen shots show the results of multiplications of the matrices that
we stored earlier:

EEIEE!
16 21 -g%
-i02 2 447 :pE2Eaa
-uy 24 2 [-55 &y
:ETAID -1k 16
AR ERET: :p2Rnaa
72 -36 -1 -5E -15
102 &7 g g4 15
| E22 | A22 | E23 | A?2 | E32 | A2 O e ezl | | | |
:E22n22 tEIRiE22
-£ 13 15 -2y 24
52 & -5 22 -2
-2 -24 -2 -y o2
:E2TA32 :E2TR32
5; 22
=50 -732
| E22 | 22 | E22 | A28 | B33 | A2Z |

The matrix-vector multiplication introduced in the previous section can be
thought of as the product of a matrix mxn with a matrix nx1 (i.e., a column
vector) resulting in an mx1 matrix (i.e., another vector). To verify this assertion
check the examples presented in the previous section. Thus, the vectors defined
in Chapter 9 are basically column vectors for the purpose of matrix
multiplication.

The product of a vector with a matrix is possible if the vector is a row vector,
i.e., a 1xm matrix, which multiplied with a matrix mxn produces a 1xn matrix

Page 11-4



(another row vector). For the calculator to identify a row vector, you must use
double brackets to enter it:

sE22

0z ‘22

5 -g [ou

-y -2 & - -#
L1 LRSI L1 ZRANEILY

[-3 -27 [if -14 -321

Term-by-term multiplication

Term-by-term multiplication of two matrices of the same dimensions is possible
through the use of function HADAMARD. The result is, of course, another matrix
of the same dimensions. This function is available through Function catalog
(@) _car ), or through the MATRICES/OPERATIONS sub-menu (&) mamrics ).

Applications of function HADAMARD are presented next:

: HADRHARDEE32 22
0 -12
Y5 -4a
an o
: HADRHARDEERZ 22
0 24 -20
-12 -2Y4 -4g
| /22 | E22 | AZ2 | E22 | A2Z

Raising a matrix to a real power

You can raise a matrix to any power as long as the power is either an

infeger or a real number with no fractional part. The following example shows
the result of raising matrix B22, created earlier, to the power of 5:

1=
[421543 —344=T71E
—34=71E 47VESE

| VIEH | RCL | =Tok |FURGE]

You can also raise a matrix to a power without first storing it as a variable:

Page 11-5



135 234
4=E £=4

In algebraic mode, the keystrokes are: [enter or select the matrix] [enter the
power] @) . In RPN mode, the keystrokes are: [enter or select the matrix]
[enter the power] (XD @) .

Matrices can be raised to negative powers. In this case, the result is equivalent
to 1/[matrix]* ABS(power).

=3
B

=17 —14E
—34=E 133
1 1e

| VIEW | RCL [ 5Tk [FURGE]

The identity matrix

In Chapter 9 we introduce the identity matrix as the matrix I = [§;].n, where §;
is the Kronecker's delta function. Identity matrices can be obtained by using
function IDN described in Chapter 9. The identity matrix has the property that
Al=1A=A. To verify this property we present the following examples using
the matrices stored earlier on:

‘R332

sA22 I0NCAZ2N

The inverse matrix

The inverse of a square matrix A is the matrix A such that AA! = AT.A =1,
where | is the identity matrix of the same dimensions as A. The inverse of a
matrix is obtained in the calculator by using the inverse function, INV (i.e., the
key). An example of the inverse of one of the matrices stored earlier is
presented next:
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CINVYCAZZ)

nd
m

raf 1 ora
b RS
bl Lo

ek B
FTE]
-1 26 -22
FTE]
22
CEH

-

ag

To verify the properties of the inverse matrix, consider the following
multiplications:

AZEINVAZZD

INVCEZZNEZZ

Characterizing a matrix (The matrix NORM menu)
The matrix NORM (NORMALIZE) menu is accessed through the keystroke
sequence (S MH_ (system flag 117 set to CHOOSE boxes):

Al THATH_HEND
L PTTITT

Al IHATRIA HENU i
MO HAEE.. —

CLIST..
-HYFEREOLIC..
REAL..

2 -FRCTORZ..
y

5.

&.ERSE..

7. FROEREILITY..

2. FFT..

This menu contains the following functions:

Al i
fon HATRIY NMakH _HENU ! ;

5
£
r.
2.
3
1

R
]
=
=
=

These functions are described next. Because many of these functions use
concepts of matrix theory, such as singular values, rank, etc., we will include
short descriptions of these concepts intermingled with the description of
functions.
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Function ABS

Function ABS calculates what is known as the Frobenius norm of a matrix. For a
matrix A = [0j] mxn, the Frobenius norm of the matrix is defined as

If the matrix under consideration in a row vector or a column vector, then the
Frobenius norm , | |A| |, is simply the vector's magnitude. Function ABS is

accessible directly in the keyboard as ()48 .

Try the following exercises in ALG mode (using the matrices stored earlier for
matrix operations):

tIAZZ I=EE]
z 17| =
t A2 A3
iva z.[78
[k tIASZ1
I35 1227
A2z | Eza |

Function SNRM

Function SNRM calculates the Spectral NoRM of a matrix, which is defined as
the matrix’s largest singular value, also known as the Euclidean norm of the
matrix. For example,

: SHRMIRZZ) o
: SHRMIAZZ)
14. 7146399545
: SHRMIRZ3]
14.1267419471
ICEEREEN =R
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Singular value decomposition

To understand the operation of Function SNRM, we need to introduce the
concept of matrix decomposition. Basically, matrix decomposition involves the
determination of two or more matrices that, when multiplied in a certain order
(and, perhaps, with some matrix inversion or transposition thrown in), produce
the original matrix. The Singular Value Decomposition (SVD) is such that a

rectangular matrix A, is written as Ay = U “Smxn -V T

where U and V are orthogonal matrices, and S is a diagonal matrix. The
diagonal elements of S are called the singular values of A and are usually
ordered so that s; > 5,1, fori=1, 2, ..., n-1. The columns [uj] of U and [v;] of

V are the corresponding singular vectors. (Orthogonal matrices are such that

U- U™ = 1. A diagonal matrix has non-zero elements only along its main
diagonal).

The rank of a matrix can be determined from its SVD by counting the number of
non-singular values. Examples of SVD will be presented in a subsequent

section.

Functions RNRM and CNRM
Function RNRM returns the Row NoRM of a matrix, while function CNRM

returns the Column NoRM of a matrix. Examples,

21
= EHEMIAZZ] . : CHRMIAZ2] -
= CHEMIAZZ] q : RHREMIAZZ] )
= EHMEMIAZ2] : CHRMIAZ2]

Row norm and column norm of a matrix

The row norm of a matrix is calculated by taking the sums of the absolute values
of all elements in each row, and then, selecting the maximum of these sums.
The column norm of a matrix is calculated by taking the sums of the absolute
values of all elements in each column, and then, selecting the maximum of these
sums.
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Function SRAD

Function SRAD determines the Spectral RADius of a matrix, defined as the
largest of the absolute values of its eigenvalues.  For example,

: SRADIAZZ)
: SRADIASS)
: SRADIEZZ)

Definition of eigenvalues and eigenvectors of a matrix

The eigenvalues of a square matrix result from the matrix equation A-x = A-x.
The values of A that satisty the equation are known as the eigenvalues of the
matrix A. The values of x that result from the equation for each value of | are
known as the eigenvectors of the matrix. Further details on calculating
eigenvalues and eigenvectors are presented later in the chapter.

Function COND

Function COND determines the condition number of a matrix:
 COMDIARZ2] 4
: COMDIESS) )

: COMDIASE

Condition number of a matrix
The condition number of a square non-singular matrix is defined as the product
of the matrix norm times the norm of its inverse, i.e.,

cond(A) = | |A] x| |AT||. We will choose as the matrix norm, | |A]| |, the
maximum of its row norm (RNRM) and column norm (CNRM), while the norm

of the inverse, | |A!| |, will be selected as the minimum of its row norm and
column norm. Thus, ||A]|| = max(RNRM(A),CNRM(A)), and | |AT]] =
min(RNRM(A'1), CNRM(A™)).

The condition number of a singular matrix is infinity. The condition number of
a non-singular matrix is a measure of how close the matrix is to being singular.
The larger the value of the condition number, the closer it is to singularity. (A
singular matrix is one for which the inverse does not exist).
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Try the following exercise for matrix condition number on matrix A33. The
condition number is COND(A33) , row norm, and column norm for A33 are
shown to the left. The corresponding numbers for the inverse matrix, INV(A33),
are shown to the right:

ZH.
= COMDEAZE] f COMDCIMVIRZEN
. 73714259432 . rar 14259432
= EHMEMIAZ2] * RHREMIIHVIRZZ)
21. . 2E184417ETE
= CHREMIAZ3] : CHRMIIHWIARZZ
20, . 33925742971

| L= | HAD [ RANE | ROEH | | L= | HAD | KANE | RNEH |

Since RNRM(A33) > CNRM(A33), then we fake | |[A33 | | = RNRM(A33) =
21. Also, since CNRM(INV(A33)) < RNRM(INV(A33)), then we take

| 1INV(A33)| | = CNRM(INV(A33)) = 0.261044... Thus, the condition
number is also calculated as CNRM(A33)*CNRM(INV(A33)) = COND(A33) =
6.7871485...

Function RANK

Function RANK determines the rank of a square matrix. Try the following
examples:

= RAMKIARZZ2]

: RAMKIBZ2]

The rank of a matrix
The rank of a square matrix is the maximum number of linearly independent
rows or columns that the matrix contains. Suppose that you write a square

matrix A, as A =[¢] €, ... €], where ¢ (i=1, 2, ..., n) are vectors
representing the columns of the matrix A, then, if any of those columns, say ¢,
can be written as €& = Zd I,

J#k,je{l,2,...,n}
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where the values d; are constant, we say that ¢ is linearly dependent on the

columns included in the summation. (Notice that the values of j include any
value in the set {1, 2, ..., n}, in any combination, as long as jzk.) If the
expression shown above cannot be written for any of the column vectors then
we say that all the columns are linearly independent. A similar definition for
the linear independence of rows can be developed by writing the matrix as a
column of row vectors.  Thus, if we find that rank(A) = n, then the matrix has
an inverse and it is a non-singular matrix. If, on the other hand, rank(A) < n,
then the matrix is singular and no inverse exist.

For example, try finding the rank for the matrix:

e ] &
IS -z 1]
122
246
a-21
* RAMKIAMSI1]]

You will find that the rank is 2. That is because the second row [2,4,6] is equal
to the first row [1,2,3] multiplied by 2, thus, row two is linearly dependent of
row 1 and the maximum number of linearly independent rows is 2. You can
check that the maximum number of linearly independent columns is 3. The rank
being the maximum number of linearly independent rows or columns becomes
2 for this case.

Function DET

Function DET calculates the determinant of a square matrix. For example,

DETI(EZZ] :DETIEZ2]
=DETIA=2] s DETIAZ2]
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The determinant of a matrix
The determinant of a 2x2 and or a 3x3 matrix are represented by the same
arrangement of elements of the matrices, but enclosed between vertical lines,

i.e.,

A 2x2 deferminant is calculated by multiplying the elements in its diagonal
and adding those products accompanied by the positive or negative sign as
indicated in the diagram shown below.

The 2x2 determinant is, therefore,

ay  dp|
=4y cdy —dpp Ay

a, dy

A 3x3 determinant is calculated by augmenting the determinant, an
operation that consists on copying the first two columns of the determinant,
and placing them to the right of column 3, as shown in the diagram below.
The diagram also shows the elements to be multiplied with the corresponding
sign to attach to their product, in a similar fashion as done earlier for a 2x2
determinant. After multiplication the results are added together to obtain the
determinant.
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@B/ @B/@ ® ® ®
For square matrices of higher order determinants can be calculated by using
smaller order determinant called cofactors. The general idea is to "expand"
a determinant of a nxn matrix (also referred to as a nxn determinant) into a
sum of the cofactors, which are (n-1)x(n-1) determinants, multiplied by the
elements of a single row or column, with alternating positive and negative
signs. This "expansion" is then carried to the next (lower) level, with
cofactors of order (n-2)x(n-2), and so on, until we are left only with a long
sum of 2x2 determinants. The 2x2 determinants are then calculated through
the method shown above.

The method of calculating a determinant by cofactor expansion is very
inefficient in the sense that it involves a number of operations that grows very
fast as the size of the determinant increases. A more efficient method, and
the one preferred in numerical applications, is to use a result from Gaussian
elimination. The method of Gaussian elimination is used to solve systems of
linear equations. Details of this method are presented in a later part of this
chapter.

To refer to the determinant of a matrix A, we write det(A). A singular matrix
has a determinant equal to zero.

Function TRACE

Function TRACE calculates the trace of square matrix, defined as the sum of the
elements in its main diagonal, or

tr(A) = Zn:aﬁ
i=1 X

Examples:
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: TRACEIAZZ) ' TRACEIRZ3)
: TRACEEZZ) * TRACEIB=3)

Function TRAN

Function TRAN returns the transpose of a real or the conjugate transpose of a
complex matrix. TRAN is equivalent to TRN. The operation of function TRN
was presented in Chapter 10.

Additional matrix operations (The matrix OPER menu)

The matrix OPER (OPERATIONS) is available through the keystroke sequence
() mamees (system flag 117 set to CHOOSE boxes):

Al [WRTRICES WENL Ii
HilH
i CREATE.. —

2. FACTORIZATION..
Y. QUADKATIC FORH..
5. LINEAR =YXTEWE..
L. LINEAR HFFL..

7. EIGENVECTOR:..

& VECTOR..

The OPERATIONS menu includes the following functions:

Al i
Hion HRTRIX OFERATIONE WERU '

1Z.MATRICEZS..

Functions ABS, CNRM, COND, DET, RANK, RNRM, SNRM, TRACE, and TRAN
are also found in the MTH/MATRIX/NORM menu (the subject of the previous
section). Function SIZE was presented in Chapter 10. Function HADAMARD

was presented earlier in the context of matrix multiplication. Functions LSQ ,
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MAD and RSD are related to the solution of systems of linear equations and will
be presented in a subsequent section in this Chapter. In this section we'll
discuss only functions AXL and AXM.

Function AXL

Function AXL converts an array (matrix) into a list, and vice versa:

sB32 B33
B 2 -4 17
2 -6 -4 -57
-4 -3 -r & 2
= AXLIEZZ) =AXLIE
{08 3 {5 -6 {-4 —24) {41?}{4 e -
| E22 | f22 | B23 | I CEER RN RN

Note: the latter operation is similar to that of the program CRMR presented in
Chapter 10.

Function AXM

Function AXM converts an array containing integer or fraction elements into its
corresponding decimal, or approximate, form:

4? 23 43

498 493 495
* AHMIAN

=r. ESESEEEEESSE 2-1.

—d.B16E8542537EIE-2 .

9. 4377S188402E-2 4.6
| % | E?? | 422 | E73 |

Function LCXM

Function LCXM can be used to generate matrices such that the element aij is a
function of i and j. The input to this function consists of two integers, n and m,
representing the number of rows and columns of the matrix to be generated,
and a program that takes i and j as input.  The numbers n, m, and the program
occupy stack levels 3, 2, and 1, respectively. Function LCXM is accessible
through the command catalog (P) _ar .

For example, to generate a 2”3 matrix whose elements are given by aj; = (i+)%

first, store the following program into variable P1 in RPN mode. This is the way
that the RPN stack looks before pressing Gron).
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B iw iz,
' EvHL =

2= (3)Em) (e A4 MEVE
The following figure shows the RPN stack before and after applying function

LCXM:

'5 2.

TH o s i g« rCiejiemn 4. 9. 16.
CEVAL w3 a. 16. 25.

| E22 | #32 | E3Z | #22 |
In ALG mode, this example can be obtained by using:

PLCEME. 3. RBCLIFL'
4. 9. 16,

a. 16. 25.
B2z | 37 | B22 | A3 |

The program P1 must still have been created and stored in RPN mode.

Solution of linear systems

A system of n linear equations in m variables can be written as

aj1-Xy +ajpxXp +aizxz + ..+ Cl],m_]-X m-1 +(:I],m-Xm Zb],
Ap1:X1 +Qapp:Xp +ap3Xz + ...+ a2 m-1"X m-1 + Ay mXm = bQ,
az1-X] +agpXop +0az3x3z + ..+ 03,m_'|'X m1 T 03,m~X m = b3,

QOn1,1'X1 +Qp1,2X2 + Ap1 3 X3 + oo+ A ) M1 X 1 O X m = bn-]t
an1:X]+ AppXp + ap3Xz + ...+ A, m-1"X m-1 + ApmXm = bn-

This system of linear equations can be written as a matrix equation, A, m Xmx1
= b, ., if we define the following matrix and vectors:
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a,  ap A X b,
ay A4y a,, X, b,
14 = . X = b = .
a”’l a”2 o a”m nxm xm mxl1 n _lpx1

Using the numerical solver for linear systems

There are many ways to solve a system of linear equations with the calculator.

One possibility is through the numerical solver (PJamsy . From the numerical
solver screen, shown below (left), select the option 4. Solve lin sys.., and press
The following input form will be provided (right):

1. 5alue 2quation..
2. 5ekug difF 2q.
2 Eglug poly.

5.50kug Financa.,
£ HELY

Entar CogfFFicignts Hatrix A
EDIT [CHOoZ

To solve the linear system A-x = b, enter the matrix A, in the format [ a7, a1

], ... [....]] in the A: field. Also, enter the vector b in the B: field. When the
X: field is highlighted, press [SOLVE]. If a solution is available, the solution
vector x will be shown in the X: field. The solution is also copled to stack level
1. Some examples follow.

A square system

The system of linear equations
2x7 + 3x9 -5x3 =13,
- 3X2 + 8X3 = -]3,
2x1 — 2x9 + 4x3 = -6,

can be written as the matrix equation A-x = b, if

2 3 =5 X, 13
A=|1 -3 8| x=|x,|, and b=|-13|
2 -2 4 X, -6
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This system has the same number of equations as of unknowns, and will be
referred to as a square system. In general, there should be a unique solution to
the system. The solution will be the point of infersection of the three planes in
the coordinate system (x1, xo, x3) represented by the three equations.

To enter matrix A you can activate the Matrix Writer while the A: field is
selected. The following screen shows the Matrix Writer used for entering matrix
A, as well as the input form for the numerical solver after entering matrix A

(press in the Matrix Writer):

SIZIL'u'E ZYSTEN A-H=E &

After entering matrix A and vector b, cmd with the X: field highlighted, we can
press o attempt a solution fo this system of equations:

Entar folutions or prezs SOLYVE
EDIT |[CHOOZ

A solution was found as shown next.

EEOLVE STZTER A-R=E
2.23..-3.1 L[1.

Br [15 415, 5 =6 ]
Hlimt_

Entar solutions or press IOLVE

To see the solution in the stack press @) . The solution is x = [1,2,-1].
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Solution=:[1l. 2. -1.1]
| 722 | E23 | A22 | E32 |

To check that the solution is correct, enter the matrix A and multiply times this
solution vector (example in algebraic mode):

Solution=:[1. 2. —-1.
2 32 -5
1 -2 2 PANSIL

2-2 4

Under-determined system
The system of linear equations

2x7 + 3x9 -5x3 =-10,
X7 — 3x9 + 8x3 = 85,

can be written as the matrix equation A-x = b, if
2 3 =5 —-10
A= , X=|Xx,|, and b= .
1 -3 8 85

This system has more unknowns than equations, therefore, it is not uniquely
determined. We can visualize the meaning of this statement by realizing that
each of the linear equations represents a plane in the three-dimensional
Cartesian coordinate system (x7, x9, x3). The solution to the system of

equations shown above will be the intersection of two planes in space. We
know, however, that the intersection of two (non-parallel) planes is a straight
line, and not a single point. Therefore, there is more than one point that satisfy
the system. In that sense, the system is not uniquely determined.

Let's use the numerical solver to attempt a solution to this system of equations:
Ceonwmsy 9 D I Enter matrix A and vector b as illustrated in the
previous example, and press when the X: field is highlighted:
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EDIT [CHOOS

To see the details of the solution vector, if needed, press th button. This
will activate the Matrix Writer. Within this environment, use the right- and left-
arrow keys to move about the vector:

1-1: 15.3731343354
EDIT | VEC [ +HID

1-3: 9.62686567 164

EDIT | VEC m] +HTD | HID+| G-+ m| G04

Thus, the solution is x = [15.373, 2.4626, 9.6268].
To return to the numerical solver environment, press @) .
The procedure that we describe next can be used to copy the matrix A and the

solution vector X into the stack. To check that the solution is correct, try the
following:

e Press (@A, to highlight the A: field.
e Press @), to copy matrix A onto the stack.

o Press § to return to the numerical solver environment.
o Pressy & @), to copy solution vector X onto the stack.
e Press to return to the numerical solver environment.

e Press to return to the stack.

In ALG mode, the stack will now look like this:
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olution=s:i[10. 375135450k
2. 2. -5

1. -3. 5.
15.23731243284 2. 45268k
| A2z | B22 | A2 | E27

Let's store the latest result in a variable X, and the matrix into variable A, as

follows:

Press (s7o»)(@rsd) (X] (eveR) to store the solution vector into variable X
Press (@) (@) (@) to clear three levels of the stack

Press (s7o»)(urHd) (A (ev1eR) to store the matrix into variable A

Now, let's verify the solution by using: @), which results in
(press @ to see the vector elements): [-9.99999999992 85. ], close enough
to the original vector b = [-10 85].

Try also this (P =N (@vreR) , i.e.,
A[15 42 18]
—-2@. 255.
3
= +HUMIAHSIL
[-1d. 25.

This result indicates that x = [15,10/3,10] is also a solution to the system,
confirming our observation that a system with more unknowns than equations is
not uniquely determined (under-determined).

How does the calculator came up with the solution x = [15.37... 2.46...
9.62...] shown earlier? Actually, the calculator minimizes the distance from a
point, which will constitute the solution, to each of the planes represented by the
equations in the linear system. The calculator uses a least-square method, i.e.,
minimizes the sum of the squares of those distances or errors.

Over-determined system
The system of linear equations
X1 + 3xy =15,
2x1 — 5x9 =5,
X1 + xp = 22,
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can be written as the matrix equation A-x = b, if

1 3 15
X

A=|2 =5| x{l} and b=|5
Xs

-1 1 22

This system has more equations than unknowns (an over-determined system).
The system does not have a single solution.  Each of the linear equations in
the system presented above represents a straight line in a two-dimensional
Cartesian coordinate system (x7, x5). Unless two of the three equations in the
system represent the same equation, the three lines will have more than one
infersection points. For that reason, the solution is not unique. Some numerical
algorithms can be used to force a solution to the system by minimizing the
distance from the presumptive solution point to each of the lines in the system.
Such is the approach followed by the calculator numerical solver.

Let's use the numerical sol

GRS 77N

previous example, and press

r to attempt a solution to this system of equations:
Enter matrix A and vector b as illustrated in the

when the X: field is highlighted:

SOLVE SYETEM R-H=E

Enter salutions or press S0LVE
EDIT [CHONZ

To see the details of the solution vector, if needed, press the i button. This
will activate the Matrix Writer. Within this environment, use the right- and left-
arrow keys to move about the vector:

EDIT | VEC m| +HID | HID+ ] G-+ m] G4 EDIT | NEC m| +HID | HID+ | G+ =] G4
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Press to return to the numerical solver environment. To check that the
solution is correct, try the following:

e Press (@2, to highlight the A: field.
e Press B @), to copy matrix A onto the stack.

e Press to return to the numerical solver environment.

e Press & K

o return to the numerical solver environment.

&), to copy solution vector X onto the stack.

e Press
e Press to return to the stack.

In ALG mode, the stack will now look like this:

olutions:[3. 929154?%45

21: —15' )

S, B2E54794521 1. 59041
[ ] b2z [ A2z | 622 |

Let's store the latest result in a variable X, and the matrix into variable A, as
follows:

Press (stov) (atrra) (x] to store the solution vector into variable X
Press (@) (@) (®) to clear three levels of the stack

Press (sto») (awrma) (&) to store the matrix into variable A

Now, let's verify the solution by using @), which results in the
vector [8.6917... -3.4109... -1.1301...], which is not equal to [15 5 22], the
original vector b. The “solution” is simply the point that is closest to the three
lines represented by the three equations in the system, and not an exact
solution.

Least-square solution (function LSQ)
The LSQ function returns the minimum-norm least-square solution of a linear
system Ax = b, according to the following criteria:
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e If Ais a square matrix and A is non-singular (i.e., it's inverse matrix

exist, or its determinant is non-zero), LSQ returns the exact solution to

the linear system.
e If A has less than full row rank (underdetermined system of equations),
LSQ returns the solution with the minimum Euclidean length out of an

infinity number of solutions.

e If A has less than full column rank (over-determined system of

equations), LSQ returns the "solution" with the minimum residual value

e = A-x - b. The system of equations may not have a solution,

therefore, the value returned is not a real solution to the system, just the

one with the smallest residual.

Function LSQ takes as input vector b and matrix A, in that order. Function LSQ
can be found in Function catalog ((P) _ar ). Next, we use function LSQ to
repeat the solutions found earlier with the numerical solver:

Square system
Consider the system

with

2
A=|1
2

2X'| + 3X2 —5X3 = ]3,
X1 — 3xp + 8x3 =-13,
2X] - 2X2 + 4X3 = -6,

3 -5 X, 13
-3 8| x=|x,|, and b=|-13|
-2 4 X, -6

The solution using LSQ is shown next:

& & 1 -9 g
2 -5 kriz-i1s-61 2=z 3]

[13-12 -]
s LSRAMSI1LANSEZN
[1. 2. -1.1

[SRIF 4 +0EL | DEL+[DEL L] IN: ]
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Under-determined system

Consider the system
2x7 + 3x9 -5x3 =-10,
X7 — 3x9 + 8x3 = 85,

2 3 =5 -10
A= , X=|x,|, and b= .
1 -3 8 85

[1-2 51 ~

with

15 £ % [2 2]
1-2 8 1-2 8
[2 2 -5 s[-1@ 251
1-2 8 [-16 23]
=[-18 851 :LSGIAMS ), AHS2]
[-16 25 15.3731343284 2. 45268,
[SRIF+H +DEL | DEL+[DEL L] [SRIF 4 +0EL | DEL+[DEL L] IN: ]
Over-determined system
Consider the system
X1+ 3xp =15,
2X] - 5X2 = 5,
X1 + xp = 22,
with
1 3 15
X
A=|2 =5 x= , and b=|5
Xs
-1 1 22
The solution using LSQ is shown next:
T = .| = = I 3
5 1] 2 =3
1 3 -1 1
2 -3 L1555 22]
-11 L1535 22]
0155 22] : LSCUAMS 1L AHSE2]
[15 5 22 3. 82854794521 1.39841
[SRIFH HIEL | DEL+|DEL L] [RIF+H HIEL | DEL+[DEL L] I ul
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Compare these three solutions with the ones calculated with the numerical
solver.

Solution with the inverse matrix

The solution fo the system A-x = b, where A is a square matrix is x = A’!- b.
This results from multiplying the first equation by A, i.e.,, AT.Ax = Alb. By
definition, AT-A =1, thus we write I x = A'l-b. Also, I-x = x, thus, we have, x
=A" b.

For the example used earlier, namely,
2x7 + 3x9 —5x3 =13,
X1 — 3xg + 8x3 =-13,
2X] - 2X2 + 4X3 = -6,
we can find the solution in the calculator as follows:

which is the same result found earlier.

Solution by “division” of matrices

While the operation of division is not defined for matrices, we can use the
caleulator’'s (=) key to “divide” vector b by matrix A to solve for x in the matrix
equation A-x = b. This is an arbitrary extension of the algebraic division
operation to matrices, i.e., from A-x = b, we dare to write x = b/A
(Mathematicians would cringe if they see this!) This, of course is interpreted as

(1/A)-b = A'".b, which is the same as using the inverse of A as in the previous
section.
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The procedure for the case of “dividing” b by A is illustrated below for the case

2x7 + 3x9 =5x3 = 13,
X1 = 3xp + 8x3 =-13,
2x7 = 2xp + 4x3 = -6,

The procedure is shown in the following screen shots:

=Jl =3 O &= &= LI =3 O
2-2 4 2-2 4
22 -5 i[13-12 -&]
1-2 8 [12 -13 -&]
2 -2 4 . AHS(1)
f[12-13 -&] AHSI2)
[13-13 -5 [12-1]

The same solution as found above with the inverse matrix.

Solving multiple set of equations with the same coefficient matrix
Suppose that you want to solve the following three sets of equations:

X +2Y+3Z = 14, 2X +4Y+6Z = 9, 2X +4Y+67Z = -2,

3X 2Y+ Z= 2, 3X 2Y+ Z="5, 3X 2Y+ Z= 2,

AX+2Y L= 5,4X+2Y Z=19, 4X+2Y -Z=12
We can write the three systems of equations as a single matrix equation: A-X

= B, where
23 Xy Xo Xg
A=|3 -2 1) X=Y, Y, Y|
4 2 -1 Zyy Zg Zg
14 9 =2
B=|2 -5 2
5 19 12

The sub-indices in the variable names X, Y, and Z, determine to which equation
system they refer to. To solve this expanded system we use the following
procedure, in RPN mode,
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ENTER

i (v (=)

The result of this operation is:

Gaussian and Gauss-Jordan elimination

Gaussian elimination is a procedure by which the square matrix of coefficients
belonging to a system of n linear equations in n unknowns is reduced to an
upper-triangular matrix (echelon form) through a series of row operations. This
procedure is known as forward elimination. The reduction of the coefficient
matrix to an upper-triangular form allows for the solution of all n unknowns,
utilizing only one equation at a time, in a procedure known as backward
substitution.

Example of Gaussian elimination using equations
To illustrate the Gaussian elimination procedure we will use the following system
of 3 equations in 3 unknowns:

2X +4Y+67Z = 14,

3X 2Y+ Z=-3,

AX+2Y Z=-4
We can store these equations in the calculator in variables E1, E2, and E3,
respectively, as shown below. For backup purposes, a list containing the three

equations was also created and stored into variable EQS. This way, if a
mistake is made, the equations will still be available to the user.

2 2N Y +HE = 14BE :E1
araieez=14 | 2R +EE=14
SR—(2Y-Z)1=—3

:ES
Jei+ 2 —Z=—d
I I S A
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To start the process of forward elimination, we divide the first equation (E1) by
2, and store it in E1, and show the three equations again to produce:

: %rm
AR DT -
1E2
S-(2 = Z)=—
1ES
G2 —F =

Next, we replace the second equation E2 by (equation 2 — 3xequation 1, i.e.,
E1-3%E2), and the third by (equation 3 — 4xequation 1), to get:

‘El
B2+ I-7

fEZ-SE1BEZ fEZ
-2y +2d-24 =[5 +EE—24]

sE3-4E1BEZ sEZ
=& +1 3732 =[5+ 135 —22]

Next, divide the second equation by -8, to get:

= f+2-3

Next, replace the third equation, E3, with (equation 3 + 6xequation 2, i.e.,
E2+6xE3), to get:

‘El
B2+ I-7
tEZ2
Y+Z-3
sE3+&EZBES sEZ
=[7Z-14]
| E? | E2 | E1 | | |

Notice that when we perform a linear combination of equations the calculator
modifies the result to an expression on the left-hand side of the equal sign, i.e.,
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an expression = 0. Thus, the last set of equations is interpreted to be the
following equivalent set of equations:
X+2Y+3Z =7,
Y+ Z=3,
/7 =-14.
The process of backward substitution in Gaussian elimination consists in finding
the values of the unknowns, starting from the last equation and working

upwards. Thus, we solve for Z first:

T+Z-3
="Z-14]

tE3

*SOLVEIES,'ZN
:SUEST[EE,HHSH]]IEEIT._'_ _
| Ex | E2 [ Ei | [ |

—mZ-14
s SOLVEER'ZN _
: SLIEFST[EE,HHS[H]IEEW_
: SOLVEEZ""M

T=1 = R =T
=SLUBESTIELY=1] : SUBSTIAMSI11,2=2]
=\ =Tty +al+3e—
= SLUBSTIAMSI11,Z=2) *AMS1IREL
At2l+s2-v Aol +oE-
=AMSI1IMEL s SOLVEMRMSIL, 1

| E2 | E2 | Ei [CA:DI]

The solution is, therefore, X =-1,Y=1,7Z = 2.

Example of Gaussian elimination using matrices
The system of equations used in the example above can be written as a matrix
equation A-x = b, if we use:
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2 4 6 X 14
A=|3 -2 1| x=|Y| b=|-3|
4 2 -1 Z —4

To obtain a solution to the system matrix equation using Gaussian elimination,
we first create what is known as the augmented matrix corresponding to A, i.e.,

2 4 6]14
An,=|3 -2 1|-3
4 2 —1/-4

The matrix Aqyq is the same as the original matrix A with a new row,

corresponding fo the elements of the vector b, added (i.e., augmented) to the
right of the rightmost column of A.

Once the augmented matrix is put together, we can proceed to perform row
operations on it that will reduce the original A matrix into an upper-triangular
matrix. For this exercise, we will use the RPN mode ((#oe) (+) , with system
flag 117 set to SOFT menu. In your calculator, use the following keystrokes.
First, enter the augmented matrix, and make an extra copy of the same in the
stack (This step is not necessary, except as an insurance that you have an extra
copy of the augmented matrix saved in case you make a mistake in the forward
elimination procedure that we are about to undertake.):

Saie =317 (v (e

Save augmented matrix in variable AAUG: (- )@ea) (ara) @ @ (@) (@ (aird)

With a copy of the augmented matrix in the stack, press Ca)mm to
activate the ROW operation menu. Next, perform the following row operations
on your augmented matrix.

Multiply row 1 by V2:

Multiply row 1 by -3 add it to row 2, replacing it:

Multiply row 1 by -4 add it to row 3, replacing it:
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Multiply row 2 by -1/8:
Multiply row 2 by 6 add it to row 3, replacing it: (6 () (2)()(3)

It you were performing these operations by hand, you would write the
following:

B
(@)
—
B
p—
[\
W
-3

2 —1|-4) |4 2 -1]-4
1 2 3] 7 12 3|7
A, =0 -8 —8|-24(=z|0 1 1| 3

aug

0 -6 -13/-32

o
|
o))
I
—_
)
I
W)
\®)

12 3|7
Ap, =0 1 1] 3
0 0 —7|-14

The symbol = (“ is equivalent to”) indicates that what follows is equivalent to the
previous matrix with some row (or column) operations involved.

The resulting matrix is upper-triangular, and equivalent to the set of equations
X+2Y+3Z =7,
Y+ Z=3,
77 =14,
which can now be solved, one equation at a time, by backward substitution, as
in the previous example.

Gauss-Jordan elimination using matrices

Gauss-Jordan elimination consists in continuing the row operations in the upper-
triangular matrix resulting from the forward elimination process until an identity
matrix results in place of the original A matrix. For example, for the case we
just presented, we can continue the row operations as follows:
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Multiply row 3 by -1/7:
Multiply row 3 by -1, add it to row 2, replacing it:

Multiply row 3 by -3, add it to row 1, replacing it:

Multiply row 2 by =2, add it to row 1, replacing it:

Writing this process by hand will result in the following steps:

12 3| 7 12 3[7) (1 2 3]7
A=l0 1 1] 3 |z/0o 1 1/3]|zl0 1 of1
00 -7/-14) (o o 1{2) lo o 1]2

1 2 01 1 0 0] -1

A, =0 1 0[1]=]0 1 0] 1

0 0 1]2 0 0 1| 2

Pivoting

If you look carefully at the row operations in the examples shown above, you
will notice that many of those operations divide a row by its corresponding
element in the main diagonal. This element is called a pivot element, or simply,
a_pivot. In many situations it is possible that the pivot element become zero, in
which case we cannot divide the row by its pivot. Also, to improve the
numerical solution of a system of equations using Gaussian or Gauss-Jordan
elimination, it is recommended that the pivot be the element with the largest
absolute value in a given column. In such cases, we exchange rows before
performing row operations. This exchange of rows is called partial pivoting. To
follow this recommendation is it often necessary to exchange rows in the
augmented matrix while performing a Gaussian or Gauss-Jordan elimination.
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While performing pivoting in a matrix elimination procedure, you can improve
the numerical solution even more by selecting as the pivot the element with the
largest absolute value in the column and row of interest. This operation may
require exchanging not only rows, but also columns, in some pivoting
operations. When row and column exchanges are allowed in pivoting, the
procedure is known as full pivoting.

When exchanging rows and columns in partial or full pivoting, it is necessary fo
keep track of the exchanges because the order of the unknowns in the solution
is altered by those exchanges. One way to keep track of column exchanges in
partial or full pivoting mode, is to create a permutation matrix P = 1,,.,,, at the

beginning of the procedure. Any row or column exchange required in the
augmented matrix Ag,q is also registered as a row or column exchange,
respectively, in the permutation matrix. When the solution is achieved, then,
we multiply the permutation matrix by the unknown vector x to obtain the order
of the unknowns in the solution. In other words, the final solution is given by
P-x = b’, where b’ is the last column of the augmented matrix after the solution
has been found.

Example of Gauss-Jordan elimination with full pivoting
Let's illustrate full pivoting with an example. Solve the following system of
equations using full pivoting and the Gauss-Jordan elimination procedure:

X+2Y+3Z=2,
2X + 3Z=-1,
8X +16Y-Z =41.
The augmented matrix and the permutation matrix are as follows:
1 2 3 2 1 00
A,.=12 0 3 -1}, P=|0 1 0}
8 16 -1 41 0 0 1

Store the augmented matrix in variable AAUG, then press
copy in the stack. We want to keep the CSWP (Column Swap) command
readily available, for which we use: (P)_ar (aea) (arn) @ 3] () (find 1

You'll get an error message, press (ov), and ignore the mes
Next, get the ROW menu available by pressing: (&) mamrices

to get a
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Now we are ready to start the Gauss-Jordan elimination with full pivoting. We
will need to keep track of the permutation matrix by hand, so take your
notebook and write the P matrix shown above.

First, we check the pivot aj;. We notice that the element with the largest
absolute value in the first row and first column is the value of a3; = 8. Since we
want this number to be the pivot, then we exchange rows 1 and 3, by using:

The augmented matrix and the permutation matrix
now are:

N

(@]

w
— O O
o — O
o o -

Checking the pivot at position (1,1) we now find that 16 is a better pivot than
8, thus, we perform a column swap as follows: (7ICr)(2)(P) _ar

The augmented matrix and the permutation matrix now are:

16 8 -1 41
0 2 3 -1
2 1 3 2

Now we have the largest possible value in position (1,1), i.e., we performed
full pivoting at (1,1). Next, we proceed to divide by the pivot:

D))

augmented matrix is now:

o — O
— O O
o o -

. The permutation matrix does not change, but the

1 1/2 -1/16 41/16 0 01

0 2 3 -1 100

2 1 3 2 010
The next step is to eliminate the 2 from position (3,2) by using:

1 1/2 -1/16 41/16 0O 0 1

0 2 3 -1 1 0 O

0 0 25/8 -25/8 O 1 0
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Having filled up with zeros the elements of column 1 below the pivot, now we
proceed to check the pivot at position (2,2). We find that the number 3 in
position (2,3) will be a better pivot, thus, we exchange columns 2 and 3 by

using: (2)(r)(3) (P _ear
1 -1/16 1/2 41/16 0 1
0 3 2 -1 10
0O 25/8 0 25/8 0 0

— O O

Checking the pivot at position (2,2), we now find that the value of 25/8, at
position (3,2), is larger than 3. Thus, we exchange rows 2 and 3 by using:
()R
1 -1/16 1/2 41/16 0O 1 0
0O 25/8 0 25/8 0O 0 1
0 3 2 -1 1.0 0
Now, we are ready to divide row 2 by the pivot 25/8, by using
D) I Ea(2) :

1 -1/16 172 41716 010
0 1 0 -1 0 01
0 3 2 -1 100

Next, we eliminate the 3 from position (3,2) by using:

1 -1/16 1/2 41/16 01 O
0 1 0 -1 00 1
0 0 2 2 10 O

Having filled with zeroes the position below the pivot, we proceed to check the
pivot at position (3,3). The current value of 2 is larger than 2 or O, thus, we
keep it unchanged. We do divide the whole third row by 2 to convert the pivot

to 1, by using:

1 -1/16 1/2 41/16
0 1 0 -1
0 0 1 1

— O O
o o -
o — O

Next, we proceed to eliminate the 2 in position (1,3) by using:
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1 -1/16 0 33/16 O 1 O
0 1 0 -1 0O 0 1
0 0 1 1 1 0 O

Finally, we eliminate the —1/16 from position (1,2) by using:
e ) () (2O EER

1 0 0 2
0 1 0 -1
0 0 1 1

We now have an identity matrix in the portion of the augmented matrix
corresponding fo the original coefficient matrix A, thus we can proceed to
obtain the solution while accounting for the row and column exchanges coded
in the permutation matrix P.  We identify the unknown vector x, the modified
independent vector b’ and the permutation matrix P as:

— O O
o o -
o — O

X 2 0 1 0
x=(Y| b'=|-1, P=0 0 1|
Z 1 1 00
The solution is given by P-x=b’, or
01 0]|X 3
0 0 1[|-|Y|=|—-1|
1 0 0|(Z 1
Which results in
Y 3
Z|=|-1
X 1

Step-by-step calculator procedure for solving linear systems

The example we just worked is, of course, the step-by-step, user-driven
procedure to use full pivoting for Gauss-Jordan elimination solution of linear
equation systems. You can see the step-by-step procedure used by the
calculator to solve a system of equations, without user intervention, by setting
the step-by-step option in the calculator’'s CAS, as follows:
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CAZ HODEZ

_NuHeric _Apprax _CaHpLax
_WVarbozg of Stapsitep _Incr Fod
W REigorous o Sadp Non-Fational

ntar independent wariable nan:

NTER) (=)

The calculator shows an augmented matrix consisting of the coefficients matrix
A and the identity matrix I, while, at the same time, showing the next procedure
to calculate:

L2 = L2-2:L1 stands for “replace row 2 (L2) with the operation L2 — 2:L1. If we
had done this operation by hand, it would have corresponded to:

Pres and follow the operations in your

calculator’s screen. You will see the following operations performed:

L3=L3-8.L1, L1 = 2:L1--1-12, L1=25-11-3:L3, L2 = 25-12-3-L3,
and finally a message indicating “Reduction result” showing:

eduction result

A @ B -24 25 2
B -1 @ -2 25-2
B A -25 -2 68 1

When you press the calculator returns the final result [1 2 -1].

Calculating the inverse matrix step-by-step

The calculation of an inverse matrix can be considered as calculating the
solution to the augmented system [A | 1]. For example, for the matrix A used
in the previous example, we would write this augmented matrix as
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I 2 3|1 00
3 -2 1]0 1 0}
4 2 -110 0 1

A

aug(l) —

To see the intermediate steps in calculating and inverse, just enter the matrix A
from above, and press (%), while keeping the step-by-step option active in the
calculator’s CAS Use the followmg

What the calculator showed was not exactly a Gauss-Jordan elimination with
full pivoting, but a way to calculate the inverse of a matrix by performing a
Gauss-Jordan elimination, without pivoting.  This procedure for calculating the
inverse is based on the augmented matrix (Agyg)nxn = [A nun | Tnxnl-

The calculator showed you the steps up to the point in which the left-hand half
of the augmented matrix has been converted to a diagonal matrix. From there,
the final step is to divide each row by the corresponding main diagonal pivot.
In other words, the calculator has transformed (Aqyg)nxn = [A nxn [Inxal, info [I

|AT].

Inverse matrices and determinants

Notice that all the elements in the inverse matrix calculated above are divided
by the value 56 or one of its factors (28, 7, 8, 4 or 1). If you calculate the
determinant of the matrix A, you get def(A) = 56.

We could write, A" = €/def{A\), where € is the matrix

0 8 8
C=|7 -13 8
14 6 -8
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The result (A1), = € pyn /def(A ), is a general result that applies to any

non-singular matrix A. A general form for the elements of C can be written
based on the Gauss-Jordan algorithm.

Based on the equation A’! = €/det(A), sketched above, the inverse matrix,
A’ is not defined if def(A) = 0. Thus, the condition def(A) = O defines also a

singular matrix.

Solution to linear systems using calculator functions

The simplest way to solve a system of linear equations, A-x = b, in the
calculator is to enter b, enter A, and then use the division function /. |If the
system of linear equations is over-determined or under-determined, a “solution”
can be produced by using Function LSQ (Least-SQuares), as shown earlier. The
calculator, however, offers other possibilities for solving linear systems of
equations by using Functions included in the MATRICES’ LINEAR SYSTEMS..
menu accessible through () mamces (Set system flag 117 to CHOOSE boxes):

A0 [HATRICES WENL i
Mol CRERTE. —_—
2 WFERATIONE..

2. FACTORIZATION..
Y GUADEATIC FORH..
G _LINEAR SVETENS.. .
&.LINEAR AFFL.. LEIVETaHRT
7 .EIGENVECTORS.. NATRICES..
2. WECTOF..

The functions included are LINSOLVE, REF, rref, RREF, and SYST2MAT.

Function LINSOLVE

Function LINSOLVE takes as arguments an array of equations and a vector
containing the names of the unknowns, and produces the solution to the linear
system. The following screens show the helpfacility entry (see Chapter 1) for
function LINSOLVE, and the corresponding example listed in the entry. The
right-hand side screen shows the result using the line editor (press 30 to
activate):

inear equations
IMNSOLVEC[H+Y=3, 85-Y=11]

Ees: SOLWE

Lx=2 ¥=11

Here is another example in ALG mode. Enter the following:
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to produce the solution: {

Function LINSOLVE works with symbolic expressions. Functions REF, rref, and
RREF, work with the augmented matrix in a Gaussian elimination approach.

Functions REF, rref, RREF

The upper triangular form to which the augmented matrix is reduced during the
forward elimination part of a Gaussian elimination procedure is known as an
"echelon" form. Function REF (Reduce to Echelon Form) produces such a matrix
given the augmented matrix in stack level 1.

Consider the augmented matrix,

1 -2 11]0
A,.=12 1 =2/-3|
5 =2 112
Representing a linear system of equations, A-x = b, where

A = ; - E 8 " : ] i

and

The result is the upper triangular (echelon form) matrix of coefficients resulting
from the forward elimination step in a Gaussian elimination procedure.
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The diagonal matrix that results from a Gauss-Jordan elimination is called a
row-reduced echelon form. Function RREF ( Row-Reduced Echelon Form) The
result of this function call is to produce the row-reduced echelon form so that the
matrix of coefficients is reduced to an identity matrix. The extra column in the
augmented matrix will contain the solution to the system of equations.

As an example, we show the result of applying function RREF to matrix AAUG
in ALG mode:

The result is final augmented matrix resulting from a Gauss-Jordan elimination
without pivoting.

A row-reduced echelon form for an augmented matrix can be obtained by
using function rref. This function produces a list of the pivots and an equivalent
matrix in row-reduced echelon form so that the matrix of coefficients is reduced
to a diagonal matrix.

For example, for matrix AAUG, function rref produces the following result:

Fiuvol=iid A 1. o 2. F X
itFivot=: {351-5451-5

2 e (AALG) 125
ELSE, 6.6, 58]
Fivots:i{3 1. 4 1. 52.} [Es15.6.75]
[A. @, 12,8471
B2z | AZ2 | E2Z | A2Z |

[ZRIF+ +DEL | DEL+[DEL L INE ]

The second screen above is obtained by activating the line editor (press @ ).
The result shows pivots of 3, 1, 4, 1, 5, and 2, and a reduced diagonal matrix.

Function SYST2ZMAT

This function converts a system of linear equations into its augmented matrix
equivalent. The following example is available in the help facility of the
calculator:
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: HELF :HELF

t SYSTEMATICHHY H =2 [x  [ESTST2MATICH+Y H-Y=21,0x

POTEMAT C LR+ 21 1 1i7®

AR 1-1-2
[ZKIF+] +DEL | DEL~+|DEL L] InG al [ZKIF+ +DEL | DEL~+ [DEL L]

The result is the augmented matrix corresponding to the system of equations:

X+Y=0
XY =2

Residual errors in linear system solutions (Function RSD)

Function RSD calculates the ReSiDuals or errors in the solution of the matrix
equation A-x=b, representing a system of n linear equations in n unknowns.
We can think of solving this system as solving the matrix equation: f(x) = b -A-x
= 0. Suppose that, through a numerical method, we produce as a first
approximation the solution x(0). Evaluating f(x(0)) = b - A-x(0) = e # 0. Thus,
e is a vector of residuals of Function for the vector x = x (0).

To use Function RSD you need the terms b, A, and x(0), as ar
vector returned is e= b Ax(O). For example using A = L
i 11, x(0) = PRI =1, we can flnd the vector
of re5|duo|s as follows

SOCL1461, L2, -1108, RSD[“ 53*[@ 2 L1827t
11, [1.5:2. 7754 [.1.6]
SHIF ] +DEL | DEL JUEL L SKIF +DEL | DEL+JDEL L] IN: |

Theresultise = b-Ax(0)=1{ &

Note: If we let the vector Ax = x — x (0), represent the correction in the
values of x (0), we can write a new matrix equation for Ax, namely A-Ax = e.
Solving for Ax we can find the actual solution of the original system as x =
x(0) + Ax.
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Eigenvalues and eigenvectors

Given a square matrix A, we can write the eigenvalue equation A-x = A-x,
where the values of A that satisfy the equation are known as the eigenvalues of
matrix A. For each value of A, we can find, from the same equation, values of
x that satisfy the eigenvalue equation. These values of x are known as the

eigenvectors of matrix A. The eigenvalues equation can be written also as (A
“a)x = 0.

This equation will have a non-trivial solution only if the matrix (A — A1) is

singular, i.e., if det(A - A1) =0.

The last equation generates an algebraic equation involving a polynomial of
order n for a square matrix A,,. The resulting equation is known as the

characteristic polynomial of matrix A. Solving the characteristic polynomial
produces the eigenvalues of the matrix.

The calculator provides a number of functions that provide information
regarding the eigenvalues and eigenvectors of a square matrix. Some of these
functions are located under the menu MATRICES/EIGEN activated through

MATRICES

Al [ARTRICES RENU

B CREATE.
OFERATIONS..
FACTORIZATION..
QUADRATIC FORM..
LINERE SYSTEHS..
LINERE_AFFL..
.ETGENVECTORS.,
_WECTOE..

2.EaY
2.EGYL
Y. JoRDAN
g

[

7

.FCAE
-FHINI
_HATRICEZ:..

ra ] on U C e

Function PCAR

Function PCAR generates the characteristic polynomial of a square matrix using
the contents of variable VX (a CAS reserved variable, typically equal to ‘X’) as
the unknown in the polynomial. For example, enter the following matrix in ALG
mode and find the characteristic equation using PCAR:
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Using the variable A to represent eigenvalues, this characteristic polynomial is to
be interpreted as A 324 2220 +21=0.

Function EGVL

Function EGVL (EiGenValues) produces the eigenvalues of a square matrix. For
example, the eigenvalues of the matrix shown below are calculated in ALG
mode using function EGVL:

]2 =
Iz -z
2 3
2 -z
: EGYLIAHSI1Y
[-[ig [1&
sHIF ] <EL [ DEL+DEL LI

The eigenvalues A = [ V10, V10 ].

Note: In some cases, you may not be able to find an ‘exact’ solution to the
characteristic polynomial, and you will get an empty list as a result when using
Function EGVL. If that were to happen to you, change the calculation mode to

Approx in the CAS, and repeat the calculation.

For example, in exact mode, the following exercise produces an empty list as
the solution:

Function EGV

Function EGV (EiGenValues and eigenvectors) produces the eigenvalues and
eigenvectors of a square matrix. The eigenvectors are returned as the columns
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of a matrix, while the corresponding eigenvalues are the components of a
vector.

For example, in ALG mode, the eigenvectors and eigenvalues of the matrix
listed below are found by applying function EGV:

H-1.88 5.80 2,088 -1.68 5.00 3.00
1.88 3.680 4 1.88 _ 2.680 4,88
2.88 -1.068 1.88 s EGYIAMSIL . B6)
-1.80 5.88 2.80 1.66 1,80 -@,03
1.88 _ 2.08 4,88 B.73 —-B8.51 1.806 | [0,
'EG'-.-'[FIHS[l [5150N] .91 B.ES E.84

[ZRIF+ +DEL | DEL+[DEL L INE ]

[SRIFH +DEL [ DEL+DEL L

The result shows the eigenvalues as the columns of the matrix in the result list.
To see the eigenvalues we can use: GET(ANS(1),2), i.e., get the second
element in the list in the previous result. The eigenvalues are:

[ 1.Ho
2 EGNVIAMSTT . ElEl]]
1.66 1,88 —-@,@3
g.72 -8.51 1.80 |08,

-6.91 B.65 @.24
= GETIAHS(L . 83,2 . BE)
[H.293.16 V.54
|RIFH +OEL | DEL+|DEL L]

In summary,
A1 =0.29, x; = [ 1.00,0.79,-0.91],

5 =3.16, x5 = [1.00,0.51, 0.65] T,
A3 = 7.54, x = [0.03, 1.00, 0.84] ™.

Note: A symmetric matrix produces all real eigenvalues, and its eigenvectors
are mutually perpendicular. For the example just worked out, you can check
that x7 x5 = 0, X7 ex3 =0, and x; «x3 = 0.

Function JORDAN

Function JORDAN is intended to produce the diagonalization or Jordan-cycle
decomposition of a matrix. In RPN mode, given a square matrix A, function
JORDAN produces four outputs, namely:

e The minimum polynomial of matrix A (stack level 4)
e The characteristic polynomial of matrix A (stack level 3)
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e Alist with the eigenvectors corresponding to each eigenvalue of matrix
A (stack level 2)
e A vector with the eigenvectors of matrix A (stack level 4)

For exomple 1ry fhls exercise in RPN mode

The output is the following:
4: KN3+-6*x"2+2*X+8'
3: XN3+-6*x"2+2*X+8’

2: {}
1: {}

The same exercise, in ALG mode, looks as in the following screen shots:

== =1 =1 &= 1 & -1
4 1 -2 =9
L 2 -1]  EJORDAMENSIL)
= SRR RIS, KT8
£ JORDAIANSI1)) b
S BN DR RN, KO E— s MR AT L
H“2+2*H+8 iy £ < AR 2R (T, £33

Function MAD

This function, although not available in the EIGEN menu, also provides
information related to the eigenvalues of a matrix. Function MAD is available
through the MATRICES OPERATIONS sub-menu (<) #4mces ) and s infended to

produce the adjoint matrix of a matrix.

In RPN mode, function MAD generates a number of properties of a square
matrix, namely:

e the determinant (stack level 4)

e the formal inverse (stack level 3),

e in stack level 2, the matrix coefficients of the polynomial p(x) defined
by (x-A) p(x)=m(x}],

e the characteristic polynomial of the matrix (stack level 1)
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Notice that the equation (x:I-A)-p(x)=m(x)-l is similar, in form, to the
eigenvalue equation A-x = A-X.

As an example, in RPN mode, try:

The result is:

4. -8.

3: [[0.13-0.25-0.38][-0.25 0.50 -0.25][-0.38 -0.25 -0.88]]
2:{([100][010][00 1] [[21=2][1 -4 -1][2 =1 =6] [[- 2 3][2 ~4 2][3 2 7]]}
1: 'XN3+-6*x"2+2*X+8’

The same exercise, in ALG mode, will look as follows:

. -
1. EE 2. EE -1.88]  FrTiks,-.25,-.375]

. [2.55:.5,—. 257
[-.575.2125, 2 e7s11,

Matrix factorization

B,8]
CEy1s0]
SKIF o] *DEL | DEL+{DEL L] TN

Matrix factorization or decomposition consists of obtaining matrices that when
multiplied result in a given matrix. We present matrix decomposition through
the use of Functions contained in the matrix FACT menu. This menu is accessed

th roug h () marices

Al [AATRICES WENU i
B CREATE. —_—

A i
Hin HHTRIH FRCTOR. MERU !

2. OFERATIONE.. E.LU

Z . FACTORIZATION. 2.2k

Y. QUADKATIC FORH.. H.qr
5.LINEAR SYETEHE. 5. ZCHUR
%.LINEAFR AFFL.. E.END

7 EIGENVECTORS.. WL
2.NECTOF.. 2. MATRICEZ:..

Al i
Hom HATRIN FACTOR. HENU

Function contained in this menu are: LQ, LU, QR,SCHUR, SVD, SVL.
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Function LU

Function LU takes as input a square matrix A, and returns a lower-triangular
matrix L, an upper triangular matrix U, and a permutation matrix P, in stack
levels 3, 2, and 1, respectively. The results L, U, and P, satisfy the equation
P.A=LU. When you call the LU function, the calculator performs a Crout LU
decomposition of A using partial pivoting.

For example, in RPN mode: £L-

produces:
3:[[7 0 0][-1 2.86 0][3 ~1.57 -1]
2:[[10.860.71][0 1 2][0 0 1]]
1: 1[0 0 1][1 0 0][0 1 O]]

In ALG mode, the same exercise will be shown as follows:

A, ]
2a714285714,8
or 142357143, -
r1428571432, .7
%'%]

ZRIF amz m . "~ +DEL | DEL+[DEL L] INZ ol

Orthogonal matrices and singular value decomposition
A square matrix is said to be orthogonal if its columns represent unit vectors that

are mutually orthogonal. Thus, if we let matrix U = [v; v, ... v,] where the v;,
i=1,2 ..., n, are column vectors, and if Viev; = 3, where 8 is the Kronecker's
delta funchon then U will be an orthogonal matrix. This condlhons also imply

that U- UT = 1.

The Singular Value Decomposition (SVD) of a rectangular matrix A, consists in

determining the matrices U, S, and V, such that A = U ren S s V. e

where U and V are orthogonal matrices, and S is a diagonal matrix. The
diagonal elements of S are called the singular values of A and are usually
ordered so that s; >s;, 1, fori=1, 2, ..., n-1. The columns [uj] of U and [v;] of

V are the corresponding singular vectors.

Function SVD

In RPN, function SVD (Singular Value Decomposition) takes as input a matrix
A, and returns the matrices U, ., Vinxm, and a vector s in stack levels 3, 2,
and 1, respectively. The dimension of vector s is equal to the minimum of the
values n and m. The matrices U and V are as defined earlier for singular value
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decomposition, while the vector s represents the main diagonal of the matrix S
used earlier.

For example, in RPN mode: LLZs &y ~17141

3: [[0.27 0.81 -0.53][-0.37 -0.59 -0.72][-0.89 3.09E-3 0.46]]
2: [[-0.68 -0.14 -0.72][ 0.42 0.73 —0.54][-0.60 0.67 0.44]]
1:[12.15 6.88 1.42]

Function SVL

Function SVL (Singular Values) returns the singular values of a matrix A, as a

example, in RPN mode, £ L5 4, ~11
produces [ 12.15 6.88 1.42].

vector s whose dimension is equol fo fhe minimum of the volues n and m. For

Function SCHUR
In RPN mode, function SCHUR produces the Schur decomposition of a square
matrix A returning matrices Q and T, in stack levels 2 and 1, respectively, such

that A = QT-Q', where Q is an orthogonal matrix, and T is a triangular
matrix. For example, in RPN mode,

results in:
2: [[0.66 -0.29 -0.70][-0.73 -0.01 -0.68][ -0.19 -0.96 0.21]]
1:[[-1.03 1.02 3.86 ][ 0 5.52 8.23 ][ 0 -1.82 5.52]]

Function LQ
The LQ function produces the LQ factorization of a matrix A, returning a
lower L, trapezoidal matrix, a Qxm orthogonal matrix, and a P,

permutation matrix, in stack levels 3, 2, and 1. The matrices A, L, Q and P
are related by P-A = L-Q. (A trapezoidal matrix out of an nxm matrix is the
equivalent of a triangular matrix out of an nxn matrix). For example,

produces

3: [[-5.48 0 O][-1.10 —2.79 O][-1.83 1.43 0.78]]

2: [[0.91 0.37 -0.18] [-0.36 -0.50 0.79] [-0.20 -0.78 -0.59]]
1: 1000 1][0 1 0][1 0 O]]
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Function QR

In RPN, function QR produces the QR factorization of a matrix A, returning a
Q,,., orthogonal matrix, a R, upper trapezoidal matrix, and a P xm
permutation matrix, in stack levels 3, 2, and 1. The mcﬁrlces A P Q ond Rare

reloted by A P=QR. For excmple

produces

3:[[-0.18 0.39 0.90][-0.37 -0.88 0.30][-0.91 0.28 -0.30]]
2: [[ -5.48 ~0.37 1.83][ 0 2.42 ~2.20][0 0 -0.90]]

1: 111 0 0][0 0 170 1 O]]

Note: Examples and definitions for all functions in this menu are available
through the help facility in the calculator. Try these exercises in ALG mode to
see the results in that mode.

Matrix Quadratic Forms

A guadratic form from a square matrix A is a polynomial expression originated
from x-A-x". For example, if we use A =[[2,1,-1][5,4,2][3,5,~1]], and x =
[X'Y Z]", the corresponding quadratic form is calculated as

2 1 -1][x
x-Ax' =[x v Z]|5 4 2||Y
35 —1(|Z
2X+Y-Z
=lx v Zz]|5x+4v+2Z
3X+5Y-Z
Finally, x-A-x" = 2X2+4Y2724 6XY+2XZ+7ZY

The QUADF menu

The calculator provides the QUADF menu for operations related to QUADratic
Forms. The QUADF menu is accessed through () mamics .

Page 11-52



Al [WATRICES HEND i HEHH\'E HEH R= '’ HLG

HoH 1.CKERTE.. _— HATREIX QUAD. FOEH HERL
2. 0FERATIONZ..

2. FACTORIZATION.. .CHOLEZRY
Y. CUADKATIC FORM.. JGAUEE

5. LINEAR EY3ZTEWZE. LRHA

L. LINEAR AFFL.. CEYLVEETER
7 EIGENYECTORE.. .HATRICEZ:..
& MECTOFR..

This menu includes functions AXQ, CHOLESKY, GAUSS, QXA, and SYLVESTER.

Function AXQ

In RPN mode, function AXQ produces the quadratic form corresponding to a
matrix A, in stack level 2 using the n variables in a vector placed in stack

level 1. Function returns the quadratic form in stack level 1 and the vector of
variables in stack level 1. For example,

L1 (v

returns

2: 2K 2+H(O*Y+2* L) * XK+ 4*Y N2+ 7 * L *y-L 2’
1: ['X Y 'Z']

Function QXA

Function QXA takes as arguments a quadratic form in stack level 2 and a vector
of variables in stack level 1, returning the square matrix A from which the
quadratic form is derived in stack level 2, and the list of variables in stack level
1. For example,

ENTER

returns
2:[[12-8][210][-80-1]]
]: [IXI IYI IZI]

Diagonal representation of a quadratic form
Given a symmetric square matrix A, it is possible to “diagonalize” the matrix A

by finding an orthogonal matrix P such that PT.A-P = D, where D is a diagonal

matrix. If Q = x-A-x" is a quadratic form based on A, it is possible to write
the quadratic form Q so that it only contains square terms from a variable y,
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such that x = P-y, by using Q = x-A-x" = (P-y)-A- (P-y)" = y-(P-.AP)y' =
yDy'
Function SYLVESTER

Function SYLVESTER takes as argument a symmetric square matrix A and returns
a vector containing the diagonal terms of a diagonal matrix D, and a matrix P,

so that PT.A-P = D. For example:

produces
2:11/22/7 23/7]
1: 112 1-1][0 7/2 5/2][0 0 1]]

Function GAUSS

Function GAUSS returns the diagonal representation of a quadratic form Q =

x-A-x" taking as arguments the quadratic form in stack level 2 and the vector
of variables in stack level 1. The result of this function call is the following:

e An array of coefficients representing the diagonal terms of D (stack
level 4)

e A matrix P such that A = PT.D-P (stack level 3)

e The diagonalized quadratic form (stack level 2)

e The list of variables (stack level 1)
For example:

ENTER

returns

4:[1-0.333 20.333]

3: [T 2-8][0-3 16][0 0 1]]

2:'61/3*Z272+ -1/3*(16*Z+-3*Y)" 2+(-8*z+2*Y+X)" 2’
1: ['X Y 'Z']

Linear Applications
The LINEAR APPLICATIONS menu is available through the (&) marrices
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Al [HATRICES HENU

A0 BYZ HEX R= 'H' ALG
HOHE™

Hod 1.CRERTE..
LOFERATIONE..
-FACTORIZATION..

.LINEAE HFFL..
CEIGENYECTORS..
NWECTOF..

2
2
I.I
5
E
F
[

.RUADRATIC FORH..
LINEAE SYETERE..

LINEAR_AFFL_HENU —

2.I=0H
Z.KER

Y. HRIZ0N

5. MATRICES..

Information on the functions listed in this menu is presented below by using the
calculator’s own help facility. The figures show the help facility entry and the

attached examples.

Function IMAGE

IMAGE:

Image of a linear ap-
llcatlu? of matrix M

MAGECLL1s 2,21, [4,5,6]
15 ) : mace[[} 2
{01 @1 0@ 11y F 456
ee: KER BASIS {[1 G106 13
heel 11—

1nd5 elements of a
-d DF 2-d linear

ISDH{EEE -11,C[1,81]2
T2 1

11}
es! MEISOM =
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Function KER

EE:

ernel of a linear a

clication of matrix

ERCLIL1.2:3]a[4.5a51]2
-1 2 -11

THELR
’KEE[[4 5 6]]
See: IMAGE M-12-1T

ZEEZ | HRIN

Function MKISOM
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Chapter 12
Graphics

In this chapter we introduce some of the graphics capabilities of the calculator.
We will present graphics of functions in Cartesian coordinates and polar
coordinates, parametric plots, graphics of conics, bar plots, scatterplots, and a
variety of three-dimensional graphs.

Graphs options in the calculator

To access the list of graphic formats available in the calculator, use the keystroke
sequence () 0 (7)) Please notice that if you are using the RPN mode
these two keys must be pressed simultaneously to activate any of the graph
functions. After activating the 2D/3D function, the calculator will produce the
PLOT SETUP window, which includes the TYPE field as illustrated below.

_SiHult y Connect

. W=Tick:10. «'Fixels

hoosg type of plot
CHOOE HAEZm|ERAZE] DRAN

Right in front of the TYPE field you will, most likely, see the option Function
highlighted.  This is the default type of graph for the calculator. To see the list
of available graph types, press the soft menu key labeled This will
produce a drop down menu with the following options (use the up- and down-
arrow keys to see all the options):

Hirgfrane
Fz-Contalr

Ear

ap
Ed: Foatter

i|FE=Contour
?—?Lice
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These graph options are described briefly next.

Function: for equations of the form y = f(x) in plane Cartfesian coordinates
Polar: for equations of the from r = {(8) in polar coordinates in the plane
Parametric: for plotting equations of the form x = x(t), y = y(t) in the plane
Diff Eq: for plotting the numerical solution of a linear differential equation
Conic: for plotting conic equations (circles, ellipses, hyperbolas, parabolas)
Truth: for plotting inequalities in the plane

Histogram: for plotting frequency histograms (statistical applications)

Bar: for plotting simple bar charts

Scatter: for plotting scatter plots of discrete data sets (statistical applications)
Slopefield: for plotting traces of the slopes of a function f(x,y) = 0.

Fast3D: for plotting curved surfaces in space

Wireframe: for plotting curved surfaces in space showing wireframe grids
Ps-Contour: for plotting contour plots of surfaces

Y- Slice: for plotting a slicing view of a function f(x,y).

Gridmap: for plotting real and imaginary part traces of a complex function
Pr-Surface: for parametric surfaces given by x = x(y,v), y = y(u,v), z = z(u,v).

Plotting an expression of the form y = f(x)

In this section we present an example of a plot of a function of the form y = f(x).
In order to proceed with the plot, first, purge the variable x, if it is defined in the
current directory (x will be the independent variable in the calculator's PLOT
feature, therefore, you don't want to have it pre-defined). Create a sub-
directory called 'TPLOT' (for test plot), or other meaningful name, to perform the
following exercise.

As an example, let's plot the function,

£ = J;—”exp(—xy

First, enter the PLOT SETUP environment by pressing, (<) 2 . Make
sure that the option Function is selected as the TYPE, and that ‘X’ is
selected as the independent variable (INDEP).  Press to
return to normal calculator display. The PLOT SET UP window should
look similar to this:
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_Finult ¢ Connect
H-Tack:id. W-Tick:i0. s Faixels

hagse type of plot
CHE| AXRESm|ERASE| DRAN

*Note: You will notice that a new variable, called PPAR, shows up in your
soft menu key labels. This stands for Plot PARameters. To see its contents,
press A detailed explanation of the contents of PPAR is
provided later in this Chapter. Press (®) to drop this line from the stack.

Enter the PLOT environment by pressing (5) _=_ (press them
simultaneously if in RPN mode). Pre [
writer. You will be prompted to fill the right-hand side of an equation
Y1(x) = =. Type the function to be plotted so that the Equation Writer
shows the following:

Press to return to the PLOT - FUNCTION window. The ex ion
‘Y1(X) = EXP(X*2/2)/N(2*n)" will be highlighted. Press (D)

return to normal calculator display.

Note: Two new variables show up in your s nu key labels, namely EQ
and Y1. To see the contents of EQ, use The content of EQ is
simply the function name ‘Y1(X)". The variable EQ is used by the calculator
to store the equation, or equations, to plot.

To see the contents of Y1 press
defined as the program:

You will get the function Y1(X)
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Press (@), twice, to drop the contents of the stack.

<< 55X ‘EXP(—XA2/2)/\/(2*TI:)‘ >>.

Enter the PLOT WINDOW environment by entering () WN_ (press
them simultaneously if in RPN mode).  Use a range of -4 to 4 for H-
VIEW, then press Kl to generate the V-VIEW automatically.  The
PLOT WINDOW screen looks as follows:

LOT WINDOH - FURCTIO

- 4.
W-NigH:-5. 9637 .3a8aYyaz
Indep Lad: DeFault  High:DeFault

Stgp: DefFqult _Fixels

ntdr HiniHuH horizental valug
AUTY |ERRZE] DEAR

Plot the graph:
To see labels NXT
To recover the first graphics menu:
To trace the curve: . Then use the right- and left-arrow keys
(@) to move about the curve. The coordinates of the points you
trace will be shown at the bottom of the screen. Check that for x =
1.05,y=0.231. Also, check that for x =-1.48 , y = 0.134. Here is
picture of the graph in tracing mode:

wait till the calculator finishes the graphs)

LFAEAYIIEOND

m:l.25EQ ¥:il.60E-1

To recover the menu, and return to the PLOT WINDOW environment,
press

Page 12-4



Some useful PLOT operations for FUNCTION plots

In order to discuss these PLOT options, we'll modify the function to force it to
have some real roots (Since the current curve is totally contained above the x
axis, it has no real roots.) Press o list the contents of the function Y1
on the stack: << 5X ‘EXP(X*2/2)/N(2*m) ' >>. To edit this expression use:

2% Launches the line editor

W=D\ Moves cursor to the end of the line
<BICHICHIED WA WD) Modifies the expression

ENTER Returns to calculator display

Next, store the modified expression into variable y by using (<1
mode, or () ans_ (s1or) EEEE in ALG mode.

The function to be plotted is now, f(x) =

1 2
exp(— x—) —-0.1
N2r 2
Enter the PLOT WINDOW environment by entering C5) WN_ (press them

simultaneously if in RPN mode.) Keep the range of -4 to 4 for H-VIEW, press
ETE to generate the V-VIEW. To plot the graph, press

Once the graph is plotted, press o access the function menu.
With this menu you can obtain additional information about the plot
such as intersects with the x-axis, roots, slopes of the tangent line, area
under the curve, efc.

For example, to find the root on the left side of the curve, move the
cursor near that point, and press You will get the result: ROOT: -
1.6635.... Press to recover the menu.  Here is the result of
ROQT in the current plot:

Foot: -1.66751233553

If you move the cursor towards the right-hand side of the curve, by
pressing the right-arrow key (03> ), and press ¥, the result now is
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ROOT: 1.6635... The calculator indicated, before showing the root,
that it was found through SIGN REVERSAL. Press to recover the
menu.

Pressin will give you the intersection of the curve with the x-axis,
which is essentially the root. Place the cursor exactly at the root and
press You will get the same message as before, namely SIGN
REVERSAL, before getting the result -SECT: 1.6635.... The §
function is infended to determine the intersection of any two curves
closest to the location of the cursor. In this case, where only one curve,
namely, Y1(X), is involved, the intersection sought is that of f(x) with the
x-axis, however, you must place the cursor right at the root to produce
the same result. Press to recover the menu.

Place the cursor on the curve at any point and press i to get the
value of the slope at that point. For example, at the negative root,
SLOPE: 0.16670.... Press to recover the menu.

To determine the highest point in the curve, place the cursor near the
vertex and press i The result is EXTRM: O.. Press to recover
the menu.

Other buttons available in the first menu are o calculate the area
under the curve, and o shade an area under the curve. Press
(m7) to see more options. The second menu includes one button colled
that flashes for a few seconds the equation plotted. Pres
Alternatively, you can press the button B (NEXt eQuation) to see the
name of the function Y1(x). Press to recover the menu.

The button IIEER gives the value of f(x) corresponding to the cursor
position. Place the cursor anywhere in the curve and press [ZEER- The
value will be shown in the lower left corner of the display. Press
to recover the menu.

Place the cursor in any given point of the trajectory and press TANL to
obtain the equation of the tangent line to the curve at that point. The
equation will be displayed on the lower left corner of the display. Press
to recover the menu.

If you press I the calculator will plot the derivative function, f'(x) =
df/dx, as well as the original function, f(x). Notice that the two curves
intercept at two points. Move the cursor near the left intercept point
and press | to get I-SECT: (-0.6834...,0.21585). Press
to recover the menu.

To leave the FCN environment, press (or
Press ! to return to the PLOT WINDOW environment. Then, press
NXT to return to normal calculator display.
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Note: the stack will show all the graph operations performed, properly

identified.

Enter the PLOT environment by pressing, simultaneously if in RPN mode,
(2 _r=_. Notice that the highlighted field in the PLOT environment
now contains the derivative of Y1(X). Press o return to return
to normal calculator display.

Press o check the contents of EQ. You will notice that it
contains a list instead of a single expression. The list has as elements
an expression for the derivative of Y1(X) and Y1(X) itself. ~ Originally,
EQ contained only Y1(x). After we pressed Il in the
environment, the calculator automatically added the derivative of Y1(x)
to the list of equations in EQ.

Saving a graph for future use

It you want to save your graph to a variable, get into the PICTURE environment

picture info a graphics object. To return to the stack, press ki

by pressing @ . Then, press . This captures the current

In level 1 of the stack you will see a graphics object described as Graphic
131 X 64. This can be stored into a variable name, say, PICT.

To display your figure again, recall the contents of variable PIC1 to the stack.
The stack will show the line: Graphic 131 x 64. To see the graph, enter the
PICTURE environment, by pressing (O .

Clear the current picture

Move the cursor to the upper left corner of the display, by using the @ and
A keys.

To display the figure currently in level 1 of the stack press REPL .
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To return to normal calculator function, press

Note: To save printing space, we will not include more graphs produced by
following the instructions in this Chapter. The user is invited to produce those
graphics on his or her own.

Graphics of transcendental functions

In this section we use some of the graphics features of the calculator to show the
typical behavior of the natural log, exponential, trigonometric and hyperbolic
functions.  You will not see more graphs in this chapter, instead the user should
see them in the calculator.

Graph of In(X)

Press, simultaneously if in RPN mode, the left-shift key and the 0 (7))
key to produce the PLOT SETUP window. The field labeled Type will be
highlighted. If the option Function is not already selected press the soft key
labeled se the up and down keys to select Function, and press
to complete the selection. Check that the field labeled Indep: contains the
variable ‘X. If that is not so, press the down arrow key twice until the Indep
field is highlighted, press the soft key labeled i and modify the value of the
independent variable to read ‘X'. Pres when done. Press
return to normal calculator display.

Next, we'll resize the plot window. First, press, simultaneously if in RPN mode,
the left-shift key and the = (7)) key to produce the PLOT-FUNCTION
window. If there is any equation highlighted in this window, press i as
needed to clear the window completely. When the PLOT-FUNCTION window
is empty you will get a prompt message that reads: No Equ., Press ADD.
Press the soft key labeled # . This will trigger the equation writer with the
expression Y1(X)=< . Type LN(X). Press to return to the PLOT-FUNCTION

window. Press | to return to normal calculator display.

The next step is to press, simultaneously if in RPN mode, the left-shift key
and the wv (7)) key to produce the PLOT WINDOW - FUNCTION window.
Most likely, the display will show the horizontal (H-View) and vertical (v-view)
ranges as: H-View: -6.5 6.5, VView: -3.9 4.0

These are the default values for the x- and y-range, respectively, of the current
graphics display window. Next, change the H-View values to read: H-View: -1
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10 by using o) Next, press the soft key labeled
to let the calculator determine the corresponding vertical range. After a couple
of seconds this range will be shown in the PLOT WINDOW-FUNCTION
window. At this point we are ready to produce the graph of In(X). Press
I to plot the natural logarithm function.

Press o remove the
of the graph. Press to recover the current
to recover the original graphical menu.

To add labels to the graph pres
menu labels, and get a full vi
graphic menu. Press

To determine the coordinates of points on the curve press 3 (the cursor

moves on top of the curve at a point located near the center of the horizontal
range). Next, press (X,Y) to see the coordinates of the current cursor location.
These coordinates will be shown at the bottom of the screen.  Use the right- and
left-arrow keys to move the cursor along the curve. As you move the cursor
along the curve the coordinates of the curve are displayed at the bottom of the
screen. Check that when Y:1.00EO, X:2.72EQ. This is the point (e, 1), since
In(e) = 1. Press to recover the graphics menu.

Next, we will find the intersection of the curve with the x-axis by pressing

The calculator returns the value rRoot : 1, confirming that In(1) = 0. Press
o return to the PLOT WINDOW — FUNCTION. Press
to return to normal calculator display. You will notice that the root found in the

graphics environment was copied to the calculator stack.

Note: When you press , your variables list will show new variables
called and Press to see the contents of this variable. You
will get the program << — X ‘LN(X)’ >> , which you will recognize as the
program that may result from defining the function "Y1(X) = LN(X)" by using
(=)o . This is basically what happens when you a function in the
PLOT — FUNCTION window (the window that results from pressing «1 _*=_,
simultaneously if in RPN mode), i.e., the function gets defined and added to
your variable list.
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Next, press o see the contents of this variable. A value of 10.275 is
placed in the stack. This value is determined by our selection for the horizontal
display range. We selected a range between -1 and 10 for X. To produce
the graph, the calculator generates values between the range limits using a
constant increment, and storing the values generated, one at a time, in the
variabl as the graph is drawn. For the horizontal range (-1,10), the
increment used seems to be 0.275. When the value of X becomes larger than
the maximum value in the range (in this case, when X = 10.275), the drawing
of the graph stops. The last value of X for the graphic under consideration is
kept in variable X. Delete X and Y1 before continuing.

Graph of the exponential function
First, load the function exp(X), by pressing, simultaneously if in RPN mode, the
left-shift key and the = (&) key to access the PLOT-FUNCTION
window. Press to remove the function LN(X), if you didn’t delete Y1 as
suggested in the previous note. Press and type (9)¢*  (amd) @@ to
enter EXP(X) and return to the PLOT-FUNCTION window. Press

return fo normal calculator display.

Next, press, simultaneously if in RPN mode, the leftshift key and the
wN_ (7)) key to produce the PLOT WINDOW - FUNCTION window. Change
the H-View values to read: H-View: -8 2

After the vertical range is

by using

calculated, press §

. Next, press
to plot the exponential function.

NXT

To add labels to the graph press i . Press
menu labels, and get a full view of the graph. Press to
return to the PLOT WINDOW - FUNCTION.  Press to return to normal
calculator display.

to remove the

Page 12-10



The PPAR variable

Press to recover your variables menu, if needed. In your variables menu
you should have a variable labeled PPAR . Press to get the contents
of this variable in the stack. Press the down-arrow key, , to launch the stack
editor, and use the up- and down-arrow keys to view the full contents of PPAR.
The screen will show the following values:

(—2.,—1. 1879726322810 (2

L &

2.l 1EPa72eaz2el
.:%‘.389@56@9893} “
CE.,@.2 FUMCTION Y

=
.
L2
&

[RIFH +DEL [ DEL+[DEL L

PPAR stands for Plot PARameters, and its contents include two ordered pairs of
real numbers, (-8.,-1.10797263281) and (2.,7.38905609893),

which represent the coordinates of the lower left corner and the upper right
corner of the plot, respectively. Next, PPAR lists the name of the independent
variable, X, followed by a number that specifies the increment of the
independent variable in the generation of the plot. The value shown here is the
default value, zero (0.), which specifies increments in X corresponding to 1 pixel
in the graphics display. The next element in PPAR is a list containing first the
coordinates of the point of intersection of the plot axes, i.e., (0.,0.), followed by
a list that specifies the tick mark annotation on the x- and y-axes, respectively {#
10d # 10d}. Next, PPAR lists the type of plot that is to be generated, i.e.,
FUNCTION, and, finally, the y-axis label, i.e., Y.

The variable PPAR, if non-existent, is generated every time you create a plot.
The contents of the function will change depending on the type of plot and on
the options that you select in the PLOT window (the window generated by the
simultaneous activation of the and WN_ () keys.

Inverse functions and their graphs
Let y = f(x), if we can find a function y = g(x), such that, g(f(x)) = x, then we say
that g(x) is the inverse function of f(x). Typically, the notation g(x) = f *'(x) is

used to denote an inverse function. Using this notation we can write: if y = f(x),

then x = f(y). Also, f{f(x)) = x, and f1(f(x)) = x.
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As indicated earlier, the In(x) and exp(x) functions are inverse of each other,
i.e., In(exp(x)) = x, and exp(In(x)) = x. This can be verified in the calculator by
typing and evaluating the following expressions in the Equation Writer:
LN(EXP(X)) and EXP(LN(X)). They should both evaluate to X.

When a function f(x) and its inverse f!(x) are plotted simultaneously in the
same set of axes, their graphs are reflections of each other about the line y = x.
Let’s check this fact with the calculator for the functions LN(X) and EXP(X) by
following this procedure:

Press, simultaneously if in RPN mode, (1) _*=_. The function Y1(X) = EXP(X)
should be available in the PLOT - FUNCTION wmdow from ihe previous

exercise. Press and type the function 'z i} . Also, load
the function Y3(X) = X. Press (wr) i to refurn to normol colculotor display.

Press, simultaneously if in RPN mode, (59) v _, and change the H-View range
to read: H-View: -8 8

Press to generate the vertical range. Press to produce the

graph of y = In(x), y = exp(x), and y =x, simultaneously if in RPN mode.

You will notice that only the graph of y = exp(x) is clearly visible. Something
went wrong with the election of the vertical range. What happens is that,
when you press il in the PLOT FUNCTION — WINDOW screen, the
calculator produces the vertical range corresponding to the first function in the
list of functions to be plotted. Which, in this case, happens to be Y1(X) =
EXP(X). We will have to enter the vertical range ourselves in order to display

the other two functions in the same plot.

Press EHiiiE to return to the PLOT FUNCTION — WINDOW screen. Modify the

vertical and horizontal ranges to read: H-View: -8 8, VView: -4 4

By selecting these ranges we ensure that the scale of the graph is kept 1 vertical
to 1 horizontal. Press § and you will get the plots of the natural
logarithm, exponential, and y = x functions. It will be evident from the graph
that LN(X) and EXP(X) are reflections of each other about the line y = X. Press
# to return to the PLOT WINDOW - FUNCTION. Press to return to
normal calculator display.

Page 12-12



Summary of FUNCTION plot operation

In this section we present information regarding the PLOT SETUP, PLOT-
FUNCTION, and PLOT WINDOW screens accessible through the left-shift key
combined with the soft-menu keys through . Based on the graphing
examples presented above, the procedure to follow to produce a FUNCTION
plot (i.e., one that plots one or more functions of the form Y = F(X)), is the
following:

(<) om0, simultaneously if in RPN mode: Access to the PLOT SETUP window.
If needed, change TYPE to FuNcTION, and enter the name of the independent
variable.

Settings:
A check on _simult means that if you have two or more plots in the same
graph, they will be plotted simultaneously when producing the graph.
A check on connect means that the curve will be a continuous curve
rather than a set of individual points.
A check on _Pixels means that the marks indicated by #-Tick and v-
Tick will be separated by that many pixels.
The default value for both by H-Tick and v-Tick is 10.

Soft key menu options:
Use to edit functions of values in the selected field.
Use o select the type of plot to use when the Type: field is
highlighted. For the current exercises, we want this field set to FUNCTION.

Note: the soft menu keys and are not available at the same

time. One or the other will be selected depending on which input field is

highlighted.

Press the AXES soft menu key to select or deselect the plotting of axes in
the graph. If the option ‘plot axes’ is selected, a square dot will appear in
the key label: . Absence of the square dot indicates that axes will
lotted in the graph.

i to erase any graph currently existing in the graphics display

Use i o produce the graph according to the current contents of PPAR
for the equations listed in the PLOT-FUNCTION window.

Press to access the second set of soft menu keys in this screen.
Use EX#Hi to reset any selected field to its default value.
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Us to cancel any changes to the PLOT SETUP window and return to
normal calculator display.

Press BT to save changes to the options in the PLOT SETUP window and
return to normal calculator display.

(2) _r=_, simultaneously if in RPN mode: Access to the PLOT window (in this
case it will be called PLOT -FUNCTION window).

Soft menu key options:
to edit the highlighted equation.
to add new equations to the plot.

Note:
use to write new equations or edit old equations.

will trigger the equation writer EQW that you can

Use § o remove the highlighted equation.

Use | to add an equation that is already defined in your variables
menu, but not listed in the PLOT — FUNCTION window.

Use | to erase any graph currently existing in the graphics display
window.
Use 1 to produce the graph according to the current contents of PPAR

for the equations listed in the PLOT-FUNCTION window.
Press (»7) to activate the second menu list.
to move the selected equation one location up or

down respectively.

if you want fo clear all the equations currently active in the PLOT
~ FUNCTION window. The calculator will verify whether or not you want
to clear all the functions before erasing all of them. Select YES, and press
i to proceed with clearing all functions. Select NO, and press
de-activate the option CLEAR.

Press when done to return to normal calculator display.

(<) wn_, simultaneously if in RPN mode: Access to the PLOT WINDOW
screen.

Settings:
Enter lower and upper limits for horizontal view (H-View) and vertical view
(VView) ranges in the plot window. O,
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Enter lower and upper limits for horizontal view (H-View), and press £,
while the cursor is in one of the V-View fields, to generate the vertical view
(VView) range automatically. Or,

Enter lower and upper limits for vertical view (V-View), and press
while the cursor is in one of the H-View fields, to generate the horizontal
view (H-View) range automatically.

The calculator will use the horizontal view (H-View) range to generate data
values for the graph, unless you change the options Indep Low, (Indep) High,
and (Indep) Step. These values determine, respectively, the minimum,
maximum, and increment values of the independent variable to be used in
the plot. If the option Default is listed in the fields Indep Low, (Indep) High,
and (Indep) Step, the calculator will use the minimum and maximum values
determined by H-View.

A check on _Pixels means that the values of the independent variable
increments (Step:) are given in pixels rather than in plot coordinates.

Soft menu key options:
Use EiEEE to edit any entry in the window.

« Use as explained in Settings, above.
Use to erase any graph currently existing in the graphics display
window.

+  Use Bl to produce the graph according to the current contents of PPAR
for the equations listed in the PLOT-FUNCTION window.
Press (W) to activate the second menu list.

« Use o reset the field selected (i.e., where the cursor is positioned) to
its default value.
Use EEIEE to access calculator stack to perform calculations that may be
necessary to obtain a value for one of the options in this window. When
the calculator stack is made available to you, you will also have the soft
menu key options % and

« Use in case you want fo concel the current calculation and return to
the PLOT WINDOW screen. O,
Use o accept the results of your calculation and return to the PLOT
WINDOW screen.

+ Use o get information on the type of objects that can be used in the
selected option field.
Use o cancel any changes to the PLOT WINDOW screen and return
to normal calculator display.

+  Press to accept changes to the PLOT WINDOW screen and return to
normal calculator display.
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(=) e , simultaneously if in RPN mode: Plots the graph based on the settings
stored in variable PPAR and the current functions defined in the PLOT -
FUNCTION screen. If a graph, different from the one you are plotting, already
exists in the graphic display screen, the new plot will be superimposed on the
existing plot. This may not be the result you desire, therefore, | recommend to
use the § soft menu keys available in the PLOT SETUP, PLOT-
FUNCTION or PLOT WINDOW screens.

Plots of trigonometric and hyperbolic functions

The procedures used above to plot LN(X) and EXP(X), separately or
simultaneously, can be used to plot any function of the form y = f(x). It is left as
an exercise to the reader to produce the plots of trigonometric and hyperbolic
functions and their inverses. The table below suggests the values to use for the
vertical and horizontal ranges in each case. You can include the function Y=X
when plotting simultaneously a function and its inverse to verify their ‘reflection’
about the line Y = X.

H-View range V-View range
Function Minimum | Maximum | Minimum | Maximum

SIN(X) -3.15 3.15 AUTO
ASIN(X) -1.2 1.2 AUTO
SIN & ASIN -3.2 3.2 -1.6 1.6
COS(X) -3.15 3.15 AUTO
ACOS(X) -1.2 1.2 AUTO
COS & ACOS -3.2 3.2 -1.6 1.6
TAN(X) -3.15 3.15 -10 10
ATAN(X) -10 10 -1.8 1.8
TAN & ATAN 2 -2 -2 2
SINH(X) 2 2 AUTO
ASINH(X) -5 5 AUTO
SINH & ASINH -5 5 -5 5
COSH(X) 2 2 AUTO
ACOSH(X) -1 5 AUTO
COS & ACOS -5 5 -1 5
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TANH(X) 5 5 AUTO

ATANH(X) -1.2 1.2 AUTO

TAN & ATAN -5 5 2.5 2.5

Generating a table of values for a function

The combinations (2D 7 (/) ) and () 78 (7)), pressed simultaneously if
in RPN mode, let’s the user produce a table of values of functions. For example,
we will produce a table of the function Y(X) = X/(X+10), in the range -5 < X <

5 following these instructions:

We will generate values of the function f(x), defined above, for values of x
from -5 to 5, in increments of 0.5. First, we need to ensure that the graph
type is set fo FUNCTION in the PLOT SETUP screen (<) 2 , press them
simultaneously, if in RPN mode). The field in front of the Type option will be
highlighted. If this field is not already set to FUNCTION, press the soft key
nd select the FUNCTION option, then press
Next, press & to highlight the field in front of the option EQ, type the
function expression ‘X/(X+10)’ and pres i,
To accept the changes made to the PLOT SETUP screen press (W7)
You will be returned to normal calculator display.

The next step is to access the Table Set-up screen by using the keystroke
combination (9D BT (i.e., soft key ) — simultaneously if in RPN mode.
This will produce a screen where you can select the starting value (Star)
and the increment (Step). Enter the following: CoOH D
o)) .e., Zoom factor = 0.5). Toggle the ¥ soft
menu key until a check mark appears in front of the option Small Font if you
so desire. Then pres This will return you to normal calculator
display.

The TPAR variable

After finishing the table set up, your calculator will create a variable called

generated. To see the contents of this variable, press

TPAR (Table PARameters) that store information relevant to the table that is to be

To see the table, press (5 7« (i.e., soft menu key ) — simultaneously if

in RPN mode. This will produce a table of values of x = -5, -4.5, ...,

and
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the corresponding values of f(x), listed as Y1 by default. You can use the
up and down arrow keys to move about in the table. You will notice that
we did not have to indicate an ending value for the independent variable
x. Thus, the table continues beyond the maximum value for x suggested
early, namely x = 5.

and

Some options available while the table is visible are

«  Thel when selected, shows the definition of the independent variable.

- The i key simply changes the font in the table from small to big, and
vice versa. Try it.

- The key, when pressed, produces a menu with the options: In, Out,
Decimal, Integer, and Trig. Try the following exercises:

With the option In highlighted, pres The table is expanded so
that the x-increment is now 0.25 rather than 0.5. Simply, what the
calculator does is to multiply the original increment, 0.5, by the zoom
factor, 0.5, to produce the new increment of 0.25. Thus, the zoom in
option is useful when you want more resolution for the values of x in
your table.

- To increase the resolution by an additional factor of 0.5 press EH,
select In once more, and press § The xeincrement is now 0.0125.
To recover the previous x-increment, press
option Un-zoom. The x-increment is increased to 0.25.

- To recover the original x-increment of 0.5 you ca d
again, or use the ophon zoom out by pressing
The option Decimal in B produces x-increments of 0.10.

+ The option Integer in produces x-increments of 1.
The option Trig in produces increments related to fractions of 7, thus
being useful when plotting trigonometric functions.
To return to normal calculator display press @) .

Plots in polar coordinates

First of all, you may want to delete the variables used in previous examples
(e.g., X, EQ, Y1, PPAR) using function PURGE ((roo)
parameters related to graphics will be cleared. Press to check that the

. By doing this, all

variables were indeed purged.
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We W||| try to plot the function (6) = 2(1-sin(8)), as follows:
First, make sure that your calculator’s angle measure is set to radians.
Press (51) 200 , simultaneously if in RPN mode, to access to the PLOT
SETUP window.
Change TYPE to Polar, by pressing |
Press &’ and type:

N\

D B ES ¢ (W0 () d

The cursor is now in the Indep field. Press ()@ (P (@
change the independent variable to 6.

Press to return to normal calculator display.

Press () wv_, simultaneously if in RPN mode, to access the PLOT
window (in this case it will be called PLOT ~-POLAR window).
Change the H-VIEW range to -8 to 8, by using

, and the V-VIEW range to -6 to 2 by using

CeICH)
Note: the HVIEW and V-VIEW determine the scales of the display
window only, and their ranges are not related to the range of values of

the independent variable in this case.

Change the 1ndep Low value to O, and the High value to 6.28 (= 2x), by
[ Le ) D2)08)
to plot the function in polar coordinates. The result is a
curve shaped like a hearth. This curve is known as a cardiod (cardios,
Greek for heart).

[ Zo0H e, ¥ [TRACEL | EDIT [CANCL]

Press EEHE (D) | see the graph with labels. Press to
recover the menu. Press #1H to recover the original graphics menu.
Press to trace the curve. The data shown at the bottom of the
display is the angle 8 and the radius r, although the latter is labeled Y
(default name of dependent variable).
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Press o return to the PLOT WINDOW screen. Press

return to normal calculator display.

In this exercise we entered the equation to be plotted directly in the PLOT SETUP
window. We can also enter equations for plotting using the PLOT window, i.e.,
simultaneously if in RPN mode, pressing (9) _*=_. For example, when you
press (9) _*=_ after finishing the previous exercise, you will get the equation
“2*(1-SIN(6))" highlighted. Let's say, we want to plot also the function “2*(1-
COS(0))" along with the previous equation.

+  Press Bl , and type (2O (=) ()@ (>) @ @), to
enter the new equation.
Press to see the two equations plotted in the same figure. The
result is two intersecting cardioids. Press | to return to normal
calculator display.
'

Plotting conic curves
The most general form of a conic curve in the xy plane is:

Ax2+By2+ny+Dx+Ey+F = 0. We also recognize as conic equations those
given in the canonical form for the following figures:

« circle: X'Xc>)2"'(Y'Yo)2 =r?

(
ellipse: (xxo) 2/a2 + (yyo) /b2 =1
parabola: (y-b)2 = K(xa) or (xa)? = K(y-b)
hyperbola: (x%o) 2/a2 + (yyo) 2/bZ =1 or xy =K,

where x,, yo, a, b, and K are constant.

The name conic curves follows because these figures (circles, ellipses, parabolas
or hyperbolas) result from the intersection of a plane with a cone. For example,
a circle is the intersection of a cone with a plane perpendicular to the cone's
main axis.

Page 12-20



The calculator has the ability of plotting one or more conic curves by selecting
Conic as the function TYPE in the PLOT environment. Make sure to delete the
variables PPAR and EQ before continuing. For example, let's store the list of

equations
{/(X1)"2+(Y-2)22=3", ‘X*2/4+Y"2/3=1"}

into the variable EQ.

These equations we recognize as those of a circle centered at (1,2) with radius
V3, and of an ellipse centered at (0,0) with semi-axis lengths a = 2 and b= 3.

Enter the PLOT environment, by pressing (&) 20 , simultaneously if in RPN
mode, and select Conic as the TYPE. The list of equations will be listed in
the EQ field.

Make sure that the independent variable (Indep) is set to ‘X’ and the
dependent variable (Depnd) to ‘Y".

Press to return to normal calculator display.

Enter the PLOT WINDOW  environment, by pressing (&) ww_,
simultaneously if in RPN mode.

Change the range for HVIEW to -3 to 3, by using
Also, change the VVIEW range to -1.5 to 2 by using
WBEBEBE i(2)
Change the Indep Low: and High: fields to Default by using
while each of those fields is highlighted.  Select the option Reset value
after pressing HiIH o complete the resetting of values. Press
to return to the main menu.

Plot the graph

[ ZooH [ex, 3] | [EDIT[CANCL]
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Note: The H-View and V-View ranges were selected to show the intersection
of the two curves. There is no general rule to select those ranges, except based
on what we know about the curves. For example, for the equations shown
above, we know that the circle will extend from -3+1 =2 to 3+1 = 4 in x, and
from -3+2=-1 to 3+2=5 iny. In addition, the ellipse, which is centered at the
origin (0,0), will extend from -2 to 2 in x, and from V3 to V3 iny.

Notice that for the circle and the ellipse the region corresponding to the left and

right extremes of the curves are not plotted. This is the case with all circles or

ellipses plotted using conic as the TYPE.

+  To see labels:

To recover the menu:

+  To estimate the coordinates of the point of intersection, press the
menu key and move the cursor as close as possible to those points using the
arrow keys. The coordinates of the cursor are shown in the display. For
example, the left point of infersection is close to (-0.692, 1.67), while the
right intersection is near (1.89,0.5).

N T ik

Wi-g, 93E-1 Y:1,65E0 1. 2%EQ ¥:Y.3YE-

To recover the menu and return to the PLOT environment, press
To return to normal calculator display, press

Parametric plots

Parametric plots in the plane are those plots whose coordinates are generated
through the system of equations x = x(t) and y = y(f), where t is known as the
parameter. An example of such graph is the trajectory of a projectile, x(f) = xg

+vo-COS 01, y(t) = yg + vosin 6ot — V2-g+2 To plot equations like these,
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which involve constant values xq, yo, vo, and 8, we need to store the values of

those parameters in variables. To develop this example, create a sub-directory
called ‘PROJM’ for PROJectile Motion, and within that sub-directory store the
following variables: X0 =0, YO =10, VO = 10, 60 = 30, and g = 9.806.
Make sure that the calculator’s angle measure is set to DEG. Next, define the

functions (use Ce)oE_ ):

X(t) = XO + VO*COS(60)*t
Y(t) = YO + VO*SIN(80)*t — 0.5*g*2

which will add the variables and o the soft menu key labels.

SopRE : 3k
: 1o i 5. 506kg
£ 1ob : DEF THET( J=B+YB.COS(Er
25, Shek . - .
DEE THEMGhI=wa+vpcosey | UEF TNE| VIbI=YE+YESTHIEN
HOWA HOVAL
I T T T ZH1F + +DEL | DEL-+DEL L[ T0 o

To produce the graph itself, follow these steps:
Press (<) 2060, simultaneously if in RPN mode, to access to the PLOT SETUP
window.
Change TYPE to Parametric, by pressing
Press & and type ‘X(t) + i*Y(t)’ to define the parametric plot as that
of a complex variable. (The real and imaginary parts of the complex
variable correspond to the x- and y-coordinates of the curve.)
The cursor is now in the Indep field. Press (C)@m(E)@
change the independent variable to .
Press to return to normal calculator display.
Press (1) wn_, simultaneously if in RPN mode, to access the PLOT window
(in this case it will be called PLOT ~-PARAMETRIC window). Instead of
modifying the horizontal and vertical views first, as done for other types of
plot, we will set the lower and upper values of the independent variable
first as follows:
Select the Indep Low field by pressing &> <&>. Change this value to
Then, change the value of High to Enter CoO ()

or the step value (i.e., step = 0.1).
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Note: Through these settings we are indicating that the parameter t will

take values of t =0, 0.1, 0.2, ..., etc., until reaching the value of 2.0.

Press This will generate automatic values of the H-View and V-View
ranges based on the values of the independent variable t and the

definitions of X(t) and Y(t) used. The result will be:

PLDT HINODOH - FUNCTIONE

i, High:3.

ntdr HiniHuH horizental valug
0 |[EERZE] DEAR

Press to draw the parametric plot.
Press EEi i T to see the graph with labels. The window
parameters are such thqt you only see half of the labels in the x-axis.

NXT

1 12 33061302652 |

Press (m7) to recover the menu. Press
grcph|cs menu
Press i to determine coordinates of any point on the graph.
Use 3 and @) to move the cursor about the curve. At the bottom of the
screen you will see the value of the parameter t and coordinates of the
cursor as (X,Y)

Press
, or

i to recover the original

o return to the PLOT WINDOW environment. Then, press
, fo return to normal calculator display.

A review of your soft menu key labels shows that you now have the following
variables: t, EQ, PPAR, Y, X, g, 60, VO, YO, XO. Variables t, EQ, and PPAR are
generated by the calculator to store the current values of the parameter, 1, of the
equation to be plotted EQ (which contains ‘X(t) + I%Y(t)’), and the plot
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parameters. The other variables contain the values of constants used in the
definitions of X(t) and Y(t).

You can store different values in the variables and produce new parametric
plots of the projectile equations used in this example. If you want to erase the
current picture contents before producing a new plot, you need to access either
the PLOT, PLOT WINDOW, or PLOT SETUP screens, by pressing, (9) _r=_,
(9D ww_, or (9) 0. be pressed simultaneously if in RPN
mode). Then, press to return to the PLOT, PLOT
WINDOW, or PLOT SETUP screen. Press (ov), or , fo return to
normal calculator display.

Generating a table for parametric equations

In an earlier example we generated a table of values (X,Y) for an expression of
the form Y=f(X), i.e., a Function type of graph. In this section, we present the
procedure for generating a table corresponding to a parametric plot. ~ For this
purpose, we'll take advantage of the parametric equations defined in the
example above.

First, let's access the TABLE SETUP window by pressing (<) msr ,
simultaneously if in RPN mode. For the independent variable change
the Starting value to 0.0, and the Step value to 0.1. Pres i
Generate the table by pressing, simultaneously if in RPN mode,

(=) mae . The resulting table has three columns representing the
parameter t, and the coordinates of the corresponding points. For this
table the coordinates are labeled X1 and Y1.

Use the arrow keys, @ @<, to move about the table.

Press to return to normal calculator display.
This procedure for creating a table corresponding to the current type of plot can
be applied to other plot types.
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Plotting the solution to simple differential equations

The plot of a simple differential equation can be obtained by selecting Diff
Eq in the TYPE field of the PLOT SETUP environment as follows: suppose that we

want to plot x(t) from the differential equation dx/dt = exp(-+2), with initial
conditions: x = 0 at t = 0. The calculator allows for the plotting of the solution
of differential equations of the form Y'(T) = F(T,Y). For our case, we let Y->x

and T>1, therefore, F(T,Y)>f(t,x) = exp(+?).

Before plotting the solution, x(t), for t = 0 to 5, delete the variables EQ and
PPAR.

Press (<) 2060, simultaneously if in RPN mode, to access to the PLOT SETUP

window.
Change TYPE to Diff Eq.

Press & and type (CO(S) ¢ (Dewm CO@OD)
The cursor is now in the H-var field. It should show H-var:0 and also v-
var:1. This is the code used by the calculator to identify the variables to be
plotted. H-var:0 means the independent variable (to be selected later) will
be plotted in the horizontal axis.  Also, v-var:1 means the dependent
variable (default name ‘Y’) will be plotted in the vertical axis.

Press §” . The cursor is now in the Indep field. Press (@A)

() @ BEE to change the independent variable to .

Press to return to normal calculator display.

Press (9 wn_, simultaneously if in RPN mode, to access the PLOT window
(in this case it will be called PLOT WINDOW - DIFF EQ).

Change the HVIEW and V-VIEW parameters to read: HVIEW: -15,V-VIEW:
-11.5

Change the 1nit value to O, and the Final value to 5 by using: (o)
The values Step and Tol represent the step in the independent variable and
the tolerance for convergence to be used by the numerical solution. Let's
leave those values with their default settings (if the word default is not
shown in the Step: field, use (w7) i to reset that value to its default
value. Press (W7) to return to the main menu.) Press & .

The Init-Soln value represents the initial value of the solution to start the
numerical result. For the present case, we have for initial conditions x(0) =
0, fhus d to change this value to 0.0, by using (0)
Press i1 to plot the solution to the differential equation.
Press % to see the graph with labels.

NXT
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1.5]1

-1.

Press to recover the menu. Press
graphics menu.

When we observed the graph being plotted, you'll notice that the graph is
not very smooth. That is because the plotter is using a time step that is too
large. To refine the graph and make it smoother, use a step of 0.1. Try the
following keystrokes: D) The plot
will take longer to be completed, but the shape is definitely smoother than
before.

Press o see axes labels and range. Notice that the
labels for the axes are shown as O (horizontal) and 1 (vertical). These are
the definitions for the axes as given in the PLOT WINDOW screen (see
above), i.e., HVAR (f): 0, and VVAR(x): 1.

i to recover the original

=z

IXT

1.5]1

Press o recover menu and return o PICT environment.

Press () to determine coordinates of any point on the graph. Use (3
and @ to move the cursor in the plot area. At the bottom of the screen
you will see the coordinates of the cursor as (X,Y). The calculator uses X
and Y as the default names for the horizontal and vertical axes,
respectively.

Press  to return to the PLOT WINDOW environment. Then, press
to return to normal calculator display.

More details on using graphical solutions of differential equations are presented
in Chapter 16.
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Truth plots
Truth plots are used to produce two-dimensional plots of regions that satisfy a
certain mathematical condition that can be either true or false.  For example,
suppose that you want to plot the region for X*2/36 + Y*2/9 < 1,
proceed as follows:
Press () 260, simultaneously if in RPN mode, to access to the PLOT SETUP
window.
+ Change TYPE to Truth.
Press & and fype {(X*2/36+4Y22/9 < 1),'(X*2/16+Y22/9 > 1)}
i to define the conditions to be plotted.
The cursor is now in the Indep field. Leave that as ‘X’ if already set to that
variable, or change it to ‘X' if needed.
Press o return to normal calculator display.

Press () wn_, simultaneously if in RPN mode, to access the PLOT window
(in this case it will be called PLOT WINDOW - TRUTH window). Let's keep
the default value for the window's ranges: H-view: -6.5 6.5, V-View:
-3.9 4.0 (To reset them use select Reset all ).

Note: if the window’s ranges are not set to default values, the quickest way to

reset them is by using

(select Reset all)

Press to draw the truth plot. Because the calculator samples the
entire plotting domain, point by point, it takes a few minutes to produce a
truth plot. The present plot should produce a shaded ellipse of semi-axes 6
and 3 (in x and y, respectively), centered at the origin.

Press FEiEEE (w) § | to see the graph with labels. The window
parameters are such that you only see h |f of the labels in the x-axis. Press
(1) to recover the menu. Press (W7) o recover the original graphics
menu.

+  Press to determine coordinates of any point on the graph.  Use the
arrow keys to move the cursor about the region plotted. At the bottom of
the screen you will see the value of the coordinates of the cursor as (X,Y).
Press () &:11EE to return to the PLOT WINDOW environment. Then, press
, or o return to normal calculator display.

You can have more than one condition plotted at the same time if you multiply

7

the conditions. For example, to plot the graph of the points for which X2/36 +
Y2/9 <1, and X2/16 + Y2/9 > 1, use the following:
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Press () 20, simultaneously if in RPN mode, to access to the PLOT SETUP
window.

Press & and type ‘(X*2/36+Y"2/9 < 1)- (X*2/16+4Y"2/9 > 1)
define the conditions to be plotted.

Press to draw the truth plot. Again, you have to be patient
while the calculator produces the graph. If you want to interrupt the plot,
press , once. Then press LI

to

Plotting histograms, bar plots, and scatter plots

Histograms, bar plots and scatter plots are used to plot discrete data stored in
the reserved variable DAT. This variable is used not only for these types of
plots, but also for all kind of statistical applications as will be shown in Chapter
18.  As a matter of fact, the use of histogram plots is postponed until we get to
that chapter, for the plotting of a histogram requires to perform a grouping of
data and a frequency analysis before the actual plot.  In this section we will
show how to load data in the variable ZDAT and how to plot bar plots and
scatter plots.

We will use the following data for plotting bar plots and scatter plots:

X y z

3.1 21 1.1
3.6 3.2 22
42 45 33
45 56 4.4
49 3.8 55
52 22 6.6

Bar plots
First, make sure your calculator’s CAS is in Exact mode. Next, enter the data
shown above as a matrix, i.e.,

[13.1,2.1,1.1],03.6,3.2,2.2],[4.2,4.5,3.3],

Page 12-29



[4.5,5.6,4.4],[4.9,3.8,5.5],[5.2,2.2,6.6]]

to store it in ZDAT, use the function STOZX (available in the function catalog,
(P)_ar ). Press VAR to recover your variables menu. A soft menu key
labeled =DAT should be available in the stack. The figure below shows the
storage of this matrix in ALG mode:

4.24.5332.32
4.55.64.4
4.2 3.85.5
o222 6.6
tETOZAMSI1]
HOYH
caspr]l || |

To produce the graph:

Press () 260, simultaneously if in RPN mode, to access to the PLOT SETUP
window.

Change TYPE to Bar.

A matrix will be shown at the ZDAT field. This is the matrix we stored
earlier into ZDAT.

Highlight the co1: field. This field lets you choose the column of ZDAT that
is to be plotted. The default value is 1. Keep it fo plot column 1 in ZDAT.

Press # to return to normal calculator display.
Press () N _, simultaneously if in RPN mode, to access the PLOT
WINDOW screen.

Change the VView to read, v-view: 0 5.
Press i to draw the bar plot.

Press

V), or (1)

turn to the PLOT WINDOW environment. Then, press
#, to return to normal calculator display.

The number of bars to be plotted determines the width of the bar. The H- and V-
VIEW are set to 10, by default. We changed the V-VIEW to better
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accommodate the maximum value in column 1 of EDAT. Bar plots are useful
when plotting categorical (i.e., non-numerical) data.

Suppose that you want to plot the data in column 2 of the EDAT matrix:

Press (1) 200, simultaneously if in RPN mode, to access to the PLOT SETUP
window.

Press & to highlight the co1: field and type 2

NXT

Press () wv_, simultaneously if in RPN mode, to access to the PLOT SETUP
window.
Change V-View to read v-view: 0 6

Press o return to the PLOT WINDOW screen, then to return to

normal calculator display.

followed by

Scatter plots
We will use the same EDAT matrix to produce scatter plots. First, we will plot
the values of y vs. x, then those of y vs. z, as follows:

Press (<) 200, simultaneously if in RPN mode, to access to the PLOT SETUP

window.
Change TYPE to Scatter.

Press &< to highlight the Cols: field. Entfer
select column 1 as X and column 2 as Y in the Y-vs.-X scatter plot.
Press o return fo normal calculator display.

+  Press wn_, simultaneously if in RPN mode, to access the PLOT

—_— 7

WINDOW screen.
Change the plot window ranges to read: H-View: 0 6, V-View: 0 6.
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Press to draw the bar plot. Press i i LI to see
the plot unencumbered by the menu and with identifying |c1be|s (the cursor
will be in the middle of the plot, however):

Press o leave the EDIT environment.
Press # to return to the PLOT WINDOW environment. Then, press

, to return to normal calculator display.

(ov) , or (w7

To plot y vs. z, use:

Press (<) 200, simultaneously if in RPN mode, to access to the PLOT SETUP
window.

Press @< to highlight the cols: field. Enter (3D#EIHE

select column 3 as X and column 2 as Y in the Y-vs.-X scatter plot.

Press o return to normal calculator display.

Press () W, simultaneously if in RPN mode, to access the PLOT
WINDOW screen.

Change the plot window ranges to read: HView: 0 7, VView: 0 7.
Press to draw the bar plot.  Press
the plot unencumbered by the menu and with identifying labels.
¥

Press to leave the EDIT environment.
Press o return to the PLOT WINDOW environment. Then, press

, fo return to normal calculator display.

V), or (1)
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Slope fields

Slope fields are used to visualize the solutions to a differential equation of the
form y" =1f(x,y). Basically, what is presented in the plot are segments tangential
to the solution curves, since y’ = dy/dx, evaluated at any point (x,y), represents

the slope of the tangent line at point (x,y).

For example, to visualize the solution to the differential equation y’ = f(x,y) =

x+y, use the following:

Press (9 260, simultaneously if in RPN mode, to access to the PLOT SETUP
window.

Change TYPE to Slopefield.

Press & and type ‘X+Y
Make sure that ‘X’ is selected as the Indep: and ‘Y’ as the Depnd:
variables.

Press o return to normal calculator display.

Press wN_, simultaneously if in RPN mode, to access the PLOT
WINDOW screen.

Change the plot window ranges to read: X-left:-5, X-Right:5, Y-Near:-5, Y-Far:
5

NXT

to draw the slope field plot.  Press
to see the plot unencumbered by the menu and with identifying labels.
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to leave the EDIT environment.

+ Press

Press to return to the PLOT WINDOW environment. Then, press
, or to return to normal calculator display.

If you could reproduce the slope field plot in paper, you can trace by hand lines
that are tangent to the line segments shown in the plot. This lines constitute lines

Page 12-33



of y(x,y) = constant, for the solution of y' = f(x,y). Thus, slope fields are useful
tools for visualizing particularly difficult equations to solve.

Try also a slope field plot for the function y' = f(x,y) = - (y/x)% by using:

Press () 20, simultaneously if in RPN mode, to access to the PLOT SETUP
window.

+  Change TYPE to Slopefield.
Press & and type ‘- (Y/X)"2’
Press f

NXT

to draw the slope field plot. Press
o see the plot unencumbered by the menu and with identifying labels.
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Press i1 to leave the EDIT environment.
Press to return to the PLOT WINDOW environment. Then, press

to return to normal calculator display.

(ov] , or (W7)
Fast 3D plots

Fast 3D plots are used to visualize three-dimensional surfaces represented by
equations of the form z = f(x,y). For example, if you want to visualize z = f(x,y)

= x2+y2, we can use the following:
Press (<) 2060, simultaneously if in RPN mode, to access to the PLOT SETUP
window.
- Change TYPE to Fast3D.
+  Press & and type ‘X"2+Y"2
+  Make sure that ‘X’ is selected as the Indep: and ‘Y’ as the Depnd: variables.
+  Press to return to normal calculator display.
«  Press (9D mv_, simultaneously if in RPN mode, to access the PLOT

WINDOW screen.

- Keep the default plot window ranges to read: X-left:-1, XRight:1, Y-Near:-1, Y-
Far: 1, Zlow: -1, ZHigh: 1, Step Indep: 10, Depnd: 8
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Note: The Step Indep: and Depnd: values represent the number of
gridlines to be used in the plot. The larger these number, the slower it is
to produce the graph, although, the times utilized for graphic generation
are relatively fast. For the time being we'll keep the default values of 10
and 8 for the Step data.

+  Press to draw the three-dimensional surface.  The result is a
wireframe picture of the surface with the reference coordinate system shown
at the lower left corner of the screen. By using the arrow keys (O (> (&
) you can change the orientation of the surface. The orientation of the
reference coordinate system will change accordingly. Try changing the
surface orientation on your own. The following figures show a couple of
views of the graph:

L% Q L

+  When done, press

«  Press o return to the PLOT WINDOW environment.
Change the Step data to read: Step Indep: 20 Depnd: 16
Press I to see the surface plot. Sample views:
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+ When done, press
«  Press i to return to PLOT WINDOW.
+  Press , to return to normal calculator display.

Try also a Fast 3D plot for the surface z = f(x,y) = sin (x2+y?)
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Press () 20 , simultaneously if in RPN mode, to access the PLOT SETUP
window.

Press ¥ and type ‘SIN(X"2+Y"2)
to draw the plot.
When done, press i
i to return to PLOT WINDOW.

, or to return to normal calculator display.

Wireframe plots

Wireframe plots are plots of three-dimensional surfaces described by z = f(x,y).
Unlike Fast 3D plots, wireframe plots are static plots. The user can choose the
viewpoint for the plot, i.e., the point from which the surface is seen. For
example, to produce a wireframe plot for the surface z = x + 2y -3, use the
following:

Press (<) 280 , simultaneously if in RPN mode, to access to the PLOT
SETUP window.

Chonge TYPE fo Wireframe.
Press @ and type ‘X+2*Y-3
Make sure that ‘X’ is selected as the Indep: and ‘Y’ as the Depnd:
variables
Press to return to normal calculator display.

Press (<) wv_, simultaneously if in RPN mode, to access the PLOT
WINDOW screen.

Keep the default plot window ranges to read: X-left:-1, XRight:1, Y-Near:-1, Y-
Far: 1, Zlow: -1, ZHigh: 1, XE:0,YE:-3, ZE:0, Step Indep: 10 Depnd: 8

The coordinates XE, YE, ZE, stand for “eye coordinates,” i.e., the coordinates
from which an observer sees the plot. The values shown are the default values.
The Step Indep: and Depnd: values represent the number of gridlines to be used
in the plot. The larger these number, the slower it is to produce the graph. For
the time being we'll keep the default values of 10 and 8 for the Step

Press to draw the three-dimensional surface.  The result is a
wireframe picture of the surface.
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Press I to see the graph with labels and ranges. This
particular version of the graph is limited to the lower part of the display.
We can change the viewpoint to see a different version of the graph.

-

Press % to return to the PLOT WINDOW environment.
Change the eye coordinate data to read :  xE:0 YE:-3 ZE:3
to see the surface plot.

i to see the graph with labels and ranges.

This version of the graph occupies more area in the display than the
previous one. We can change the viewpoint, once more, to see another
version of the graph.

Press o return to the PLOT WINDOW environment.
Change the eye coordinate data to read :  xE:3 YE:3 ZE:3

Press to see the surface plot. This time the bulk of the plot is
located towards the right —hand side of the display.

Press to return to the PLOT WINDOW environment.
Press , or to return to normal calculator display.
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Try also a Wireframe plot for the surface z = f(x,y) = x?+y?

Press () 260 , simultaneously if in RPN mode, to access the PLOT SETUP
window.

Press <&¥ and type ‘X"2+Y"2
Pres o draw the slope field plot. Press §
to see the plot unencumbered by the menu and with identifying labels.

Press i to leave the EDIT environment.
Press to return to the PLOT WINDOW environment. Then, press

V), or (1)

to return to normal calculator display.

i,

Ps-Contour plots

Ps-Contour plots are contour plots of three-dimensional surfaces described by z
= f(x,y). The contours produced are projections of level surfaces z = constant
on the xy plane. For example, to produce a Ps-Contour plot for the surface z =

x2+y?, use the following:

Press () 280 , simultaneously if in RPN mode, to access to the PLOT
SETUP window.

Change TYPE fo Ps-Contour.

Press <&¥ and type ‘X"2+Y"2
Make sure that ‘X’ is selected as the Indep: and ‘Y’ as the Depnd:
variables.

Press to return to normal calculator display.

Press () wn_, simultaneously if in RPN mode, to access the PLOT
WINDOW screen.

Change the default plot window ranges to read: X-Left:2, X-Right:2, Y-Near:-1
Y-Far: 1, Step Indep: 10, Depnd: 8

Press | to draw the contour plot.  This operation will take some
time, so, be patient. The result is a contour plot of the surface. Notice that
the contour are not necessarily continuous, however, they do provide a
good picture of the level surfaces of the function.
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Press f3iHE (w7 i1l to see the graph with labels and ranges.
e T i L
I
ot
Taoaa-ds iy
T T M
ot Tl S )

to return to the PLOT WINDOW environment.
o return to normal calculator display.

Press (W) ()
+  Press , or (w7)

Try also a Ps-Contour plot for the surface z = f(x,y) = sin x cos y.

Press () 260 , simultaneously if in RPN mode, to access the PLOT SETUP
window.
«  Press & and type ‘SIN(X)*COS(Y)
+  Press to draw the slope field plot. Press £
see the plot unencumbered by the menu and with |denhfy|ng labels.

Z

i to leave the EDIT environment.
urn to the PLOT WINDOW environment. Then, press
to return to normal calculator display.

Press
+  Press

V), or (1)

Y-Slice plots
Y-Slice plots are animated plots of zvs.-y for different values of x from the
function z = f(x,y). For example, to produce a Y-Slice plot for the surface z =

x3xy3, use the following:

+  Press (=) 2, simultaneously if in RPN mode, to access to the PLOT
SETUP window.

- Change TYPE to Y-Slice.
«  Press & and type ‘X" 3+X*Y*3’
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Make sure that ‘X" is selected as the Indep: and ‘Y’ as the Depnd: variables.
Press to return to normal calculator display.
Press () w_, simultaneously if in RPN mode, to access the PLOT
WINDOW screen.

+  Change the default plot window ranges to read: Xleft:-1, X-Right:1, Y-Near:-
1, Y-Far: 1, ZLlow:-1, ZHigh:1, Step Indep: 10 Depnd: 8
Pres to draw the three-dimensional surface.  You will see the
calculator produce a series of curves on the screen, that will immediately
disappear. When the calculator finishes producing all the y-slice curves,
then it will automatically go into animating the different curves. One of the
curves is shown below.

to return to the PLOT

Press to stop the animation. Press |
WINDOW environment.

Press , or
Try also a Ps-Contour plot for the surface z = f(x,y) = (x+y) sin y.
+  Press () 2m , simultaneously if in RPN mode, to access the PLOT SETUP
window.
Press <& and type ‘(X+Y)*SIN(Y)’ .
+  Presst o produce the Y-Slice animation.
Press to stop the animation.

to return to normal calculator display.

«  Press to return to the PLOT WINDOW environment. Then, press
, or (D to return to normal calculator display.

Gridmap plots

Gridmap plots produce a grid of orthogonal curves describing a function of a
complex variable of the form w =f(z) = f(x+iy), where z = x+iy is a complex
variable. The functions plotted correspond to the real and imaginary part of w
= ®(x,y) + i¥(x,y), i.e., they represent curves @(x,y) =constant, and ¥(x,y) =
constant. For example, to produce a Gridmap plot for the function w = sin(z),
use the following:

Page 12-40



Press (<) 280 , simultaneously if in RPN mode, to access to the PLOT

SETUP window.

Change TYPE to Gridmap.

Press <& and type ‘SIN(X+i*Y)’
Make sure that ‘X’ is selected as the Indep and ‘Y’ as the Depnd: variables.
Press (W7) to return to normal calculator display.

Press (<) wn_, simultaneously if in RPN mode, to access the PLOT

WINDOW screen.

Keep the default plot window ranges to read: X-left:-1, X-Right:1, Y-Near:-1 Y-

Far: 1, XXLeft:-1 XXRight:1, YYNear:-1, yyFar: 1, Step Indep: 10 Depnd: 8
Press
correspondlng to the real and imaginary parts of the complex function.
Press E to see the graph with labels and ranges.

o

o return to the PLOT WINDOW environment.
to return to normal calculator display.

Press
Press , or (W

Other functions of a complex variable worth trying for Gridmap plots are:

(1) SIN((X,Y)) e, F(z) =sin(z) (2)(X,Y)"2 ie., F(z) = 22

(3) EXP((X,Y))  i.e. F(z) = e? (4) SINH((X,Y))  i.e., F(z) = sinh(z)
(5) TAN((X,Y)) ie. F(z) =tan(z) (6) ATAN((X,Y)) i.e., F(z) =tan(z)
(7) (X,Y)*3 ie., F(z) = 23 (8) 1/(X,Y) ie., F(z) = 1/z
(9)V (X,Y) ie., F(z) =z1/2

Pr-Surface plots

Pr-Surface (parametric surface) plots are used to plot a three-dimensional
surface whose coordinates (x,y,z) are described by x = x(X,Y), y = y(X,Y),
z=2(X,Y), where X and Y are independent parameters.

! to draw the gridmap plot. The result is a grid of functions
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Note: The equations x = x(X,Y), y = y(X,Y), z=z(X,Y) represent a parametric
description of a surface. X and Y are the independent parameters. Most
textbooks will use (u,v) as the parameters, rather than (X,Y). Thus, the

parametric description of a surface is given as x = x(u,v), y = y(u,v), z=z(u,v).

For example, to produce a Pr-Surface plot for the surface x = x(X,Y) = Xsin Y, y

=y(X,Y) = x cos Y, z=z(X,Y)=X, use the following:

Press () 280 , simultaneously if in RPN mode, o access to the PLOT
SETUP window.

Change TYPE to Pr-Surface.

Press &> and type ‘{X*SIN(Y), X*COS(Y), X}" &
Make sure that ‘X’ is selected as the Indep: and ‘Y’ as the Depnd: variables.
Press to return to normal calculator display.

Press () W _, simultaneously if in RPN mode, to access the PLOT
WINDOW screen.

Keep the default plot window ranges to read: X-left:-1, XRight:1, Y-Near:-1, Y-
Far: 1, ZLlow: -1, ZHigh:1, XE: O, YE:-3, zE:0, Step Indep: 10, Depnd: 8

Press to draw the three-dimensional surface.
Press

Press (w7) WW to return to the PLOT WINDOW environment.
Press (ov) , to return to normal calculator display.
The VPAR variable

The VPAR (Volume Parameter) variable contains information regarding the
“volume” used to produce a three dimensional graph. Therefore, you will see it
produced whenever you create a three dimensional plot such as Fast3D,
Wireframe, or Pr-Surface.
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Interactive drawing

Whenever we produce a two-dimensional graph, we find in the graphics screen
a soft menu key labeled Pressing produces a menu that include the
following options (press to see additional functions):

\ z.afy \ z.afy
_'_'_,_H. _'_'_,_H.
-§.5 I 5.5 -§.5 I 5.5
LINE [TLIRE| EoX | | +-- [LAEEL] DEL [ERAZE]

[l
u
-

—r

I 5.5

REFL [FICTH H, v+ |

Through the examples above, you have the opportunity to try out functions
LABEL, MENU, PICT>, and REPL. Many of the remaining functions, such as
DOT+, DOT,, LINE, BOX, CIRCL, MARK, DEL, etc., can be used to draw points,
lines, circles, etc. on the graphics screen, as described below. To see how to
use these functions we will try the following exercise:

First, we get the graphics screen corresponding to the following instructions:

Press (<) 200 , simultaneously if in RPN mode, to access to the PLOT
SETUP window.

Change TYPE to Function, if needed

Change EQ to ‘X’

Make sure that Indep: is set to ‘X’ also

Press to return to normal calculator display.

Press () wv_, simultaneously if in RPN mode, to access the PLOT
window (in this case it will be called PLOT -POLAR window).
Change the H-VIEW range to =10 to 10, by using WBBIE
)

Press to plot fhe function.

Press to add labels to the graph. Press (or

(<)mer_ ) to recover the original EDIT menu.
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Next, we illustrate the use of the different drawing functions on the resulting
graphics screen. They require use of the cursor and the arrow keys (@O (> (&
) to move the cursor about the graphics screen.

DOT+ and DOT-

When DOT+ is selected, pixels will be activated wherever the cursor moves
leaving behind a trace of the cursor position. When DOT- is selected, the
opposite effect occurs, i.e., as you move the cursor, pixels will be deleted.

For example, use the 0O (&) keys to move the cursor somewhere in the middle
of the first quadrant of the x-y plane, then press . The label will be
selected (X . Press and hold the 0 key to see a horizontal line being
traced. Now, press to select this option ( i). Press and hold the
@ key to see the line you just traced being erased.  Press when done,
to deselect this option.

MARK

This command allows the user to set a mark point which can be used for a
number of purposes, such as:

Start of line with the LINE or TLINE command
Corner for a BOX command
Center for a CIRCLE command

Using the MARK command by itself simply leaves an x in the location of the
mark (Press o see it in action).

LINE

This command is used to draw a line between two points in the graph. To see

it in action, position the cursor somewhere in the first quadrant, and press
Cmer A MARK is placed over the cursor indicating the origin of the

line. Use the 3 key to move the cursor to the right of the current position, say
about 1 cm to the right, and press A line is draw between the first and
the last points.

Notice that the cursor at the end of this line is still active indicating that the
calculator is ready to plot a line starting at that point. Press <3 to move the
cursor downwards, say about another cm, and press again. Now you
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should have a straight angle traced by a horizontal and a vertical segments
The cursor s still active. To deactivate it, without moving it at all, press
The cursor returns to its normal shape (a cross) and the LINE function is no
longer active.

TLINE

(Toggle LINE) Move the cursor to the second quadrant to see this function in
action. Press . A MARK is placed at the start of the toggle line. Move
the cursor with the arrow keys away from this point, and press Aline is
drawn from the current cursor position to the reference point selected earlier.
Pixels that are on in the line path will be turned off, and vice versa. To remove
the most recent line traced, press i again. To deactivate TLIN he
cursor to the original point where TLINE was activated, and press

BOX

This command is used to draw a box in the graph. Move the cursor to a clear
area of the graph, and press This highlights the cursor. Move the cursor
with the arrow keys to a point away, and in a diagonal direction, from the
current cursor position.  Press EE# again. A rectangle is drawn whose
diagonal joins the initial and ending cursor positions. The initial position of the
box is still marked with and x. Moving the cursor to another position and
pressing will generate a new box containing the initial point. To deselect
BOX, move the cursor to the original point where BOX was activated, then press

CIRCL

This command produces a circle. Mark the center of the circle with a MARK
command, then move the cursor to a point that will be part of the periphery of

the circle, and press To deactivate CIRCL, return the cursor to the

MARK position and press

Try this command by moving the cursor to a cl art of the graph, press
Move the cursor to another point, then pres A circle centered at the
MARK, and passing through the last point will be drawn.

LABEL

Pressing

places the labels in the x- and y-axes of the current plot. This
feature has been used extensively through this chapter.
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DEL

This command is used to remove parts of the graph between two MARK
positions. Move the cursor to a point in the graph, and pres Move the
cursor to a different point, press again. Then, press he section of
the graph boxed between the two marks will be deleted.

ERASE

The function ERASE clears the entire graphics window. This command is
available in the PLOT menu, as well as in the plotting windows accessible
through the soft menu keys.

i will remove the soft key menu labels to show the graphic
unencumbered by those labels. To recover the labels, press (D).

SuB

Use this command to extract a subset of a graphics object. The extracted object
is automatically placed in the stack. Select the subset you want to extract by
placing a MARK at a point in the graph, moving the cursor to the diagonal
corner of the rectangle enclosing the graphics subset, and press E#i#.  This
feature can be used to move parts of a graphics object around the graph.

REPL

This command places the contents of a graphic object currently in stack level 1
at the cursor location in the graphics window. The upper left corner of the
graphic object being inserted in the graph will be placed at the cursor position.
Thus, if you want a graph from the stack to completely fill the graphic window,
make sure that the cursor is placed at the upper left corner of the display.

PICT>

This command places a copy of the graph currently in the graphics window on
to the stack as a graphic object. The graphic object placed in the stack can be
saved into a variable name for storage or other type of manipulation.
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XY>
This command copies the coordinates of the current cursor position, in user
coordinates, in the stack.

Zooming in and out in the graphics display

Whenever you produce a two-dimensional FUNCTION graphic interactively,
the first soft-menu key, labeled EsE, lets you access functions that can be used
to zoom in and out in the current graphics display. The ZOOM menu includes
the following functions (press (T to move to the next menu):

ATV ATV

ZINTGIZTRIGIZLAST] |

We present each of these functions following. You just need to produce a
graph as indicated in Chapter 12, or with one of the programs listed earlier in
this Chapter.

ZFACT ZIN, ZOUT, and ZLAST

produces an input screen that allows you to change the current
X- and Y-Factors. The X- and Y-Factors relate the horizontal and vertical user-
defined unit ranges to their corresponding pixel ranges. Change the H-Factor
to read 8., and press then change the V-Factor to read 2., and press

. Check off the option YRecenter on cursor, and press

Back in the graphics display, press The graphic is re-drawn with the new
vertical and horizontal scale factors, centered at the position where the cursor
was located, while maintaining the original PICT size (i.e., the original number
of pixels in both directions).  Using the arrow keys, scroll horizontally or
vertically as far as you can of the zoomed-in graph.

To zoom out, subjected to the H- and V-Factors set with ZFACT, press BT
. The resulting graph will provide more detail than the zoomed-in graph.
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You can always return to the very last zoom window by using §

BOXZ

Zooming in and out of a given graph can be performed by using the soft-menu
key BOXZ. With BOXZ you select the rectangular sector (the “box”) that you
want to zoom in into. Move the cursor to one of the corners of the box (using
the arrow keys), and press § Using the arrow keys once more, move
the cursor to the opposite corner of the desired zoom box. The cursor will trace
the zoom box in the screen. When desired zoom box is selected, press
The calculator will zoom in the contents of the zoom box that you selected to fill
the entire screen.

If you now press ¥, the calculator will zoom out of the current box using the
H- and V-Factors, which may not recover the graph view from which you started
the zoom box operation.

ZDFLT, ZAUTO

Pressing re-draws the current plot using the def -and y-ranges, i.e.,
6.51t06.5inx, and -3.1t0 3.1 iny. The command on the other homd
creates a zoom window using the current independent variable (x) range, but
adjusting the dependent variable (y) range to fit the curve (as when you use the
function | n the PLOT WINDOW input form (C&) W, simultaneously in
RPN mode).

HZIN, HZOUT, VZIN and VZOUT

These functions zoom in and out the graphics screen in the horizontal or vertical
direction according to the current H- and V-Factors.

CNTR

Zooms in with the center of the zoom window in the current cursor location. The
zooming factors used are the current H- and V-Factors.

ZDECI

Zooms the graph so as to round off the limits of the x-interval to a decimal
value.

ZINTG

Zooms the graph so that the pixel units become user-define units. For example,
the minimum PICT window has 131 pixels. When you use ZINTG, with the
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cursor at the center of the screen, the window gets zoomed so that the x-axis
extends from —64.5 to 65.5.

ZSQR

Zooms the graph so that the plotting scale is maintained at 1:1 by adjusting the
x scale, keeping the y scale fixed, if the window is wider than faller. This forces
a proportional zooming.

ZTRIG

Zooms the graph so that the x scale incorporates a range from about -3 to
+3n, the preferred range for trigonometric functions.

Note: None of these functions are programmable. They are only useful in an
in the ZOOM menu with
the function ZFACTOR, which is used for gas dynamic and chemistry

inferactive way. Do not confuse the command 1

applications (see Chapter 3).

The SYMBOLIC menu and graphs

The SYMBOLIC menu is activated by pressing the key (fourth key from the
left in fourth row from the top of the keyboard). This menu provides a list of
menus related to the Computer Algebraic System or CAS, these are:

AD "o nrw e s ET

HOM[SYHEOLIC HERD
L ALGEERA..

2. HEITHHETIC..

2. CHLCULLE..

Y. GRAFH..

5. ZOLYER..

. TRIGUMOHETRIC..

7.ERF & LN

All but one of these menus are available directly in the keyboard by pressing
the appropriate keystroke combination as follows. The Chapter of the user
manual where the menus are described is also listed:

ALGEBRA.. (P _46 (the key) Ch. 5
ARITHMETIC.. (D)4 (the key) Ch. 5
CALCULUS.. (Dcac  (the (4 key) Ch. 13
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SOLVER.. (s (the (7D key) Ch. 6

TRIGONOMETRIC.. (B _1#6 (the (8 key) Ch. 5
EXP&LN.. e (the (8] key) Ch. 5

The SYMB/GRAPH menu
The GRAPH sub-menu within the SYMB menu includes the following functions:

1.DEFINE

2. GROEADD
2 FLOT
H.FLOTADD

DEFINE: same as the keystroke sequence ()0 (the key)
GROBADD: pastes two GROB:s first over the second (See Chapter 22)
PLOT(function): plots a function, similar to () 2060

PLOTADD(function): adds this function to the list of functions to plot, similar to
(9) 2

Plot setup..: same as () 0.

SIGNTAB(function): sign table of given function showing intervals of positive
and negative variation, zero points and infinite asymptotes

TABVAL: table of values for a function

TABVAR: variation table of a function

Examples of some of these functions are provided next.

PLOT(X"2-1) is similar to (59D 2060 with EQ: X*2 -1. Using &
produces the plot:

Qp: _ XiHult v Connact
H-Tick:10. WY-Tick:10. wfFixel=s

hoozg typg of plot
CHOOS AHE=m|ERAZE| DEAN

200H | (8, ¥ TRACE| FCR

PLOTAD is similar to (9 2080 but adding this function to EQ: X*2 -1.
Using § ' produces the plot:
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FaHult ¢ Connect

. WTick:id. #Fixels

TABVAL(X*2-1,{1, 3}) produces a list of {min max} values of the function in the
interval {1,3}, while SIGNTAB(X"2-1) shows the sign of the function in the
interval (-o0,+), with f(x) > O in (-o,-1), f(x) <O, in (-1,1), and f(x) > O in (1,+ o).
THELF
:TFIE"."FIL[HE—L{l 3}]

{HE—I 41 2k {8 8k
SIGHTHE[H —1]

f=wt+ =1 =1+ +m

TABVAR(LN(X)/X) produces the following table of variation:

s TREVAR| <5 |

£ LR L g
70 OTEHRD + P
I+ } { I?I I?
CERPCLD 4+
Grraphic 113 = 1

A detailed interpretation of the table of variation is easier to follow in RPN
mode:

_ LHC=T T d_ e
= LHER) | B LN
1 T EE
Sk
.==_Ji___£_3 C=[LHE-1]
. S >-———;§———
nﬁﬁﬁ?ﬁiziiﬂllmrnnmnl Ui, 13 [TRACE] PN | EDIT |

ariation table:
—-:-:-?EI+EI+E-1— o

??m¢%¢nw

The output is in a graphical format, showing the original function, F(X), the
derivative F'(X) right after derivation and affer simplification, and finally a table
of variation. The table consists of two rows, labeled in the right-hand side.
Thus, the top row represents values of X and the second row represents values
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of F. The question marks indicates uncertainty or non-definition. For example,
for X<0, LN(X) is not defined, thus the X lines shows a question mark in that
interval. Right at zero (0+0) F is infinite, for X=¢, F = 1/e. F increases before
reaching this value, as indicated by the upward arrow, and decreases after this
value (X=e) becoming slightly larger than zero (+:0) as X goes to infinity. A
plot of the graph is shown below fo illustrate these observations:

T

L1
. /’ ' 2.29725232552

Function DRAW3DMATRIX

This function takes as argument a nxm matrix, Z, = [ zij], and minimum and
maximum values for the plot. You want to select the values of v, and v gy SO

that they contain the values listed in Z. The general call to the function is,
therefore, DRAW3DMATRIX(Z,V min Vmax)- 1o illustrate the use of this function

we first generate a 6x5 matrix using RANM({6,5}), and then call function
DRAW3DMATRIX, as shown below:

TR =F R TR T
. 750 0 2
:RANHCLE 521 ez g b g oy -z-z
S kT T3 247 2 g
§ -% -4 -7 -7 Fold-
. 7U-5 7 -7
E 14 -y i : DRAMZOHATRIRCANECLY,-10,10)
F4-E P 7 HO%HL
| VIEH | RCL | STk [FURGE] | VIEM [ ECL | 5Tok [FURGE|CLEAFR]

The plot is in the style of a FAST3DPLOT. Different views of the plot are shown
below:

Page 12-52



Chapter 13
Calculus Applications

In this Chapter we discuss applications of the calculator’s functions to
operations related to Calculus, e.g., limits, derivatives, integrals, power series,
etc.

The CALC (Calculus) menu

Many of the functions presented in this Chapter are contained in the
calculator’'s CALC menu, available through the keystroke sequence () cuc.
(associated with the key). The CALC menu shows the following entries:

AD AYZ HEX K= 'H° LG
HOR PR AEND

2.LINIT: & SERIEZ..
2.DIFFERENTIAL EQN:..
Y. GKAFH..

5. DERYH

6. INTYH

The first four options in this menu are actually sub-menus that apply to (1)
derivatives and integrals, (2) limits and power series, (3) differential equations,
and (4) graphics.  The functions in entries (1) and (2) will be presented in this
Chapter. Differential equations, the subject of item (3), are presented in
Chapter 16. Graphic functions, the subject of item (4), were presented at the
end of Chapter 12. Finally, entries 5. DERVX and 6.INTVX are the functions to
obtain a derivative and a indefinite integral for a function of the default CAS
variable (typically, ’X’). Functions DERVX and INTVX are discussed in detail
later.

Limits and derivatives

Differential calculus deals with derivatives, or rates of change, of functions and
their applications in mathematical analysis. The derivative of a function is
defined as a limit of the difference of a function as the increment in the
independent variable tends to zero. Limits are used also to check the continuity
of functions.
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Function lim

The calculator provides function lim to calculate limits of functions. This function
uses as input an expression representing a function and the value where the
limit is to be calculated.  Function lim is available through the command
catalog ((P)_ar () (<) (@) or through option 2. LIMITS & SERIES... of the
CALC menu (see above).

Note: The functions available in the LIMITS & SERIES menu are shown next:

WD WTZ HEYX R= 'R ALG
HOW TTRTT: & SERIEZ WEMD_ |——

2. LiH
Z.ZERIES

H. TAYLORD
5.TAYLE

6. CALCULUE..

Function DIVPC is used to divide two polynomials producing a series
expansion. Functions DIVPC, SERIES, TAYLORO, and TAYLOR are used in series
expansions of functions and discussed in more detail in this Chapter.

* to calculate the

Function lim is entered in ALG mode as !
limit 1im £(x). In RPN mode, enter the function first, then the expression
xX—a

‘x=a’, and finally function lim. Examples in ALG mode are shown next,
including some limits to infinity. The keystrokes for the first example are as
follows (using Algebraic mode, and system flag 117 set to CHOOSE boxes):

(D) @)=

: Liu‘[lzl
T

:1inla ]
%A

[ZRIFH +HDEL | DEL+DEL L|
The infinity symbol is associated with the (0 key, i.e.., (9)®_ .
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To calculate one-sided limits, add +0 or -0 to the value to the variable. A “+0”
means limit from the right, while a “-0” means limit from the left. For example,

the limit of \/x —1 as x approaches 1 from the left can be determined with the
following keystrokes (ALG mode):

(P _ar () (D@l (O (=) (I
) I =)@

The result is as follows:

[ VIEW [ RCL [ ZT0M [FURGE]

Derivatives
The derivative of a function f(x) at x = a is defined as the limit

a

E:

oy i (X)) — f(X)
J'(x)=lim P

Some examples of derivatives using this limit are shown in the following screen
shots:

il Z0E

2.2 2lim
:I.iﬂ[—'::':'h:I X ] h+@
h+1

h

Functions DERIV and DERVX

The function DERIV is used to take derivatives in terms of any independent
variable, while the function DERVX takes derivatives with respect to the CAS
default variable VX (typically ‘X’). While function DERVX is available directly in
the CALC menu, both functions are available in the DERIV.&INTEG sub-menu
within the CALCL menu ( (e cac ).

Function DERIV requires a function, say f(t), and an independent variable, say, 1,
while function DERVX requires only a function of VX. Examples are shown next
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in ALG mode. Recall that in RPN mode the arguments must be entered before
the function is applied.

' DEEI'-.-'[t-et,t]
t DERYR[[E -]

1=
t DERIVISIHIS), =) - —[[—1+22%JE 1]
I I .

The DERIV&INTEG menu

The functions available in this sub-menu are listed below:

Al i AD i
Hom DERIY. & INTEG. MENU HioH DERIY. & INTEG. HENU

T T | ——

2. DERIY 2.INTVE

2. DERV 5. LAFL

4.DIv 10.FREWAL

5. FOURIER 11.RISCH

6. HEZZ 12.510HR

7. IEF 12 STGHRYE
2. InTv 1Y4. CALCULLS..

DERIY. & INTEG. WERU i
7. IEF

2.INTYS

3.LAFL

i0.FREVAL

11.RIZCH
12.5IGHA
17 . SIGHAMH

Out of these functions DERIV and DERVX are used for derivatives. The other
functions include functions related to anti-derivatives and integrals (IBP, INTVX,
PREVAL, RISCH, SIGMA, and SIGMAVX), to Fourier series (FOURIER),and to
vector analysis (CURL, DIV, HESS, LAPL). Next we discuss functions DERIV and
DERVX, the remaining functions are presented either later in this Chapter or in
subsequent Chapters.

Calculating derivatives with o

The symbol is available as (P)__ 9 (the key). This symbol can be used to
enter a derivative in the stack or in the Equation Writer (see Chapter 2). If you
use the symbol to write a derivative into the stack, follow it immediately with the
independent variable, then by a pair of parentheses enclosing the function to
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be differentiated. Thus, to calculate the derivative d(sin(r),r), use, in ALG mode:

() _Ram@ L V) ()@ @)

In RPN mode, this expression must be enclosed in quotes before entering it into
the stack. The result in ALG mode is:

s (S THIFD

A
COsi-
| | | | |

In the Equation Writer, when you press (P) 9, the calculator provides the
following expression:

!
e,

| CUES | EIG ml EVAL [FACTO]

The insert cursor () will be located right at the denominator awaiting for the
user fo enter an independent variable, say, s: @ ()@ . Then, press the right-
arrow key (0> ) to move to the placeholder between parentheses:

EDIT | CURS

Next, enter the function to be differentiated, say, s*In(s):

(=L 1)

| CUES | EIG ml EVAL [FACTO]
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To evaluate the derivative in the Equation Writer, press the up-arrow key (&,
four times, to select the entire expression, then, press The derivative will
be evaluated in the Equation Writer as:

LM(s)+sL

| CUES | EIG ml EVAL [FACTO]

Note: The symbol 9 is used formally in mathematics to indicate a partial
derivative, i.e., the derivative of a function with more than one variable.
However, the calculator does not distinguish between ordinary and partial
derivatives, utilizing the same symbol for both. The user must keep this
distinction in mind when translating results from the calculator to paper.

The chain rule

The chain rule for derivatives applies to derivatives of composite functions. A
general expression for the chain-rule is d{f[g(x)]}/dx = (df/dg)- (dg/dx). Using
the calculator, this formula results in:

ﬁ[F (a4

| CUFES | BTG m] EVAL [FACTH] STHF |

| CUES | EIG ml EVAL [FACTO]

The terms d1 in front of g(x) and f(g(x)) in the expression above are
abbreviations the calculator uses to indicate a first derivative when the
independent variable, in this case x, is clearly defined. Thus, the latter result is
interpreted as in the formula for the chain rule shown above. Here is another
example of a chain rule application:

—=[[ETHG: 7)

| CUES | EIG ml EVAL [FACTO]
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Derivatives of equations

You can use the calculator to calculate derivatives of equations, i.e., expressions
in which derivatives will exist in both sides of the equal sign. Some examples
are shown below:

NEPIREN
ey (x4 1=2C0Sa L 110

dixiti=z-SINGIE IR | pER IRt =Ml - 1] ¢ ]
=ﬁ[g[x]=x —3-::{] d]_h[t_]:%;t’
d1glxl=2u— -1

t DERYSIYTEI=TAMCED

dl T[H]—[THH[H]EH
s DERVRIGR)I= L H])
d1GIR1-(LHE+1

Notice that in the expressions where the derivative sign (3) or function DERIV
was used, the equal sign is preserved in the equation, but not in the cases
where function DERVX was used. In these cases, the equation was re-written
with all its terms moved to the left-hand side of the equal sign. Also, the equal
sign was removed, but it is understood that the resulting expression is equal to
zero.

Implicit derivatives

Implicit derivatives are possible in expressions such as:

ﬁ[}i(t :,2=|: 1+t :,]2] Bt Ltz 1+t a1 4]

| CUES | EIG ml EVAL [FACTO]

| CUES | BTG | EMAL [FACTH] STHF |

Application of derivatives

Derivatives can be used for analyzing the graphs of functions and for
optimizing functions of one variable (i.e., finding maxima and minima). Some
applications of derivatives are shown next.
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Analyzing graphics of functions

In Chapter 11 we presented some functions that are available in the graphics
screen for analyzing graphics of functions of the form y = f(x).  These functions
include (X,Y) and TRACE for determining points on the graph, as well as
functions in the ZOOM and FCN menu. The functions in the ZOOM menu
allow the user to zoom in into a graph to analyze it in more detail. These
functions are described in detail in Chapter 12. Within the functions of the
FCN menu, we can use the functions SLOPE, EXTR, F, and TANL to determine
the slope of a tangent to the graph, the extrema (minima and maxima) of the
function, to plot the derivative, and to find the equation of the tangent line.

Try the following example for the function y = tan(x).
Press 050, simultaneously in RPN mode, to access to the PLOT
SETUP window.

Change TYPE to FUNCTION, if needed, by using
Press (&> and type in the equation ‘TAN(X)".
Make sure the independent variable is set to ‘X'.
Press ET# to return to normal calculator display.

Press () wnv_, simultaneously, to access the PLOT window
Change H-VIEW range to -2 to 2, and V-VIEW range to -5 to 5.
Press 1 1o plot the function in polar coordinates.

The resulting plot looks as follows:

[ Z00H [ ek, ¥ [TRACE] Feh | EDIT [CANCL]

Notice that there are vertical lines that represent asymptotes. These are
not part of the graph, but show points where TAN(X) goes to + « at
certain values of X

Press ' and move the cursor to the point X: 1.08EOQ, Y:
1.86E0Q. Next, press The result is Slope:
4.45010547846
Press This operation produces the equation of the
tangent line, and plots its graph in the same figure. The result is shown
in the figure below:
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_.-‘
ManLing: ¥=Y.Y5010547EHE=H-2. 3343

Press to return to normal calculator display.
Notice that the slope and tangent line that you requested are listed in
the stack.

Function DOMAIN

Function DOMAIN, available through the command catalog (CP) _car ),
provides the domain of definition of a function as a list of numbers and
specifications. For example,

= DOMATHILHGI
= P E A+ o

indicates that between — and 0, the function LN(X) is not defined (2), while
from O to +eo, the function is defined (+). On the other hand,

=DOMAT H“ 1 —HE ]

e P -1+ 17 4w

indicates that the function is not defined between — and -1, nor between 1
and +eo. The domain of this function is, therefore, -1<X<1.

Function TABVAL

This function is accessed through the command catalog or through the GRAPH
sub-menu in the CALC menu. Function TABVAL takes as arguments a function of
the CAS variable, f(X), and a list of two numbers representing a domain of
interest for the function f(X). Function TABVAL returns the input values plus the
range of the function corresponding to the domain used as input. For example,
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:THE:'-.-'FIL[ -1 5}]

1
[

[ﬁ {{—1 S {E E}

—

2 26
2+1

HELF| | [ |

1

VX +1

This result indicates that the range of the function f(X)=

Q@}.
2

corresponding fo the domain D ={-1,5}isR = { ,
26

Function SIGNTAB

Function SIGNTAB, available through the command catalog ((P)_ar ),
provides information on the sign of a function through its domain. For example,
for the TAN(X) function,

: SIGHTABITAMIEI
m m
{—-:-:-?—E—El+§?+-:-:-

SIGNTAB indicates that TAN(X) is negative between -1t/2 and 0, and positive
between O and 1t /2. For this case, SIGNTAB does not provide information (2)
in the intervals between —= and -n /2, nor between +rn /2 and . Thus,

SIGNTAB, for this case, provides information only on the main domain of
TAN(X), namely -n /2 < X < +1t /2.

A second example of function SIGNTAB is shown below:

: STGHTAE] 1 |
i—w = =1+ +w

For this case, the function is negative for X<-1 and positive for X> -1.

Function TABVAR

This function is accessed through the command catalog or through the GRAPH
sub-menu in the CALC menu. It uses as input the function f(VX), where VX is the
default CAS variable. The function returns the following, in RPN mode:
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Level 3: the function f(VX)

+  Two lists, the first one indicates the variation of the function (i.e., where
it increases or decreases) in terms of the independent variable VX, the
second one indicates the variation of the function in terms of the
dependent variable.

A graphic object showing how the variation table was computed.

Example: Analyze the function Y = X3-4X211X+30, using the function TABVAR.
Use the following keystrokes, in RPN mode:

'@ () _cr @) (T (select TABVAR)

This is what the calculator shows in stack level 1:

15 Gra ?;E 113 = 95

Fe: (3 —am® 1 100420)
=ila-azi11)

Fr=:lge—gzm6-11

=5 [(3H=1 100K +17]

L= d = 5 = b =T -

This is a graphic object. To be able to the result in its entirety, press &> . The
variation table of the function is shown as follows:

T T x

ariaﬁian tables

-+ =1 - ? + o ¥

Press to recover normal calculator display. Press (€ to drop this last
result from the stack.

Two lists, corresponding to the top and bottom rows of the graphics matrix
shown earlier, now occupy level 1. These lists may be useful for programming
purposes. Press (@) to drop this last result from the stack.
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The interpretation of the variation table shown above is as follows: the function
F(X) increases for X in the interval (-, -1), reaching a maximum equal to 36 at
X =-1. Then, F(X) decreases until X = 11/3, reaching a minimum of —~400/27.
After that F(X) increases until reaching +e. Also, at X = teo, F(X) = too.

Using derivatives to calculate extreme points

“Extreme points,” or extrema, is the general designation for maximum and
minimum values of a function in a given interval. Since the derivative of a
function at a given point represents the slope of a line tangent to the curve at
that point, then values of x for which f'(x) =0 represent points where the graph
of the function reaches a maximum or minimum. Furthermore, the value of the
second derivative of the function, f”(x), at those points determines whether the
point is a relative or local maximum [t"(x)<0] or minimum [f"(x)>0]. These
ideas are illustrated in the figure below.

[ Flel =0 Pl =0

Pkl =0 £, 1 =0

In this figure we limit ourselves to determining extreme points of the function y =
f(x) in the x-interval [a,b]. Within this interval we find two points, x = x;, and x

= x)1, where f'(x)=0. The point x = x,,, where f"(x)>0, represents a local
minimum, while the point x = xy, where f"(x)<0, represents a local maximum.

From the graph of y = f(x) it follows that the absolute maximum in the interval
[a,b] occurs at x = a, while the absolute minimum occurs at x = b.

For example, to determine where the critical points of function 'X*3-4*X"2-
11*X+30' occur, we can use the following entries in ALG mode:
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T2
W4T { e W4T —1 1+ 30

. : DERYHIF]
TANSINE (i1 111
P as® i sers [ SOLVEVHIANSII N
2 DERYSIF) Ju=td w=-t]

(2111041 E]

We find two critical points, one at x = 11/3 and one at x = -1. To evaluate the
second derivative at each point use:

= LEFRYALIFT Y 11 LT L
2 SOLVEVHIANSI1T) : SUBST|FPPx=12|

1= 5=t e-Ll-g
- DER'-.-'H[DER'-.-'H[F]]I*I?EI;‘{ 41 = +HUMIAMSI1 1

The last screen shows that f/(11/3) = 14, thus, x = 11/3 is a relative minimum.
For x = -1, we have the following:

=

= +HUMIAHSI11
tSUBESTIFPP.5=-1]
= +HUMIAHSI11

This result indicates that f(-1) = -14, thus, x = -1 is a relative maximum.
Evaluate the function at those points to verify that indeed f(-1) > f(11/3).

11

: st sUBST|F x=1L |

-14.21421421
s +HUMISUBSTIF =—11

Higher order derivatives
Higher order derivatives can be calculated by applying a derivative function
several times, e.g.,
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. ﬁ[—m SIH[H]]]
GOS0 COSO S IN

, ] b 5[

v v e

[SRIFH +DEL [ DEL+[DEL L

Anti-derivatives and integrals

An anti-derivative of a function f(x) is a function F(x) such that f(x) = dF/dx. For
example, since d(x3) /dx = 3x%, an anti-derivative of f(x) = 3x% is F(x) = x3 + C,
where C is a constant. One way to represent an anti-derivative is as a
indefinite integral, i.e., .[f(x)dx = F(x)+C, itand only if, f(x) = dF/dx, and

C = constant.

Functions INT, INTVX, RISCH, SIGMA and SIGMAVX

The calculator provides functions INT, INTVX, RISCH, SIGMA and SIGMAVX to
calculate anti-derivatives of functions. Functions INT, RISCH, and SIGMA work
with functions of any variable, while functions INTVX, and SIGMAVX utilize
functions of the CAS variable VX (typically, x’).  Functions INT and RISCH
require, therefore, not only the expression for the function being integrated, but
also the independent variable name. Function INT, requires also a value of x
where the anti-derivative will be evaluated. Functions INTVX and SIGMAVX
require only the expression of the function to integrate in terms of VX. Some
examples are shown next in ALG mode:

. 2_
=IHT"."H[H'EH] -1ntls s_.s_.E] :
2

[4=1le . 2
 IMTYRIASIHEN k150" -5,] 24 3

i
[1-Sarai+ RSN Al

= SIGMANRITE—31

SIGMA[——=

IEF JINTV%| LAFL IFREVAIRIZ

Please notice that functions SIGMAVX and SIGMA are designed for integrands
that involve some sort of integer function like the factorial (!) function shown
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above. Their result is the so-called discrete derivative, i.e., one defined for
infeger numbers only.

Definite integrals
In a definite integral of a function, the resulting anti-derivative is evaluated at the
upper and lower limit of an interval (a,b) and the evaluated values subtracted.

Symbolically, Lbf(x)dx = F(b)—F(a), where f(x) = dF/dx.

The PREVAL(f(x),a,b) function of the CAS can simplify such calculation by
returning f(b)-f(a) with x being the CAS variable VX.

: FREVAL 2% =, @,5]

To calculate definite integrals the calculator also provides the integral symbol as
the keystroke combination (P) ! (associated with the key). The simplest
way to build an integral is by using the Equation Writer (see Chapter 2 for an
example). Within the Equation Writer, the symbol (@) /' produces the
integral sign and provides placeholders for the integration limits (a,b), for the
function, f(x), and for the variable of integration (x). The following screen shots
show how to build a particular integral. The insert cursor is first located in the
lower limit of integration, enter a value and press the right-arrow key (3> ) to
move fo the upper limit of integration. Enter a value in that location and press
(O again to move to the integrand location. Type the integrand expression,
and press once more to move to the differential place holder, type the variable
of integration in that location and the integral is ready to be calculated.

L ch [5[52—1].15

2

| CUES | EIG ml EVAL [FACTO]

| CUFES | BTG m] EVAL [FACTH] STHF |

At this point, you can press to return the integral to the stack, which will
show the following entry (ALG mode shown):
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':2: 55 5“2_155:'
[HELF| | | |

This is the general format for the definite integral when typed directly into the
stack, i.e., | (lower limit, upper limit, integrand, variable of integration)

Pressing at this point will evaluate the integral in the stack:

The integral can be evaluated also in the Equation Writer by selecting the entire
expression an using the soft menu key

Step-by-step evaluation of derivatives and integrals

With the Step/Step option in the CAS MODES windows selected (see Chapter
1), the evaluation of derivatives and integrals will be shown step by step. For
example, here is the evaluation of a derivative in the Equation Writer:

| CUES | EIG ml EVAL [FACTO]

Notice the application of the chain rule in the first step, leaving the derivative of
the function under the integral explicitly in the numerator. In the second step, the
resulting fraction is rationalized (eliminating the square root from the
denominator), and simplified. The final version is shown in the third step. Each
step is shown by pressing the menu key, until reaching the point where
further application of function EVAL produce no more changes in the
expression.
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The following example shows the evaluation of a definite integral in the
Equation Writer, step-by-step:

uare oot

[iy]
]
—_

=+

TEXT (T3
Y

1=+ 1 |

Fational fraction

?a% ional fraction

=l
I N N N T

LH[ -2+ ][5 [+LH[Z+]5 |

| CUES | EIG ml EVAL [FACTO]

Notice that the step-by-step process provides information on the intermediate
steps followed by the CAS to solve this integral. First, CAS identifies a square
root integral, next, a rational fraction, and a second rational expression, to
come up with the final result. Notice that these steps make a lot of sense to the
calculator, although not enough information is provided to the user on the

individual steps.

Integrating an equation

Integrating an equation is straightforward, the calculator simply integrates both
sides of the equation simultaneously, e.g.,
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1L "1
| Udh‘=| [t—21dt

| CUES | EIG ml EVAL [FACTO] | CUFES | BTG m] EVAL [FACTH] STHF |

Techniques of integration

Several techniques of infegration can be implemented in the calculators, as
shown in the following examples.

Substitution or change of variables

1/2 X
Suppose we want to calculate the integralJ. ———=4X _If we use step-by-
0 1_x2

step calculation in the Equation Writer, this is the sequence of variable
substitutions:

K

J—[xz—l]

IEt[u'*F(u)] with u=

E Y
J—Lx —1J
ImntCu'*F{u2] with u=
2—1
Sgquare oot
=
| T 1T 1
A~ F
Fational fraction

Fational fraction

- 2-}{2- 1 =
2=

| CUFES | BTG m] EVAL [FACTH] STHF |

The last four steps show the progression of the solution: a square root, followed
by a fraction, a second fraction, and the final result. This result can be
simplified by using function to read:
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EDIT | CURZ | EIG o EYAL [FACTO] STHF

Integration by parts and differentials

A differential of a function y = f(x), is defined as dy = f'(x) dx, where f'(x) is the
derivative of f(x). Differentials are used to represent small increments in the
variables. The differential of a product of two functions, y = u(x)v(x), is given by
dy = u(x)dv(x) +du(x)v(x), or, simply, d(uv) = udv - vdu. Thus, the integral of udv

= d(uv) - vdu, is written as Iudv = Jd(uv) - J.vdu . Since by the definition of

a differential, [dy =y, we write the previous expression as

Iudv =uv— |vdu .

This formulation, known as integration by parts, can be used to find an integral
if dv is easily integrable. For example, the integral [xe*dx can be solved by
integration by parts if we use u = x, dv = e*dx, since, v = &*. With du = dx, the
integral becomes fxe*dx = fudv = uv - vdu = xe* - [eXdx = xe* - &*.

The calculator provides function IBP, under the CALC/DERIV&INTG menu, that
takes as arguments the original function to integrate, namely, u(X)*v'(X), and
the function v(X), and returns u(X)*v(X) and -v(X)*u’(X). In other words, function
IBP returns the two terms of the right-hand side in the integration by parts
equation. For the example used above, we can write in ALG mode:

: IEP[H-EH,EH

I —E'H
[INTYH] LAFL [FREVA]RIZCH]

Thus, we can use function IBP to provide the components of an integration by
parts. The next step will have to be carried out separately.

It is important to mention that the integral can be calculated directly by using,
for example,
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s THTY "]

[a—1le
INTWH] LAFL [PREVAIRI=CH]

Integration by partial fractions

Function PARTFRAC, presented in Chapter 5, provides the decomposition of a
fraction into partial fractions. This technique is useful to reduce a complicated
fraction into a sum of simple fractions that can then be integrated term by term.
For example, to integrate

j X’ +5
X' 42X+ X

we can decompose the fraction into its partial component fractions, as follows:

' H5+5 ' PHRTFRHE[ = J
: PARTFRAC) =2 — “Hff“s W4z
B+ T pg® R
w10, 4 13 : INTUHCARZELY)
1.2 £ : 10.L0cK Hji 12:LNCH-
[INTY 3] LAFL [FREVAIRIZCH] ST GHA

The direct integration produces the same result, with some switching of the terms
(Rigorous mode set in fhe CAS - see Chapter 2):

2 £ Y
B 2 A DL - s 2L
=II'|T'.'H[%]
wlaantan
1 HE B BLACI+ LI -CL LRI -2

2 "

Improper integrals
These are integrals with infinite limits of integration. Typically, an improper
integral is dealt with by first calculating the integral as a limit to infinity, e.g.,
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Using the calculator, we proceed as follows:

17 )

4 £-1
H —Ed:l: =
" :lim(AMSILN
E-1 E ¥

[ZRIF+ +DEL | DEL+[DEL L INE ]

[RIFH +DEL [ DEL+[DEL L

Integration with units

An integral can be calculated with units incorporated into the limits of
integration, as in the example shown below that uses ALG mode, with the CAS
set to Approx mode. The left-hand side figure shows the integral typed in the
line editor before pressing @) . The right-hand figure shows the result after

pressing (EvTEr) .
1_mm .
: W dx
E_mam 3
CE_mmy 1y ™2y %2 « 333333333333 _mm

If you enter the integral with the CAS set to Exact mode, you will be asked to
change to Approx mode, however, the limits of the integral will be shown in a
different format as shown here:

11 _mm 5
H dx

x
Bl _mm

« 33TITIIIIIIS_mm
[ | |

These limits represent 1x1_mm and Ox1_mm, which is the same as 1_mm and
0_mm, as before. Just be aware of the different formats in the output.
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Some notes in the use of units in the limits of integrations:
1 = The units of the lower limit of integration will be the ones used in the final
result, as illustrated in the two examples below:

1_m 3 1_min 5
: = "ds : 7" dt
1_mm 1_= .
ZORAREEEEERAR, _mm 71999, BEEEEET _S
| [ [ | | 4 [ h [win]| = | Hz |

2 - Upper limit units must be consistent with lower limit units. Otherwise, the
calculator simply returns the unevaluated integral. For example,

Cl_mal ™2y
| 4 | h | Hin |

HOSHERLOZ10E .

I KT FTREA NS

CH3

4 — If both the limits of integration and the integrand have units, the resulting
units are combined according to the rules of integration. For example,

=-9 18-= Chi i
: ‘ (el _=)"" ch - 18545 ~5tdt
- =
[ = H_=
2.333333333332 _lg = 258 _c

[RIFH +DEL [ DEL+DEL L

Infinite series

An infinite series has the form Zh(”)(x —a)" . The infinite series typically
n=0,1

starts with indices n = 0 orn = 1. Each term in the series has a coefficient h(n)
that depends on the index n.
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Taylor and Maclaurin’s series
A function f(x) can be expanded into an infinite series around a point x=xq by
using a Taylor’s series, namely,

A (xo )

fx)= Z (x=x,)",

where f")(x) represents the n-th derivative of f(x) with respect to x, fO(x) = f(x).

If the value xq is zero, the series is referred to as a Maclaurin’s series, i.e.,

. (n)
f(x)= Z%.x”

Taylor polynomial and reminder

In practice, we cannot evaluate all terms in an infinite series, instead, we
approximate the series by a polynomial of order k, Py(x), and estimate the order
of a residual, Ry(x), such that

(n) (n)
F(x) = Zf ) (e 3 L ey,

n=k+1

ie. f(x)=P,(x)+ R, (x).

The polynomial Py(x) is referred to as Taylor's polynomial. The order of the
residual is estimated in terms of a small quantity h = xxg, i.e., evaluating the
polynomial at a value of x very close to xg. The residual if given by

_SIE) e
Rk(x)—T'h '

Page 13-23



where & is a number near x = x(. Since & is typically unknown, instead of an
estimate of the residual, we provide an estimate of the order of the residual in

reference fo h, i.e., we say that Ry(x) has an error of order h™*1, or R = O(hk*1).

hk+1

If h is a small number, say, h<<1, then will be typically very small, i.e.,

hktlechkec ...<< h << 1. Thus, for x close to xq, the larger the number of
elements in the Taylor polynomial, the smaller the order of the residual.

Functions TAYLR, TAYLRO, and SERIES

Functions TAYLR, TAYLRO, and SERIES are used to generate Taylor polynomials,

as well as Taylor series with residuals. These functions are available in the
CALC/LIMITS&SERIES menu described earlier in this Chapter.

Function TAYLORO performs a Maclaurin series expansion, i.e., about X = 0, of
an expression in the default independent variable, VX (typically ‘X’). The
expansion uses a 4-th order relative power, i.e., the difference between the
highest and lowest power in the expansion is 4. For example,

:THH’LII.:IRBIL.E}:.] 2 1.2 :THH"LDEB[SIIH[H]% |
EIH +E'H +§'H +ia+1 . E'H +?'H +i

ZERIE|TAYLO|TAYLE| CALC

Function TAYLR produces a Taylor series expansion of a function of any variable
x about a point x = a for the order k specified by the user. Thus, the function has
the format TAYLR(f(x-a),x,k). For example,

: THH’LE[SIH[E‘%]JEJE] s 1AvLRle" 1.t 5]

1 6ol 41 2, 1.5, vl i3,
- Sl lz6e " "24e T TEe” Ti
[ Lin [SERTETTAYLO[TAYLH FLin JSERTETTAYLO[TAYLK] CALC]

Function SERIES produces a Taylor polynomial using as arguments the function
f(x) to be expanded, a variable name alone (for Maclaurin’s series) or an
expression of the form ‘variable = value’ indicating the point of expansion of a
Taylor series, and the order of the series to be produced. Function SERIES
returns two output items a list with four items, and an expression for h = x - g, if
the second argument in the function call is ‘x=d’, i.e., an expression for the
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increment h. The list returned as the first output object includes the following
items:

1 - Bi-directional limit of the function at point of expansion, i.e., £1_TB f(x)

2 - An equivalent value of the function near x = a

3 - Expression for the Taylor polynomial

4 - Order of the residual or remainder

Because of the relatively large amount of output, this function is easier to handle
in RPN mode. For example:

: {Limit:l Equiul Expk

1: T
h_H_E
| Lin [SERIE[TAYLO|TAYLE] [ Lin [FERTE[TAYLO[TAYLE] CALC |

Drop the contents of stack level 1 by pressing (#), and then enter (4D, to
decompose the list. The results are as follows:

Limits1
i 1 Equiwil
" Expans: ho+==h
1: 720 24[ 7 Expans: '—-1-728%(h™6+
Femain:lh 1-"'24*|‘|'““4+ 1s2xh™2+1"
| Lin [SERIE[TAYLO|TAYLE]

[ZRIF+ +DEL | DEL+[DEL L INE ]
In the right-hand side figure above, we are using the line editor to see the series
expansion in detail.
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Chapter 14
Multi-variate Calculus Applications

Multi-variate calculus refers to functions of two or more variables. In this
Chapter we discuss the basic concepts of multi-variate calculus including partial
derivatives and multiple integrals.

Multi-variate functions

A function of two or more variables can be defined in the calculator by using
the DEFINE function ((2)2_ ). To illustrate the concept of partial derivative,
we will define a couple of multi-variate functions, f(x,y) = x cos(y), and g(x,y,z)

= (x24y?)1/Zsin(z), as follows:

: DEFIHE['F[::{,H]=}=:-CEIS[H]']
HOWA

: DEFIHE[ 9[x;u,z]=]x2H+ﬂ2ﬁ

[RIFH +DEL [ DEL+[DEL L

We can evaluate the functions as we would evaluate any other calculator

function, e.g.,

Graphics of two-dimensional functions are possible using Fast3D, Wireframe,
Ps-Contour, Y-Slice, Gridmap, and Pr-Surface plots as described in Chapter 12.

Partial derivatives

Consider the function of two variables z = f(x,y), the partial derivative of the
function with respect to x is defined by the limit
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a_f:hmf(x"‘hd’)_f(xd/)
Ox  h—0 h )

Similarly,

al: limf(x7y+k)_f(x9y)

ay k—0 k )
We will use the multi-variate functions defined earlier to calculate partial
derivatives using these definitions. Here are the derivatives of f(x,y) with respect
to x and y, respectively:

COS0y]
1 il A= G i F[::{,H+k]—+‘[x,H]]
h3E b > k
COSMy —[0 STl
[ ANz | FFAR [aRFHz] [T Hn: | FFAR [aRFRZHFFIT

Notice that the definition of partial derivative with respect to x, for example,
requires that we keep y fixed while taking the limit as h>0. This suggest a way
to quickly calculate partial derivatives of multi-variate functions: use the rules of
ordinary derivatives with respect to the variable of interest, while considering all
other variables as constant. Thus, for example,

2 (ve0s(1) = c05(1), = (reos(1)) = ~xsin(),
X y

which are the same results as found with the limits calculated earlier.
Consider another example,

i(yx2 +y2)= 2yx+0=2xy
ox

In this calculation we treat y as a constant and take derivatives of the expression
with respect fo x.

Similarly, you can use the derivative functions in the calculator, e.g., DERVX,
DERIV, 9 (described in detail in Chapter 13) to calculate partial derivatives.
Recall that function DERVX uses the CAS default variable VX (typically, ‘X’),
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therefore, with DERVX you can only calculate derivatives with respect to X.
Some examples of first-order partial derivatives are shown next:

=

- =S THY)
H aK[F[x,u]]

-3
COSy : au[g[x,u,z]]

: a—zmx,gn —=9  =THiz)

2-|}=:2+ 2

[ F | Hnz [FFAE] HFFIT

w2

2 DERWHGHS THOY -+ :
COSAYIRFS TR | )

VWl DIV |FOURI| HESE

Higher-order derivatives
The following second-order derivatives can be defined

If _ (afj f_o(df
ox>  ox\ox) 9y’ ay dy )

9'f _ (af j f_9d(d
dox dy\lox) oxdy ax dy

The last two expressions represent cross-derivatives, the partial derivatives signs
in the denominator shows the order of derivation. In the left-hand side, the
derivation is taking first with respect to x and then with respect to y, and in the
right-hand side, the opposite is true. It is important to indicate that, if a
function is continuous and differentiable, then

> f _ o’ f
dyox  oxdy
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Third-, fourth-, and higher order derivatives are defined in a similar manner.

To calculate higher order derivatives in the calculator, simply repeat the
derivative function as many times as needed. Some examples are shown
below:

[EAVR W) p T B

-1 -1 -1 -
|t a0 : ax[au[””‘*””]
ol s ol s ~S TN
: E[me,gn] : E[me,gn]
©—COSy —S M)
LERTPIDERYE] DI JF0UFI] LERTULERYA] DI¥ [FOUFT] HES: |

The chain rule for partial derivatives

Consider the function z = f(x,y), such that x = x(1), y = y(t). The function z
actually represents a composite function of tif we write it as z = f[x(1),y(t)]. The
chain rule for the derivative dz/dt for this case is written as

dz _dz ox Oz a_y

. 4+ —.
ov oOx dv dy dv

To see the expression that the calculator produces for this version of the chain

rule use:
: ﬁ[z[x[t],g[tm
Tt b2zt it dd it
I N A

The result is given by d1y()-d2z(x(t),y(1)+d 1x(1)-d1z(x(y),y(}). The term d1y(t)
is fo be interpreted as “the derivative of y(t) with respect to the 1% independent
variable, i.e., t", or d1y(t) = dy/dt. Similarly, d1x(t) = dx/dt. On the other
hand, d1z(x(1),y(t)) means “the first derivative of z(x,y) with respect to the first
independent variable, i.e., x”, or d1z(x(1),y(t)) = 0z/0x. Similarly, d2z(x(t),y(t))
= dz/dy. Thus, the expression above is to be interpreted as:

dz/dt = (dy/dt)-(9z/dy) + (dx/dt)- (9z/dx).
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Total differential of a function z = z(x,y)
From the last equation, if we multiply by dt, we get the total differential of the
function z = z(x,y), i.e., dz = (9z/9x)-dx + (9z/dy)-dy.

A different version of the chain rule applies to the case in which z = f(x,y), x =
x(u,v), y = y(u,v), so that z = f[x(y,v), y(u,v)]. The following formulas represent
the chain rule for this situation:

Jdz 0Oz 8x+8_z a_y

0z _0z ' Jdz oz ax+ai'8_y
du Ox ou 9y Ou

dv dax v dy ov

Determining extrema in functions of two variables

In order for the function z = f(x,y) to have an extreme point (extrema) at (x,Y,),
its derivatives of/dx and 9f/dy must vanish at that point. These are necessary

conditions. The sufficient conditions for the function to have an extreme at point
(Xo,Yo) are 9f/dx = 0, 9f/3y = 0, and A = (0%/9x2)- (9%/9y?)[0%/9xdy]? > 0.

The point (x,,Yyo) is a relative maximum if 9%/dx? < 0, or a relative minimum if

9%/9x%> 0. The value A is referred to as the discriminant.

If A = (9%/9x?)- (9%/2y?)-[9%/0xdy]? < O, we have a condition known as a
saddle point, where the function would attain @ maximum in x if we were to
hold y constant, while, at the same time, attaining a minimum it we were to
hold x constant, or vice versa.

Example 1 - Determine the exireme points (if any) of the function f(X,Y) = X3-3X-
Y245, First, we define the function f(X,Y), and its derivatives fX(X,Y) = af/dX,
fY(X,Y) = 9f/dY. Then, we solve the equations fX(X,Y) = 0 and fY(X,Y) = O,

simultaneously:

BT TN P
an B

2

perznel Fes,vasn® o215’ 3 =
H 1 = -y + -l
HOYA Iy CFCH Y IIRFY
PR IR Y -2
an 2 tSOLYECCFY FYI,CH va0
- LCH=1 =01 Ci=-1 ¥=01
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We find critical points at (X,Y) = (1,0), and (X,Y) = (-1,0). To calculate the
discriminant, we proceed to calculate the second derivatives, fXX(X,Y) = 9%t/
X2 IXY(X,Y) = 9%/0X/aY, and fYY(X,Y) = 9%/aY2.

FSULYTELLT O FITJdLn 1TJd°F 'ﬁ\n\-l—\'r T-XIFT T =
\ LCH=1 ¥=01 CH=-1 ¥=01 .

g RCLUFHDIRFRR s L RCLOFRIIRFRY

e
\ 22 )
: SR RELUFIRFYY S A

- —c12an
| FaR | F* | FE | F | | Fav [ Fvw [ FER | FY | FR |

The last result indicates that the discriminant is A = -12X, thus, for (X,Y) = (1,0),
A <0 (saddle point), and for (X,Y) = (-1,0), A>0 and 9%/9X2<0 (relative

maximum). The figure below, produced in the calculator, and edited in the
computer, illustrates the existence of these two points:

Using function HESS to analyze extrema

Function HESS can be used to analyze extrema of a function of two variables as
shown next. Function HESS, in general, takes as input a function of n
independent variables o(x7, xg, ...,x,), and a vector of the functions ['x;’
‘Xo'...'x’]. Function HESS returns the Hessian matrix of the function ¢, defined

as the matrix H = [hii] = [82¢/axi8xi], the gradient of the function with respect to
the n-variables, grad f = [ 90/9x7, 00/9x5 , ... 90/9x,], and the list of

variables ['x1” x9"..."x,'].
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Applications of function HESS are easier to visualize in the RPN mode.

Consider as an example the function ¢(X,Y,Z) = X2 + XY + XZ, we'll apply
function HESS to function ¢ in the following example. The screen shots show the
RPN stack before and after applying function HESS.

: s
: =B 211
: 18a
: 2 1@
PR =T [2HH+Y+Z % K]
1: 221 [t [ Y 21

When applied to a function of two variables, the gradient in level 2, when
made equal to zero, represents the equations for critical points, i.e., d0/9x; = O,

while the matrix in level 3 represent second derivatives. Thus, the results from
the HESS function can be used to analyze extrema in functions of two variables.

For example, for the function f(X,Y) = X3-3XY245, proceed as follows in RPN
mode:

XA 3-3*XYN 245 ['X,'Y'] Enter function and variables

HESS Apply function HESS
SOLVE Find critical points
Decompose vector
's1’ 's2' Store critical points

The variables s1 and s2, at this point, contain the vectors ['X=-1""Y=0] and
['X=1"Y=0], respect

‘H’ Store Hessian matrix
VAR i SUBST (7)) =wum Substitute s1 into H

The resulting matrix A has aq7 elements aj7 = 920/9X? = -6., agy = 920/9X? =
2., and ajp = agy = 920/9XdY = 0. The discriminant, for this critical point
s1(-1,0) is A = (92/0x2) (92/ay?)-[0%/axdy]2 = (6.)(2) = 12.0 > 0. Since
920/9X? <0, point s1 represents a relative maximum.

Next, we substitute the second point, s2, into H:

VAR

i SUBST () =Aum Substitute s2 into H
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The resulting matrix has elements a71 = 920/9X2 = 6., ayy = 9%0/X2 = -2,
and ajp = apy = 920/9XdY = 0. The discriminant, for this critical point s2(1,0)

is A = (92/9x2)- (0%/0y?)-[0%/9xdy]? = (6.)(-2.) = -12.0 < 0, indicating a
saddle point.

Multiple integrals

b
A physical interpretation of an ordinary integral, Lf(x)dx, is the area under

the curve y = f(x) and abscissas x = a and x = b.  The generalization to three
dimensions of an ordinary integral is a double integral of a function f(x,y) over
a region R on the xy plane representing the volume of the solid body contained
under the surface f(x,y) above the region R.  The region R can be described as
R = {a<x<b, f(x)<y<g(x)} or as R = {c<y<d, r(y)<x<s(y)}. Thus, the double
integral can be written as

floceda= [ [ o )dvae= [ [ o(x, )y

R

Calculating a double integral in the calculator is straightforward. A double
integral can be built in the Equation Writer (see example in Chapter 2). An
example follows. This double integral is calculated directly in the Equation
Writer by selecting the entire expression and using function i, The result is
3/2. Step-by-step output is possible by setting the Step/Step option in the CAS
MODES screen.

2
= +
L}Hudg i aEiDnal fraction
1

| CUES | EIG ml EVAL [FACTO]
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2
. ek 2 =
EE= Y Hgt ional fraction

2 =
Fational fraction
2 Fational fraction

I —— I I N T
==t E

| CUFES | BTG m] EVAL [FACTH] STHF |

| CUES | EIG ml EVAL [FACTO]

Jacobian of coordinate transformation
Consider the coordinate transformation x = x(u,v), y = y(u,v). The Jacobian of
this transformation is defined as

u o
_ _ ou v

| J |=det(J) = det a_y a_y .
du ov

When calculating an integral using such transformation, the expression to use

is H¢(x,y)dydx = J.J.¢[x(u,v),y(u,v)] | J | dudv , where R’ is the region R
R R'

expressed in (u,v) coordinates.

Double integral in polar coordinates

To transform from polar to Cartesian coordinates we use x(r,8) = r cos 6, and
y(r, 8) = r sin 8. Thus, the Jacobian of the transformation is

ox Ox
| o 96| _|cos(@) —r-sin(f)
= = =7
dy  dy| [sin(@) r-cos(6)
or 06

With this result, integrals in polar coordinates are written as
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B (=(9)
£ j¢(r,9)dA = L wa)gp(r,e)rdrda
where the region R’ in polar coordinates is R" = {o. < 6 < B, f(6) < r < g(6)}.

Double integrals in polar coordinates can be entered in the calculator, making
sure that the Jacobian |J| = ris included in the integrand. The following is an

example of a double integral calculated in polar coordinates, shown step-by-
step:

T [SIHCA)

'+
B dil ational fraction

| CUES | ETG m] EVAL [FACTO]

2
BSTHAD
Linearizing
RS IHCAD
[ [ | | CURE | EXG m] EVAL [FACTO]

| CUES | EIG ml EVAL [FACTO]
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Chapter 15
Vector Analysis Applications

In this Chapter we present a number of functions from the CALC menu that
apply to the analysis of scalar and vector fields. The CALC menu was
presented in detail in Chapter 13. In particular, in the DERIV&INTEG menu we
identified a number of functions that have applications in vector analysis,
namely, CURL, DIV, HESS, LAPL. For the exercises in this Chapter, change your
angle measure to radians.

Definitions

A function defined in a region of space such as o(x,y,z) is known as a scalar
field, examples are temperature, density, and voltage near a charge. If the
function is defined by a vector, i.e., F(x,y,z) = f(x,y,z)i+g(x,y,z)j+h(x,y,z)k, it is
referred to as a vector field.

The following operator, referred to as the ‘del’ or ‘nabla’ operator, is a vector-
based operator that can be applied to a scalar or vector function:

ARV Ry

When this operator is applied to a scalar function we can obtain the gradient
of the function, and when applied to a vector function we can obtain the
divergence and the curl of that function. A combination of gradient and
divergence produces another operator, called the Laplacian of a scalar
function. These operations are presented next.

Gradient and directional derivative

The gradient of a scalar function ¢(x,y,z) is a vector function defined by
d
gradp=Vo=i —¢+ ¢+k o
ox dy 0z
The dot product of the gradient of a function with a given unit vector represents
the rate of change of the function along that particular vector. This rate of
change is called the directional derivative of the function, D d(x,y,z) = ueV¢.
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At any particular point, the maximum rate of change of the function occurs in
the direction of the gradient, i.e., along a unit vector u = Vo/|Vo]|.

The value of that directional derivative is equal to the magnitude of the gradient
at any point Dyo,0(x,y,2) = Vo #Vo/ | Vo] = | V|

The equation 0(x,y,z) = O represents a surface in space. It turns out that the
gradient of the function at any point on this surface is normal to the surface.
Thus, the equation of a plane tangent to the curve at that point can be found by
using a technique presented in Chapter 9.

The simplest way to obtain the gradient is by using function DERIV, available in
the CALC meny, e.g.,

: DERTY (R 24Z57°2, [K,y
T Lmak, T2, Y]
I

A program to calculate the gradient

The following program, which you can store into variable GRADIENT, uses
function DERIV to calculate the gradient of a scalar function of X,Y,Z.
Calculations for other base variables will not work. If you work frequently in the
(X,Y,Z) system, however, this function will facilitate calculations:

<< XY Z 3 >ARRY DERIV >>

Type the program while in RPN mode. After switching to ALG mode, you can
call the function GRADIENT as in the following example:

; GRAGDIENT (™24 2+

[2r, 2%y 2%2 ]
I I

Using function HESS to obtain the gradient

The function HESS can be used to obtain the gradient of a function as shown
next. As indicated in Chapter 14, function HESS takes as input a function of n
independent variables o(x7, xg, ...,x,), and a vector of the functions ['x;’

‘x9...'xp’]. Function HESS returns the Hessian matrix of the function ¢, defined
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as the matrix H = [h;] = [00/9xdx]], the gradient of the function with respect to
the n-variables, grad f = [ 90/9x7, 90/9x5 , ... 39/dx,], and the list of

variables ['x7’ ‘xy'..."x,']. Consider as an example the function ¢(X,Y,Z) = X2 +

XY + XZ, we'll apply function HESS to this scalar field in the following example
in RPN mode:

T
=H 211
188
: 2 la@
ATHENEES 2 [2E+Y+E 7 Bl
1: L= 2] 1: =Y 21

Thus, the gradient is [2X+Y+Z, X, X]. Alternatively, one can use function DERIV
as follows: DERIV(X*2+X*Y+X*Z,[X,Y,Z]), to obtain the same result.

Potential of a gradient

Given the vector field, F(x,y,z) = f(x,y,z)i+g(x,y,z)j+h(x,y,z)k, if there exists a
function 0(x,y,z), such that f = 99/9x, g = 90/dy, and h = dd/9z, then d(x,y,z) is
referred to as the potential function for the vector field F. It follows that F = grad

o = Vo.

The calculator provides function POTENTIAL, available through the command
catalog ((P)_ar ), to calculate the potential function of a vector field, if it
exists. For example, if F(x,y,z) = xi + yj + zk, applying function POTENTIAL we
find:

=F‘I:ITEHTIFIL[[}=:E z1.[x g =y

SEG, Sag) | Shiz)
z 2 2

Since function SQ(x) represents x2, this results indicates that the potential
function for the vector field F(x,y,z) = xi + yj + zk, is 0(xy,z) = (x2+y2+22)/2.

Notice that the conditions for the existence of ¢(x,y,z), namely, f = d¢/9x, g =
d0/dy, and h = d¢/dz, are equivalent to the conditions: af/dy = dg/dx, of/dz =
oh/dx, and dg/dz = oh/dy. These conditions provide a quick way to determine
if the vector field has an associated potential function. If one of the conditions
of/dy = dg/ax, of/dz = oh/dx, dg/dz = oh/dy, fails, a potential function
d(x,y,z) does not exist. In such case, function POTENTIAL returns an error
message. For example, the vector field F(x,y,z) = (x+y)i + (xy+z)j + xzk, does
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not have a potential function associated with it, since, of/dz = oh/ox. The
calculator response in this case is shown below:

g% FOTEHTIAL
Error:
F'E Bad Argument

tPOTEMTIALICA+Y #=%+Z =1 '.,.'_31._"5. THE

OTEMTIAL CLA+Y s H=5+Z H Sy

21 [Eaa 212 "Ead Hrgument “Walue"
[ZKIF+ +DEL | DEL+[DEL L] [ZKIF+ +DEL | DEL+[DEL L] I u|

Divergence

The divergence of a vector function, F(x,y,z) = f(x,y,z)i+g(x,y,z)j+h(x,y,z)k,

is defined by taking a “dot-product” of the del operator with the function, i.e.,
af ag oh

ax ay oz

Function DIV can be used to calculate the divergence of a vector field. For

example, for F(X,Y,Z) = IXY,X2+Y2+72 YZ], the divergence is calculated, in ALG
mode, as follows:

divF =V e F =

o1yl 2= eySez® vz o
PHZoiEy

Laplacian

The divergence of the gradient of a scalar function produces an operator called
the Laplacian operator. Thus, the Laplacian of a scalar function 6(x,y,z) is given

by

0’9 d9'¢ 9’
Vip=Vevp=22,90,99
ox>  ox®  ox’
The partial differential equation V20 = 0 is known as Laplace’s equation.
Function LAPL can be used to calculate the Laplacian of a scalar function. For

example, to calculate the Laplacian of the function 6(X,Y,Z) = (X2+Y2)cos(Z),

use:
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Curl

The curl of a vector field F(x,y,z) = f(x,y,z)i+g(x,y,z)j+h(x,y,z)k, is defined by a
“cross-product” of the del operator with the vector field, i.e.,

i i k
d d 0
curlF =V xF = a_x[ ] @[ ] g[ ]
f(,y,2) gxy,z) h(x,y,z)

=1 a_h_a_g +J(al_a_hj+k a_h_a_g
dy 0oz dz Ox dy Oz

The curl of vector field can be calculated with function CURL. For example, for
the function F(X,Y,Z) = [XY,X2+Y2+Z2 YZ], the curl is calculated as follows:

vE %f'wz]ﬂ

: curL [y 5+
2=

+
[E-2:2

Irrotational fields and potential function

In an earlier section in this chapter we introduced function POTENTIAL to
calculate the potential function 6(x,y,z) for a vector field, F(x,y,z) = f(x,y,z)i+
g(x,y,z)j+ h(x,y,z)k, such that F = grad ¢ = V¢. We also indicated that the
conditions for the existence of ¢, were: 9t/dy = dg/0x, df/9z = oh/0x, and dg/
dz = oh/dy. These conditions are equivalent to the vector expression

curl F= VxF = 0.

A vector field F(x,y,z), with zero curl, is known as an irrotational field. Thus, we
conclude that a potential function ¢(x,y,z) always exists for an irrotational field
F(x,y,z).
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As an example, in an earlier example we attempted to find a potential function
for the vector field F(x,y,z) = (x+y)i + (x-y+z)j + xzk, and got an error message
back from function POTENTIAL. To verify that this is a rotational field (i.e., VxF
# 0), we use function CURL on this field:

P CURLICH+Y K—T+E[H-12L[2Ké
[ZRIF+ HIEL [ DEL+[DEL LI

On the other hand, the vector field F(x,y,z) = xi + yj + zk, is indeed irrotational
as shown below:

FCURLICA+Y H=5+E B 1,08
PCURLIGS ¥ 21,08 EJ%EI -

[ZRIF+ HIEL [ DEL+[DEL L

Vector potential

Given a vector field F(x,y,z) = f(x,y,z)i+g(x,y,z)j+h(x,y,z)k, if there exists a
vector function ®(x,y,z) = 0(x,y,z)i+w(x,y,z)j+n(x,y,z)k, such that F = curl ® = V
x @, then function ®(x,y,z) is referred to as the vector potential of F(x,y,z).

The calculator provides function VPOTENTIAL, available through the command
catalog (C(P) _ar ), to calculate the vector potential, ®(x,y,z), given the vector
field, F(x,y,z) = f(x,y,2)i+g(x,y,z)j+h(x,y,z)k. For example, given the vector
field, F(x,y,z) = -(yi+zj+xk), function VPOTENTIAL produces

='-.-'F'IIITEHT11 HLEI—IZ-rlz :-:2],[}: 1LH
A - TH | |5 +z-:{]

i.e., ®(xy,z) = -x2/2i + (-y2/2+zx)k.

It should be indicated that there is more than one possible vector potential

functions @ for a given vector field F. For example, the following screen shot
shows that the curl of the vector function @1 = [X2+Y2+Z2 XYZ,X+Y+Z] is the
vector F = Vx @y = [1XY,2Z-1,ZY-2Y]. Application of function VPOTENTIAL
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produces the vector potential function @, = [0, ZYX-2YX, Y-(2ZX-X)], which is
different from ®;. The last command in the screen shot shows that indeed F =
Vx @,. Thus, a vector potential function is not uniquely determined.

The components of the given vector field, F(x,y,z) = f(x,y,z)i+g(x,y,z)j
+h(x,y,z)k, and those of the vector potential function, ®(x,y,z) =
o(x,y,z)i+w(x,y,z)j+n(x,y, z)k, are related by t = an/dy - oy/9x, g = d9/9z - In/
ox, and h = dy/0x - 99/ dy.

A condition for function ®(x,y,z) to exists is that div F = VeF = 0, i.e., of/ox +
dg/dy + df/dz = 0. Thus, if this condition is not satisfied, the vector potential
function ®(x,y,z) does not exist. For example, given F = [X+Y,X-Y,Z*2], function
VPOTENTIAL returns an error message, since function F does not satisfy the
condition VeF = 0:

Lw

4k YPOTEMTIAL
21 kuE EI"EDE: v |z 2
=HPDTEHTIH%HH+?K—?2 I3 : ugluergumen 3

-

L Y ———
[Ha el ] ] " d Argument. '-.-'alu"

The condition VeF = O is verified in the following screen shot:

s pIvlley oy 2] oy 21l
i+-1+2.7
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Chapter 16
Differential Equations

In this Chapter we present examples of solving ordinary differential equations
(ODE) using calculator functions. A differential equation is an equation
involving derivatives of the independent variable. In most cases, we seek the
dependent function that satisfies the differential equation.

Basic operations with differential equations

In this section we present some uses of the calculator for entering, checking and
visualizing the solution of ODEs.

Entering differential equations

The key to using differential equations in the calculator is typing in the
derivatives in the equation. The easiest way to enter a differential equation is to
type it in the equation writer. For example, to type the following ODE:

(x-1)-(dy(x)/dx)Z + 2:x-y(x) = € sin x, use:

() _ew (L w) (D)@ (D) e IP]) @ W ()
O (@A) @ (@0 D OICIED B ES)

® @ @)L >®®>m®

)= (e @ IV ()

The derivative dy/dx is represented by dx (v (x)) or by diy(x). For solution
or calculation purposes, you need to specify y(x) in the expression, i.e., the
dependent variable must include its independent variable(s) in any derivative in
the equation.

You can also type an equation directly into the stack by using the symbol 9 in
the derivatives. For example, to type the following ODE involving second-order
derivatives: d2u(x)/dx? + 3u(x)-(du(x)/dx) + u(x)2 = 1/x, directly into the
screen, use:

(O (P)_wm()®(a) L s (D)
)Y ()@ EHIEIC]wm (D@a))

e (@O CO(P) _Qum ()@ (@) L wm()@a) v

wr (D@ O (D d@) L ()@

—= W) () ® @)
The resultis  “0x (9x (u (x) ) ) +3*u (x) *dx (u (x) ) +u™2=1/x ". This format
shows up in the screen when the _Textbook option in the display setting
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((nooe)
Writer.

) is not selected. Press <3V to see the equation in the Equation

An alternative notation for derivatives typed directly in the stack is to use ‘d1” for
the derivative with respect to the first independent variable, ‘d2’ for the
derivative with respect to the second independent variable, etc. A second-

order derivative, e.g., d?x/dt% where x = x(t), would be written as ‘d1d 1x(t),
while (dx/dt)2 would be written ‘d1x(1)*2". Thus, the PDE 92y/at2 - g(x,y)-

(02y/9x%)2 = r(x,y), would be written, using this notation, as ‘d2d2y(x,1)-
glx,y)*d1d1y(x,)"2=r(x,y)"

The notation using ‘d" and the order of the independent variable is the notation
preferred by the calculator when derivatives are involved in a calculation. For
example, using function DERIV, in ALG mode, as shown next
DERIV('x*f(x,1)+g(t,y) = h(x,y,1)’1), produces the following expression:

‘x*d2f (x,t) +d1lg(t,y)=d3h(x,y,t)" Translated to paper, this
expression represents the partial differential equation x-(df/dt) + dg/ot = oh/at.

Because the order of the variable t is different in f(x,1), g(t,y), and h(x,y,1),
derivatives with respect to t have different indices, i.e., d2f(x,1), d1g(t,y), and
d3h(x,y,t). All of them, however, represent derivatives with respect to the same
variable.

Expressions for derivatives using the order-of-variable index notation do not
translate into derivative notation in the equation writer, as you can check by
pressing &’ while the last result is in stack level 1. However, the calculator
understands both notations and operates accordingly regarding of the notation
used.

Checking solutions in the calculator

To check if a function satisfy a certain equation using the calculator, use
function SUBST (see Chapter 5) to replace the solution in the form ‘y = f(x)’ or 'y
= f(x,1)/, etc., into the differential equation. You may need to simplify the result
by using function EVAL to verify the solution. For example, to check that u = A

sin m,t is a solution of the equation d%u/dt? + w,2u = 0, use the following:

In ALG mode:
SUBST('at(aHu(t))+ 00" 2* u(t) = O, ‘u(t)=A*SIN (00*1)')
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EVALIANS(1))
In RPN mode:

“HAH(u(h)+ 00 2*ult) = O’

“W(t)=A*SIN (00*t)’

The result is '0=0".

For this example, you could also use: ‘ot(at(u(t))))+ ®O0"2*u(t) = O’ to enter the

differential equation.

Slope field visualization of solutions

Slope field plots, introduced in Chapter 12, are used to visualize the solutions to
a differential equation of the form dy/dx = f(x,y). A slope field plot shows a
number of segments tangential to the solution curves, y = f(x). The slope of the
segments at any point (x,y) is given by dy/dx = f(x,y), evaluated at any point
(x,y), represents the slope of the tangent line at point (x,y).

Example 1 - Trace the solution to the differential equation y’ = f(x,y) = sin x cos
y, using a slope field plot. To solve this problem, follow the instructions in

Chapter 12 for slopefield plots.

If you could reproduce the slope field plot in paper, you can trace by hand lines
that are tangent to the line segments shown in the plot. This lines constitute lines
of y(x,y) = constant, for the solution of y' = f(x,y). Thus, slope fields are useful
tools for visualizing particularly difficult equations to solve.

In summary, slope fields are graphical aids to sketch the curves y = g(x) that

correspond to solutions of the differential equation dy/dx = f(x,y).

The CALC/DIFF menu

The DIFFERENTIAL EQNS.. sub-menu within the CALC ()¢ ) menu provides
functions for the solution of differential equations. The menu is listed below with
system flag 117 set to CHOOSE boxes:
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RAD WYZ2 HEX K= 'H' ALG RAD WYZ HEX E~ 'H' ALG

£HOH PR RERD —
1.DERIV. & INTEG...

2.LINIT: & SERIEZ..
2.DIFFERENTIAL ERNZ..
H.GRAFH..

5.DERVY

& INTVY

H.LDEC
5. CALCULUZ..

|1 1 [ [cAnci] ok | HELP] | | [cAnci] ok |

These functions are briefly described next. They will be described in more detail
in later parts of this Chapter.

DESOLVE: Differential Equation SOLVEr, provides a solution if possible

ILAP: Inverse LAPlace transform, L' [F(s)] = f(1)
LAP: LAPlace transform, L[f()]=F(s)
LDEC: solves Linear Differential Equations with Constant coefficients, including

systems of differential equations with constant coefficients

Solution to linear and non-linear equations

An equation in which the dependent variable and all its pertinent derivatives
are of the first degree is referred to as a linear differential equation. Otherwise,
the equation is said to be non-inear. Examples of linear differential equations

are: d2x/dt? + B-(dx/df) + ©y-x = A sin ort, and 9C/at + u-(9C/dx) = D-(92C/
ax2).

An equation whose right-hand side (not involving the function or its derivatives)
is equal to zero is called a homogeneous equation. Otherwise, it is called non-
homogeneous. The solution to the homogeneous equation is known as a
general solution. A particular solution is one that satisfies the non-
homogeneous equation.

Function LDEC

The calculator provides function LDEC (Linear Differential Equation Command)
to find the general solution to a linear ODE of any order with constant
coefficients, whether it is homogeneous or not. This function requires you to
provide two pieces of input:

e the right-hand side of the ODE
e the characteristic equation of the ODE
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Both of these inputs must be given in terms of the default independent variable
for the calculator’'s CAS (typically ‘X’). The output from the function is the
general solution of the ODE. The function LDEC is available through in the
CALC/DIFF menu. The examples are shown in the RPN mode, however,
translating them fo the ALG mode is straightforward.

Example 1 - To solve fhe homogeneous ODE d3y/o| 3
dx)+30-y = 0, enter: & R

The solution is:

= =T
)

(128:cCh+] G I—EcC2 e [2@.cCa-(ScC1+5cC2) e

128>

3 2% ~(30.cCO-(21.cCL-Bcr)) )

where cCO, cC1, and cC2 are constants of integration. While this result seems
very complicated, it can be simplified if we take

K1 = (10*cCO-(7+cC1-cC2))/40, K2 = -(6*cCO-(cC1+cC2))/24,
and
K3 = (15*cCO+(2*cC1-cC2))/15.

Then, the solution is

y = Ky 4+ Ky-e?* + Kze2

The reason why the result provided by LDEC shows such complicated
combination of constants is because, internally, to produce the solution, LDEC
utilizes Laplace transforms (to be presented later in this chapter), which
transform the solution of an ODE into an algebraic solution. The combination
of constants result from factoring out the exponential terms after the Laplace
transform solution is obtained.

Example 2 — Using the function LDEC, solve the non-homogeneous ODE:
d3y/dx3-4-(d2y/dx?)-11-(dy/dx)+30-y = x2.

Enter:

ENTER N
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The solution, shown partially here in the Equation Writer, is:

(a?aaa-cca+asaa-:c1—(133a-:cz+45a))-ea'x-ez'x—[[[s?sacca—(1 125en 125 ezl - sannracantane))

2?888-23\’g

-ealx*[s?SBcCB*[‘t?ZS‘cC1*(6?5‘c02*59)]]]

Replacing the combination of constants accompanying the exponential terms
with simpler values, the expression can be simplified to y = K;-¢3 + Kp-”* +

K-e2X + (450-x2+330-x+241)/13500.

We recognize the first three terms as the general solution of the homogeneous
equation (see Example 1, above). If y}, represents the solution fo the

homogeneous equation, i.e., y, = Kq-€™ + Ky-e”* + K3-e2X. You can prove
that the remaining terms in the solution shown above, i.e., Yp =
(450-x2+330-x+241)/13500, constitute a particular solution of the ODE.

Note: This result is general for all non-homogeneous linear ODEs, i.e., given
the solution of the homogeneous equation, yy(x), the solution of the

corresponding non-homogeneous equation, y(x), can be written as
y(x) = yh(x) + yp(x),

where y,(x) is a particular solution to the ODE.

To verify that y,, = (450-x2+330-x+241)/13500, is indeed a particular solution
of the ODE, use the following:

! (eNTRR

Allow the calculator about ten seconds to produce the result: ‘X*2 = X*2'.
Example 3 - Solving a system of linear differential equations with constant
coefficients.

Consider the system of linear differential equations:

x1'(t) + 2x'(t) = O,
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2x1/(1) + x'(f) = 0.
1 2
In algebraic form, this is written as: A-x'(t) = 0, where A = 5 1l The
system can be solved by using function LDEC with arguments [0,0] and matrix

A, as shown in the following screen using ALG mode:
RAD WYZ HEX K= 'H° ALG
LHOHES

:Loec|ee enf1 ]|
[i:'-.-'1+i:'-.-'2 PR = R

z 2
[E0AT ] TTT JEFAR] F [ 90 | 40 |

The solution is given as a vector containing the functions [x1(t), xo(t)]. Pressing
& will trigger the Matrix Writer allowing the user to see the two components
of the vector. To see all the details of each component, press the {3 soft
menu key. Verify that the components are:

Lo+ Sy oS ¥ERP L SER D+ oV 1N oS KERP C SRR D -
T o S oW1V 22ERP O —KD

Function DESOLVE

The calculator provides function DESOLVE (Differential Equation SOLVEr) to
solve certain types of differential equations. The function requires as input the
differential equation and the unknown function, and returns the solution to the
equation if available. You can also provide a vector containing the differential
equation and the initial conditions, instead of only a differential equation, as
input to DESOLVE. The function DESOLVE is available in the CALC/DIFF
menu. Examples of DESOLVE applications are shown below using RPN mode.

Example 1 - Solve the first-order ODE:
dy/dx + xZy(x) = 5.
In the calculator use:

eNTER) gttt (ENTR

The solution provided is
{'y = (INT(5*EXP(xt"3/3),xt,x)+cC0)* 1 /EXP(x*3/3)}' }, i.e.,

Page 16-7



y(x) =exp(—x’/3)- US -exp(x’ /3)-dx + cCO)

The variable ODETYPE

You will notice in the soft-menu key labels a new variable called
(ODETYPE). This variable is produced with the call to the DESOL function and
holds a string showing the type of ODE used as input for DESOLVE. Pres

to obtain the string “1st order linear”.

Example 2 -~ Solve the second-order ODE:

d?y/dx? + x (dy/dx) = exp(x).

In the calculator use:

3L g @@ [

The result is an expression having two implicit integrations, namely,

1: htd

mrle™ e @ een

YxI=INT

For this particular equation, however, we realize that the left-hand side of the
equation represents d/dx(x dy/dx), thus, the ODE is now written:

d/dx(x dy/dx ) = exp x,
and
x dy/dx = exp x + C.

Next, we can write

dy/dx = (C + exp x)/x = C/x + &/x.
In the calculator, you may try to integrate:

SNt W IE:::5 U W
The result is { ‘y(x) = INT((EXP(xt)+C)/xt,xt,x)+C0" }, i.e.,
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e*+C

y(x) = I dx+C,

Performing the integration by hand, we can only get it as far as:

¢ de+C-Inx+C,

X

y@) = |

because the integral of exp(x)/x is not available in closed form.

Example 3 - Solving an equation with initial conditions. Solve

d2y/dt? + 5y = 2 cos(t/2),
with initial conditions
y(0) = 1.2, y'(0) =-0.5.

In the calculator, use:

[d1d1y()+5*y(t) = 2*COS(H/2) y(0) = 6/5" ‘d1y(0) = -1/2']
’y(f)’ ENTER
DESOLVE
Notice that the initial conditions were changed to their Exact expressions, ‘y(0)
= 6/5’, rather than ‘y(0)=1.2’, and ‘d1y(0) = -1/2’, rather than, ‘d1y(0) =-0.5".
Changing to these Exact expressions facilitates the solution.

Note: To obtain fractional expressions for decimal values use function >Q
(See Chapter 5).

The solution is:

[ZHIF+H +DEL | DEL+[DEL L

Press (e4D) (4D to simplify the result to
‘y(t) = -((19*V5*SIN(V5*1)-(148*COS(N5 *1)+80*COS(t/2)))/190)’.
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Press

this case.

to get the string “Linear w/ cst coeff” for the ODE type in

Laplace Transforms

The Laplace transform of a function f(t) produces a function F(s) in the image
domain that can be utilized to find the solution of a linear differential equation
involving f(t) through algebraic methods. The steps involved in this application
are three:

1. Use of the Laplace transform converts the linear ODE involving f(t) into an
algebraic equation.

2. The unknown F(s) is solved for in the image domain through algebraic
manipulation.

3. Aninverse Laplace transform is used to convert the image function found in
step 2 into the solution to the differential equation f(t).

Definitions
The Laplace transform for function f(t) is the function F(s) defined as

LS} =F(s)= [ f(t)-e"ar

The image variable s can be, and it generally is, a complex number.

Many practical applications of Laplace transforms involve an original function
f(t) where t represents time, e.g., control systems in electric or hydraulic circuits.
In most cases one is inferested in the system response affer time t>0, thus, the
definition of the Laplace transform, given above, involves an integration for
values of t larger than zero.

The inverse Laplace transform maps the function F(s) onto the original function
f(t) in the time domain, i.e., L 1{F(s)} = f(1).

The convolution integral or convolution product of two functions f(t) and g(t),

where g is shifted in time, is defined as

(f*e)Xn)= [ f)-g(t—u)-du.
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Laplace transform and inverses in the calculator

The calculator provides the functions LAP and ILAP to calculate the Laplace
transform and the inverse Laplace transform, respectively, of a function f(VX),
where VX is the CAS default independent variable, which you should set to ‘X'.
Thus, the calculator returns the transform or inverse transform as a function of X.
The functions LAP and ILAP are available under the CALC/DIFF menu. The
examples are worked out in the RPN mode, but translating them to ALG mode is
straightforward. For these examples, set the CAS mode to Real and Exact.

Example 1 — You can get the definition of the Loplqce transform use the
following: “# ¢ LFF in RPN mode, or L.FF *in ALG mode.
The calculator returns the result (RPN, left; ALG, right):

*LAPCE (=1

o o
Lmt]-e'm'mdtt EF[tt]-e_[tt'H] dtt
[ILAF] LAF JLDEC| |

[ ILAF | LAF JLOEC] | CALC]

Compare these expressions with the one given earlier in the definition of the

Laplace transform, i.e.,

L/ 0y =F(s)= |, f@)-ear,

and you will notice that the CAS default variable X in the equation writer screen
replaces the variable s in this definition. Therefore, when using the function
LAP you get back a function of X, which is the Laplace transform of f(X).

Example 2 — Determine the Laplace transform of f(t) = e2'sin(t). Use:
‘EXP(2*X)*SIN(X)’ LAP The calculator returns the result: 1/(SQ(X2)+1).

Press to obtain, 1/(X%4X+5).

When you translate this result in paper you would write

1

F(s)=L{e* -sint} =———
(s) { ; s?—4-5+5
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Example 3 — Determine the inverse Laplace transform of F(s) = sin(s). Use:
‘SIN(X)’ ILAP.  The calculator takes a few seconds to return the result:
‘ILAP(SIN(X))’, meaning that there is no closed-form expression f{t), such that f(t)

=L Ysin(s)}.

Example 4 — Defermine the inverse Laplace transform of F(s) = 1/s3. Use:
“1/X73' ILAP (¢4D. The calculator returns the result: ‘X*2/2’, which is
inferpreted as L']{l/s3} =12/,

Example 5 — Determine the Laplace transform of the function f(t) = cos (a-t+b).
Use: ‘COS(a*X+b)’ LAP . The calculator returns the result:

WCOECBI-SINC

Fik a
IRERI+ECA0 IR0

Press to obtain —{a sin(b) — X cos(b))/(X2+a?). The transform is interpreted
as follows: L {cos(a-t+b)} = (s-cos b — a-sin b)/(s2+a?).

Laplace transform theorems

To help you determine the Laplace transform of functions you can use a number
of theorems, some of which are listed below. A few examples of the theorem
applications are also included.

Differentiation theorem for the first derivative. Let f, be the initial condition
for f(t), i.e., §0) = f,, then

L{df/dt} = s-F(s) - £..

Example 1 - The velocity of a moving particle v(t) is defined as v(t) = dr/dt,
where r = r(t) is the position of the particle. Let ry = r(0), and R(s) =L{r(1)}, then,
the transform of the velocity can be written as V(s) = L{v(t)}=L{dr/dt}= s-R(s)-r,.

Differentiation theorem for the second derivative. Let f, = f(0), and (df/dt),
= df/dt|_o, then L{dZf/dt?} = s2.F(s) - s-f, — (df/d) ,.
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Example 2 — As a follow up to Example 1, the acceleration aft) is defined as
alt) = d?r/dt%.  If the initial velocity is v, = v(0) = dr/dt|_q, then the Laplace
transform of the acceleration can be written as:

Als) = L{a(t)} = L{d%r/dtZ}= sZR(s) - sry — v .

Differentiation theorem for the n-th derivative.
Let f (K = d*/dxk|, _ o, and f, = f(0), then

L{dnf/dtn} = Sn~F(S) - sn-] 'fo —.— S'f(n-Q)o - f (n-]) o

Linearity theorem. L{af(t)+bg(t)} = a-L{f(t)} + b-L{g(t)}.

Differentiation theorem for the image function. Let F(s) = L{f(})}, then d"F/
ds" = L{(H"H1).

Example 3 - Let f(t) = e, using the calculator with ‘EXP(-a*X)’ LAP, you
get ‘1/(X+a)’, or F(s) = 1/(s+a). The third derivative of this expression can be
calculated by using:

Xem ()9 XEem) 9 X (PJ)_29
The result is
6/ (X 4+4*a*X"3+6*a"2*¥ X" 2+4*a” 3*X+a”4)’, or
d3F/ds3 = -6/(s4+4-o-s3+6-02-52+4-o3-s+04).

Now, use ‘(-X)*3*EXP(-a*X)’ LAP (g20. The result is exactly the same.

Integration theorem. Let F(s) = L{f(})}, then

L{ jo f(u)du}: % CF(s).

Convolution theorem. Let F(s) = L{f(t)} and G(s) = L{g(t)}, then
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L[] s —wdf=Li(r = 20 =

L/} -Lig®)} = F(s)- G(s)

Example 4 — Using the convolution theorem, find the Laplace transform of
(F*g)(1), if K(t) = sin(t), and g(t) = exp(t). To find F(s) = L{f(t)}, and G(s) = L{g(1)},
use: ‘SIN(X)’ LAP (84D). Result, ‘1/(X*2+1), i.e., F(s) = 1/(s2+1).

Also, ‘EXP(X)’ LAP. Result, ‘1/(X-1), i.e., G(s) = 1/(s-1). Thus, L{(f*g)(t)} =
F(s)-G(s) = 1/(s24+1)1/(s-1) = 1/((s-1)(s2+1)) = 1/(s3s2+s-1).

Shift theorem for a shift to the right. Let F(s) = L{f(1)}, then

L{f(ta)} =5 L{f (1)} = e~-F(s).
Shift theorem for a shift to the left. Let F(s) = L{f(1)}, and a >0, then

L{f(t+a)=e® -(F(s)— jo f(t)-e™ -dt).

Similarity theorem. Let F(s) = L{f{()}, and a>0, then L{{(a-)} = (1/a)-F(s/a).
Damping theorem. Let F(s) = L{f(1)}, then L{e™®"f(t)} = F(s+b).
Division theorem. Let F(s) = L{f(1)}, then

L{@} = J‘:c F(u)du.

Laplace transform of a periodic function of period T:

1
l—e

Lf Oy =—— [ F ()€ ak

e Limit theorem for the initial value: Let F(s) = L{f(t)}, then

fo =lim £(¢) = lim[s - F(5)].

e Llimit theorem for the final value: Let F(s) = L{f(})}, then
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f. = }112 f(@t)= lirrol[s -F(s)].

Dirac’s delta function and Heaviside’s step function

In the analysis of control systems it is customary to utilize a type of functions that
represent certain physical occurrences such as the sudden activation of a switch
(Heaviside's step function, H(t)) or a sudden, instantaneous, peak in an input to
the system (Dirac’s delta function, §(t)). These belong to a class of functions
known as generalized or symbolic functions [e.g., see Friedman, B., 1956,
Principles and Techniques of Applied Mathematics, Dover Publications Inc.,
New York (1990 reprint) ].

The formal definition of Dirac’s delta function, §(x), is §(x) = O, for x 0, and

j"; 5(x)dx =1.0.

Also, if f(x) is a continuous function, then J‘jo f(x)0(x—x,)dx= f(x,).

An interpretation for the integral above, paraphrased from Friedman (1990), is
that the &-function “picks out” the value of the function f(x) at x = xq. Dirac’s

delta function is typically represented by an upward arrow at the point x = x0,
indicating that the function has a non-zero value only at that particular value of

XQ-

Heaviside's step function, H(x), is defined as

I, x>0

H(x):{o x<0

Also, for a continuous function f(x),

J_f@HE=x)dc= [ f(x)d.

Dirac’s delta function and Heaviside's step function are related by dH/dx =
3(x). The two functions are illustrated in the figure below.
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You can prove that L{HMH} = 1/,
from which it follows that L{U,-H(} = U/,

where U, is a constant. Also, L {1/s}=H(t),

and LU, /s}= Ug-H(t).

Also, using the shift theorem for a shift to the right, L{f(t-a)}=e -L{f(t)} =
e %.F(s), we can write L{H({tk)}=e XS-L{H{H} = e7.(1/s) = (1/s)-e7*s.

Another important result, known as the second shift theorem for a shift to the
right, is that L 1 {e™ -F(s)}=f(ta)-H(ta), with F(s) = L{f(H}.

In the calculator the Heaviside step function H(t) is simply referred to as ‘1. To
check the transform in the calculator use: LAP. The resultis ‘1/X’, i.e.,
L{1}=1/s.  Similarly, ‘U0’ LAP , produces the result ‘U0/X’, i.e., L{Up}

= Uo/S.

You can obtain Dirac’s delta function in the calculator by using: ILAP
The result is ‘Delta (X)"

This result is simply symbolic, i.e., you cannot find a numerical value for, say
‘Delta(s)’.

This result can be defined the Laplace transform for Dirac’s delta function,

because from L "1{1.0}= §(t), it follows that L{5(t)} = 1.0

Also, using the shift theorem for a shift to the right, L{f(t-a)}=e -L{f(t)} =
e 9S.F(s), we can write L{§(+-k)}=e S L{8()} = e™*5.1.0 = &7,
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Applications of Laplace transform in the solution of linear ODEs
At the beginning of the section on Laplace transforms we indicated that you
could use these transforms to convert a linear ODE in the time domain into an
algebraic equation in the image domain. The resulting equation is then solved
for a function F(s) through algebraic methods, and the solution to the ODE is
found by using the inverse Laplace transform on F(s).

The theorems on derivatives of a function, i.e.,

L{df/dt} = s-F(s) - f,,
L{d2f/dt?} = s2-F(s) - s, — (df/dt) ,,

and, in general,

L{d"/dt"} = s"F(s) — s f, - = sf02) —f(01)
are particularly useful in transforming an ODE into an algebraic equation.

Example 1 - To solve the first order equation,

dh/dt + kh(t) = a-e™,

by using Laplace transforms, we can write:
L{dh/dt + kh(f)} = La-e™,

Lidh/dt} + k-L{h(t)} = a-L{e™).

|Note: ‘EXP(-X)’ LAP , produces ‘1/(X+1), i.e., Lie™ }=1/(s+1).

With H(s) = L{h(1)}, and L{dh/dt} = s-H(s) - h,, where h, = h(0), the transformed
equation is s-H(s)-ho+k-H(s) = a/(s+1).

Use the calculator to solve for H(s), by writing:

‘X*H-hO+k*H=a/(X+1)" @@= ‘H’ 1SOL
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The result is ‘H=((X+1)*h0+a)/(X* 2+ (k+1)*X+k)"

To find the solution to the ODE, h(t), we need to use the inverse Laplace
transform, as follows:

OBJ> (&) (@) Isolates right-hand side of last expression
[LAP Obtains the inverse Laplace transform
ae” Pk~ 1 1ho-ske
The result is =] . Replacing X with t in this expression and
simplifying, results in hit) = a/(k-1)-e™ +((k-1)-ho-a)/(k-1)-e™.

Check what the solution to the ODE would be if you use the function LDEC:

‘a*EXP(-X)’ X+k' LDEC

e ik —1)cCB—ale

kR
Qe

P
The result is: lk-11e

, e,
h(t) = a/(k-1)-e™ +((k-1)-cCo-a)/(k-1)-e™.

Thus, cCO in the results from LDEC represents the initial condition h(0).
Note: When using the function LDEC to solve a linear ODE of order n in f(X),
the result will be given in terms of n constants cCO, cC1, ¢C2, ..., cC(n-1),

representing the initial conditions £(0), £(0), (0), ..., {™1) (0).

Example 2 - Use Laplace transforms to solve the second-order linear equation,

d?y/dt?+2y = sin 3t.

Using Laplace transforms, we can write:
L{d2y/dt%+2y} = L{sin 31},

L{d2y/dtZ} + 2-L{y(t)} = L{sin 31}.
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Note: ‘SIN(3*X)’ LAP produces ‘3/(X*2+9), i.e.,
Lsin 31}=3/(s2+9).

With Y(s) = Ly(1)}, and L{d?y/dt?} = s2.Y(s) - s-y, — y7, where y, = h(0) and y;
= h'(0), the transformed equation is

s2.Y(s) = syg — y1 + 2-Y(s) = 3/(s2+9).
Use the calculator to solve for Y(s), by writing:

'XAQ*Y-X*yO-y]+2*Y=3/(XA2+9)' Y ISOL
The result is
Y=((X12+9)*y1+(YOPXA3+9*y0*X+3))/ (X 4+11*X"2+18) .

To find the solution to the ODE, y(t), we need to use the inverse Laplace
transform, as follows:

OBJ> (@) (&) Isolates right-hand side of last expression
[LAP(EvALD) Obtains the inverse Laplace transform
The result is

(7 Eu1+3 IS IHE )+ 14uacos( [Z:]-25TH(ZH)
14

y(t) = -(1/7) sin 3x + y, cos V2x + (N2 (7y71+3)/14) sin V2x.
Check what the solution to the ODE would be if you use the function LDEC:

‘SIN(3*X)" (evEr) ‘X242’ LDEC
The result is:

(72 ec1+2 2 ) s IN [Z ]+ 1 4ccacos[ 2] -2 5 THOSE)
14

i.e., the same as before with cCO = y0 and cC1 = y1.
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Note: Using the two examples shown here, we can confirm what we indicated
earlier, i.e., that function ILAP uses Laplace transforms and inverse transforms to
solve linear ODEs given the right-hand side of the equation and the
characteristic equation of the corresponding homogeneous ODE.

Example 3 — Consider the equation

d?y/dt>+y = §(t-3),
where §(t) is Dirac’s delta function.

Using Laplace transforms, we can write:
L{d?y/di?+y} = L{3(-3)),

L{d?y/dt%} + L{y()} = L{8(+-3)}.

With ‘Delta (x-3)’ LAP, the calculator produces EXP(-3*X), i.e., L{8(-3)}
=735, With Y(s) = L{y(t)}, and L{d%y/d?} = s2.Y(s) - sy, — y1, where y, = h(0)
and y; = h'(0), the transformed equation is s2-Y(s) — sy, — y7 + Y(s) = €75, Use
the calculator to solve for Y(s), by writing:

XA2*YX*y0y1+Y=EXP(-3*X)' @@ ‘Y’ ISOL
The resultis  “Y=(X*yO+(y 1+EXP((3*X))))/(X"2+1).

To find the solution to the ODE, y(t), we need to use the inverse Laplace
transform, as follows:

OBJ> (@) (&) Isolates right-hand side of last expression
ILAP Obtains the inverse Laplace transform
The result is ‘y1*SIN(X)+y0*COS(X)+SIN(X-3) *Heaviside(X-3)".
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Notes:

[1]. An alternative way to obtain the inverse Laplace transform of the
expression ‘(X*yO+(y 1+EXP(-(3*X))))/(X*2+1)" is by separating the
expression info partial fractions, i.e.,

YORX/(XA2+1) + y1/(XA2+1) + EXP(-3*X)/(X 2+ 1Y,

and use the linearity theorem of the inverse Laplace transform

L Ha-F(s)+b-G(s)} = a-L T{F(s)} + b-L 1{G(s)},

to write,

L Myors/(s24+1)+y1/(s2+1)) + €735/(s2+1)) } =

Yol Hs/(s2+ 1)+ y1-L /(24 1)+ L e 3 /(s2+ 1))},

Then, we use the calculator to obtain the following:

X/ (XN2+1Y ILAP Result, ‘COS(X)", i.e., L Hs/(s2+1)}= cos t.
“1/(X*2+1) ILAP Result, ‘SIN(X)’ i.e., L 1{1/(s2+1)}=sin t.

‘EXP(-3*X)/(X*2+1) @ ILAP Result, SIN(X-3)*Heaviside(X-3)"

[2]. The very last result, i.e., the inverse Laplace transform of the expression
‘(EXP(-3*X)/(X*2+1))’, can also be calculated by using the second shifting
theorem for a shift to the right

L “1{e™s -F(s)}=f(t-a)-H(t-a),

if we can find an inverse Laplace transform for 1/(s2+1). With the calculator,

try ‘1/(X"2+1) @=) ILAP. The result is ‘SIN(X). Thus, L "1{e™33/(s2+1)}} =
sin(t-3)-H(t-3),

Check what the solution to the ODE would be if you use the function LDEC:

‘Delta(X-3)' @® ‘X"2+1’ @= LDEC
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The result is:
SIN(X-3)*Heaviside(X-3) + cC1*SIN(X) + cCO*COS(X).

Please notice that the variable X in this expression actually represents the
variable t in the original ODE. Thus, the translation of the solution in paper may
be written as:

y(t)=Co-cost+C, -sint +sin(t —3)- H(t —3)
When comparing this result with the previous result for y(t), we conclude that
cCo = Yo cCy =y1.

Defining and using Heaviside's step function in the calculator

The previous example provided some experience with the use of Dirac’s delta
function as input o a system (i.e., in the right-hand side of the ODE describing
the system). In this example, we want to use Heaviside's step function, H(t). In
the calculator we can define this function as:

‘H(X) = IFTE(X>0, 1, 0) @@ (E)oer

This definition will create the variabl in the calculator’s soft menu key.

Example 1 — To see a plot of H(t-2), for example, use a FUNCTION type of
plot (see Chapter 12):

> Press (9) 2, simultaneously in RPN mode, to access to the PLOT SETUP
window.

> Change TYPE fo FUNCTION, if needed

> Change EQ to ‘H(X-2)".

» Make sure that Indep is set to ‘X'.

> Press to return to normal calculator display.

+  Press (9) wv_, simultaneously, to access the PLOT window.

> Change the H-VIEW range to O to 20, and the V-VIEW range to -2 to 2.
> Press to plot the function .
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Use of the function H(X) with LDEC, LAP, or ILAP, is not allowed in the calculator.
You have to use the main results provided earlier when dealing with the

Heaviside step function, i.e., L{H(t)} = 1/s, L-1{1/s}=H(),
L{H(+k)}=e*S-L{H(N} = e7™*(1/s) = (1/s)-e™ and L 1{e™ -F(s)}=f(+-a)-H(t-a).

Example 2 — The function H(t-t,) when multiplied to a function f(t), i.e., H(+,)k(),
has the effect of switching on the function f() at t = t,. For example, the solution
obtained in Example 3, above, was y(t) =y, cos t + yq sin t + sin(-3)-H(t-3).
Suppose we use the initial conditions y, = 0.5, and y; =-0.25. Let's plot this
function to see what it looks like:

Press (1) 200, simultaneously if in RPN mode, to access to the PLOT SETUP
window.

Change TYPE to FunNCTION, if needed

Change EQ to ‘0.5*COS(X)-0.25* SIN(X)+SIN(X-3)*H(X-3)"
Make sure that Indep is set to ‘X'.

H-VIEW: 0 20, VVIEW: -3 2.

o plot the function.

Press

vV V V V V V

Press ¥ to see the plot.

The resulting graph will look like this:

WAWAWA
ARV

Notice that the signal starts with a relatively small amplitude, but suddenly, at

t=3, it switches to an oscillatory signal with a larger amplitude. The difference
between the behavior of the signal before and after t = 3 is the “switching on”
of the particular solution yplt) = sin(t-3)-H(t-3). The behavior of the signal before

t = 3 represents the contribution of the homogeneous solution, y(t) =y, cos t +

yj sin t.

The solution of an equation with a driving signal given by a Heaviside step
function is shown below.

Example 3 — Determine the solution to the equation, d?y/dt?+y = H(t-3),
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where H(t) is Heaviside's step function. Using Laplace transforms, we can
write: L{d2y/dt?+y} = L{H(+-3)}, L{d2y/dt?} + L{y(H)} = L{H(-3)}. The last term in
this expression is: L{H(1-3)} = (1/s)-¢735. With Y(s) = L{y(t)}, and L{d%y/dt?} =
s2.Y(s) - sy, — y1, where y, = h(0) and y; = h’(0), the transformed equation is

s2.Y(s) - sy, — y1 + Y(s) = (1/s)-e73. Change CAS mode to Exadt, if

necessary. Use the calculator to solve for Y(s), by writing:
XA2FYX*y0y 1 +Y=(1/X)*EXP(-3*X)’ @) ‘Y ISOL

The result is Y=(XA2*y0+X*y T+EXP(-3%X))/ (X" 3+X)'".

To find the solution to the ODE, y(t), we need to use the inverse Laplace
transform, as follows:

OBJ> (@) (&) Isolates right-hand side of last expression

ILAP Obtains the inverse Laplace transform

The resultis  ‘y1*SIN(X-1)+y0*COS(X-1)-(COS(X-3)-1)*Heaviside(X-3)".
Thus, we write as the solution: y(t) = y, cos t + y7 sin t + H(t-3)-(1+sin(-3)).

Check what the solution to the ODE would be if you use the function LDEC:
‘H(X-3) [ENTER] 'X*2+17 LDEC

The result is:

Attt +cCLEINCHD+cClCOECHD

+u
IFTECtt4-230,1,0
SIn(H)-I %
[

0
Please notice that the variable X in this expression actually represents the
variable t in the original ODE, and that the variable ftt in this expression is a

dummy variable. Thus, the translation of the solution in paper may be written
as:

y(t)=Co-cost+C, -sint+sint- IOwH(u—3)-e‘“’ -du.
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Example 4 - Plot the solution to Example 3 using the same values of y, and y;
used in the plot of Example 1, above. We now plot the function

y(t) = 0.5 cos t =0.25 sin t + (1+sin(t-3))-H(t-3).

In the range O < t < 20, and changing the vertical range to (-1,3), the graph

should look like this:
L
JAVAVA!

Again, there is a new component to the motion switched at t=3, namely, the
particular solution yplt) = [T+sin(t-3)]-H(+-3), which changes the nature of the

solution for t>3.

The Heaviside step function can be combined with a constant function and with
linear functions to generate square, triangular, and saw tooth finite pulses, as
follows:

Square pulse of size U, in the interval a < t < b:

f{t) = Uo[H(t-a)-H({t-b)].

Triangular pulse with a maximum value Uo, increasing from a <t < b,
decreasing fromb <t < c:

ft) = Uy ((t-a)/(b-a)-[H(t-a)-H(t-b)]+(1-{+b)/ (b-c))[H(t-b)-H(t-c)]).

Saw tooth pulse increasing to a maximum value Uo for a < t < b, dropping
suddenly down to zero at t = b:

ft) = Uy- (+a)/(b-a)-[H(t-a)-H{t-b)].

Saw tooth pulse increasing suddenly to a maximum of Uo at t = q, then
decreasing linearly to zero fora < t < b:
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f(t) = Uy-[1-(t-a)/(b-1)]-[H(t-a)-H(t-b)].

Examples of the plots generated by these functions, for Uo=1,a=2,b=3, ¢
= 4, horizontal range = (0,5), and vertical range = (-1, 1.5), are shown in the
figures below:

y 0
1 W
1] g o. 13
L <L
L L
/1! 8 I\ H
] 5 a. 5
L .

Fourier series

Fourier series are series involving sine and cosine functions typically used to
expand periodic functions. A function f(x) is said to be periodic, of period T, if
f(x+T) = f(t). For example, because sin(x+27) = sin x, and cos(x+2n) = cos x,
the functions sin and cos are 2n-periodic functions. If two functions f(x) and g(x)
are periodic of period T, then their linear combination h(x) = a-f(x) + b-g(x), is
also periodic of period T. A T-periodic function f(t) can be expanded into a
series of sine and cosine functions known as a Fourier series given by

f)=a, +Z[an -cosznT”t+bn -sinznTEt]
n=1

where the coefficients a,, and b, are given by

? rwyd, a =2[" f(t)-cosznTﬂt-dt,

T/2 T +712

1
610:?

/2 . 2nrw
b = fmf(t)-smTt-dt.
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The following exercises are in ALG mode, with CAS mode set to Exact. (When
you produce a graph, the CAS mode will be reset to Approx. Make sure to set
it back to Exact after producing the graph.) Suppose, for example, that the
function f(t) = t?+t is periodic with period T = 2. To determine the coefficients
ap, a1, and by for the corresponding Fourier series, we proceed as follows:

First, define function f(t) = t2+t :

s DEFTHEL £it 1=t 544, |
HOYA

Next, we'll use the Equation Writer to calculate the coefficients:

, [1 -
= fitIdt EE%
=) -1

| CUES | BTG uf EVAL [FACTO]

| CURS | BTG m] EMAL [FACTO] STHE |

£OEICOSmE 1t al ﬁ

| CUES | ETG =f EVAL [FACTO]

| CURS | BTG u] EVAL [FACTO] STHE |

"
| 1+" [t 1S IHCm 1 dt b1=ﬁ

| CURS | EIG u] EVAL [FACTO]

| CUFRS | ELu u] EVAL [FACTO] S IHF |

Thus, the first three terms of the function are:
f(t) = 1/3 - (4/n?)-cos (n4)+(2/m)-sin (mt).

A graphical comparison of the original function with the Fourier expansion
using these three terms shows that the fitting is acceptable fort < 1, or
thereabouts. But, then, again, we stipulated that T/2 = 1. Therefore, the fitting
is valid only between -1 <t < 1.
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Function FOURIER

An alternative way to define a Fourier series is by using complex numbers as
follows:

2inmt
f(@)= Z ¢, eXp( ),
where
2i-n-r1w
-2 I, SO expEE )t n= e 21012,

Function FOURIER provides the coefficient c,, of the complex-form of the Fourier

series given the function f(f) and the value of n. The function FOURIER requires
you to store the value of the period (T) of a T-periodic function into the CAS
variable PERIOD before calling the function. The function FOURIER is available
in the DERIV sub-menu within the CALC menu ()¢ ).

Fourier series for a quadratic function

Determine the coefficients cq, ¢, and c5 for the function f(t) = 12+, with period

T = 2. (Note: Because the integral used by function FOURIER is calculated in
the interval [0,T], while the one defined earlier was calculated in the interval

[-T/2,7/2], we need to shift the function in the t-axis, by subtracting T/2 from 1,
i.e., we will use g(t) = f(t-1) = (-1)2+(+-1).)

Using the calculator in ALG mode, first we define functions () and g():

: DEF IMEI £it1=t S+t |
HOYA

:DEFIMEC'ait )=f it -11"
HOYH
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Next, we move to the CASDIR sub-directory under HOME to change the value
of variable PERIOD, e.g., (hold) ueor_

ENTER

HOYA
= HOME

HOYA
CASDIR

HOYA
s Z2MFPERIOD

[CAEINIHNDULIREALAIFERTO]

Return to the sub-directory where you defined functions f and g, and calculate
the coefficients (Accept change to Complex mode when requested):

=
3
t FOUR IER(g(),5) z
% t COLLECTIAMSI1 N )
Z] E]
e [ [ [ [ W -0 ¢F 1 [ [ [ |
3 -
tFOURIER(G(X],1) =

2im+d | COLLECTIAMSI1 _
im+2

=
[

2
m
2
| 3 1 F 1 1T 1T 1 |

F 2 bl 2
'IT 1T
s FOURIER(Ql®1,2] .
i+l FCOLLECTIAHSILN .
=] im+l
m 2

= 2
| a | F [ [ [ [ |

Thus, co=1/3, 1 = (mi+2)/n2 ¢y = (mi+1)/(212).

The Fourier series with three elements will be written as

glt) = Re[(1/3) + (mi+2)/n%-exp(i-n)+ (mi+1)/(2n?)-exp(2-i-m)].

A plot of the shifted function g(t) and the Fourier series fitting follows:
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The fitting is somewhat acceptable for O<t<2, although not as good as in the
previous example.

A general expression for ¢,

The function FOURIER can provide a general expression for the coefficient ¢, of
the complex Fourier series expansion. For example, using the same function g(t)
as before, the general term c,, is given by (figures show normal font and small
font displays):

ry e 1+l
t FOURIERIGE1,M] 2a®
(mm+2ile 'lln'“+2-i-n2-n24 I 2.2
=5 Ziom ¥ feaedinet P M3 St e 2aea-aid
n o .; n3ll_|3"zEl:'.ll'|l.'I
]
| 1 | | | 1 | | | |

The general expression turns out to be, after simplifying the previous result,

_(nm+2i)-e*" +2i*n’n? +3nm - 2i

2inz

n

20’ e

We can simplify this expression even further by using Euler's formula for

complex numbers, namely, eZ"™ = cos(2nn) + isin(2nm) = 1 + i-0 = 1, since

cos(2nm) = 1, and sin(2nx) = O, for n integer.

Using the calculator you can simplify the expression in the equation writer

((P)_ew ) by replacing e2inm _ 1 The figure shows the expression after
simplification:
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| CUES | EIG ml EVAL [FACTO]

The result is ¢, = (inm+2)/(n2n?).

Putting together the complex Fourier series
Having determined the general expression for c,, we can put together a finite

complex Fourier series by using the summation function (X) in the calculator as
follows:

- First, define a function c(n) representing the general term ¢, in the complex
Fourier series.

2!

: DEF IME| cini=10Tt

2 &z

Next, define the finite complex Fourier series, F(Xk), where X is the
independent variable and k determines the number of terms to be used.
Ideally we would like to write this finite complex Fourier series as

F(X, k)= ZC(n) exp(2 PE

However, because the function c(n) is not defined for n = 0, we will be
better advised to re-write the expression as

F(X,k,c0)=c0+

Z[cm)-exp(z""Tﬂ-X>+c<—n>-exp(—“#-xn,

n=1
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Or, in the calculator entry line as:

DEFINE(‘F(X,k,c0) = cO+Z(n=1,k,c(n)*EXP(2*i*n*n*X/T)+
c(n)*EXP(H2**n*n*X/T))),

where T is the period, T = 2. The following screen shots show the definition of
function F and the storing of T = 2:

|EFIHEi FcH kach= =Bt
HPCZEis

Sk ERRIRAIEARENL
NP2l EmEnER-PERIOD | [ 2BT

+=HIF[SHIF+ +DEL | DEL+[DEL L[ INZ =

=
[ZRIF 4 +DEL | DEL+DEL L] INE ]

The function i can be used to generate the expression for the complex
Fourier series for a finite value of k. For example, for k = 2, cg = 1/3,and using

t as the independent variable, we can evaluate F(t,2,1/3) to get:

This result shows only the first term (cO) and part of the first exponential term in
the series. The decimal display format was changed to Fix with 2 decimals to
be able to show some of the coefficients in the expansion and in the exponent.
As expected, the coefficients are complex numbers.

The function F, thus defined, is fine for obtaining values of the finite Fourier
series. For example, a single value of the series, e.g., F(0.5,2,1/3), can be
obtained by using (CAS modes set to Exact, step-by-step, and Complex):

:F[.5.2.2]

%+{— 7ETI4AISEEET, O,

= +MHUMIAMSL . 1
(. FBIERTEZEETE, @.
ﬂ-s-nn
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Accept change to approx mode if requested. The result is the value
-0.40467 .... The actual value of the function g(0.5) is g(0.5) = -0.25. The
following calculations show how well the Fourier series approximates this value
as the number of components in the series, given by k, increases:

F (0.5, 1, 1/3) = (-0.303286439037,0.)
F (0.5, 2, 1/3) = (:0.404607622676,0.)
F (0.5, 3, 1/3) = (0.192401031886,0.)
F (0.5, 4, 1/3) = (0.167070735979,0.)
F (0.5, 5, 1/3) = (-0.294394690453,0.)
F (0.5, 6, 1/3) = (0.305652599743,0.)

To compare the results from the series with those of the original function, load
these functions into the PLOT — FUNCTION input form ((9) _*=_, simultaneously
if using RPN mode):

ZFLOT = FUNCTION

v2i=RE|F|x+ 5+ |

EDIT]| AOD | DEL JCHo0E|ERASE] DM |

Change the limits of the Plot Window (5D wn_) as follows:

S PLOT HINDOM - FURCTION EEEEE
H-Vigu:-.5 2. |
W-Wagu:-1. 2.

Indep Laod: DeFault  High:DerFault
Step: DeFault _Fixel=

Entgr HAxXiHUH harizontal valug

[EDIT] | [ AUT [ERASE] DEAH |
Press the softmenu keys

Y
+
\ ;
-.5 2.
-1.

Notice that the series, with 5 terms, “hugs” the graph of the function very closely
in the interval O to 2 (i.e., through the period T = 2). You can also notice a
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periodicity in the graph of the series. This periodicity is easy to visualize by
expanding the horizontal range of the plot to (-0.5,4):

Y
+
i ;
-.5 2.
-1.

Fourier series for a triangular wave
Consider the function

x, if0<x<l1
g(x)= .
2—-x, ifl<x<2

which we assume to be periodic with period T = 2. This function can be
defined in the calculator, in ALG mode, by the expression

DEFINE(‘g(X) = IFTE(X<1,X,2:X)’)

If you started this example after finishing example 1 you already have a value
of 2 stored in CAS variable PERIOD. If you are not sure, check the value of this
variable, and store a 2 in it if needed. The coefficient c( for the Fourier series

is calculated as follows:

FFOORTERIQUATLE
2.

2 FOUR TERIS(,E) La IFTECRE L. Kb —(HE -2,

Ja. IFTECHE 1. 3, ~(Ht =2 ]

2
= = +HUMIAMSI1 . 1) =

The calculator will request a change to Approx mode because of the integration
of the function IFTE() included in the integrand. Accepting, the change to
Approx produces cg = 0.5. If we now want to obtain a generic expression for

the coefficient c,, use:
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= PR TEFRTSLA LT

IFTEQat <1, it —(kt -
EHt-n-[E. 21,120 14159y

A.
=
| T I F |l clalFl |

The calculator returns an integral that cannot be evaluated numerically because
it depends on the parameter n.  The coefficient can still be calculated by
typing its definition in the calculator, i.e.,

1 i.2.n-1-X
—-.[IX-EXP _Le A xa
2 70 T

l-J2(2—X)-EXP _i2nwX .dX
2 T

where T = 2 is the period. The value of T can be stored using:

2T

Typing the first integral
expression, and using

bove in the Equation Writer, selecting the entire
will produce the following:

(i 2R
= H-E-[ . ]dH

EDIT | CURE | EIG m| EVAL IFACTO| ZINF

n

Recall the €™ = cos(nm) + i-sin(nm) = (-1)
result above we have:

. Performing this substitution in the
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(=11 —imm—1
2-n2-n2-li—1:ln

| CUES | EIG ml EVAL [FACTO]

Press to copy this result to the screen. Then, reactivate the Equation
Writer to calculate the second integral defining the coefficient c,, namely,

e 1T
e —E

2inmt

Once again, replacing €™ = (-1)", and using e2"™ = 1, we get:

—imemti—i—-17"

| CUES | EIG s EVAL [FACTO]

Press to copy this second result to the screen. Now, add ANS(1) and
ANS(2) to get the full expression for c,:

: HHS[1]+F|HS[E"_]' '

EDIT | CURE | EIG i HCTO] SINF EDIT | CURE

Once again, replacing €™ = (-1)", results in
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| CURE [ BTG u] EVAL [FACTH]

This result is used to define the function c(n) as follows:

DEFINE(‘c(n) = - (((-1)n-1)/(n* 2%~ 2%(-1)"n)’)

: DEF THE| cini=———il —1

Next, we define function F(X,k,cO) to calculate the Fourier series (if you
completed example 1, you already have this function stored):

DEFINE('F(Xk,cO) = cO+Z(n=1,k,c{n) *EXP(2* I *1*n*X/T)+
c(-n)*EXP(-(2*i*m*n*X/T))"),

To compare the original function and the Fourier series we can produce the
simultaneous plot of both functions. The details are similar to those of example
1, except that here we use a horizontal range of O to 2 and a vertical range
from O to 1, and adjust the equations to plot as shown here:

LOT = FURCTION

EDIT] ABD | DEL [CHOOS|ERAZE] DRAH |

The resulting graph is shown below for k = 5 (the number of elements in the
series is 2k+1, i.e., 11, in this case):
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From the plot it is very difficult to distinguish the original function from the
Fourier series approximation. Using k = 2, or 5 terms in the series, shows not so
good a fitting:

LOT - FURCTION Y
“l

EDIT | ADD | DEL JCHOOZERAZE] DRAN

The Fourier series can be used to generate a periodic triangular wave (or saw
tooth wave) by changing the horizontal axis range, for example, from -2 to 4.
The graph shown below uses k = 5:

Fourier series for a square wave

A square wave can be generated by using the function

0, if0<x<l1
gx)=<1 ifl<x<3
0, if3<x<4
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In this case, the period T, is 4. Make sure to change the value of variabl
to 4 (use: @m)). Function g(X) can be defined in the calculator
by using

DEFINE(‘g(X) = IFTE((X>1) AND (X<3),1,0))

The function plotted as follows (horizontal range: O to 4, vertical range:0 to 1.2

):

Using a procedure similar to that of the triangular shape in example 2, above,
you can find that

e :%-(J':l-dXJ:O.S,

and

We can simplify this expression by using €™2 = i" and e3"/2 = (i) to get:
r+ld ] (1-n
L) )4 U g,
. ..n :DEF IME| clnl=——"——"
2wl —1) 2rmi—1
MOYAL

| CUES | EIG ml EVAL [FACTO] [SRIF+ HIEL | DEL+[DEL L

Page 16-39



The simplification of the right-hand side of ¢(n), above, is easier done on paper
(i.e., by hand). Then, retype the expression for c(n) as shown in the figure to the
left above, to define function c(n). The Fourier series is calculated with
F(X,k,c0), as in examples 1 and 2 above, with cO = 0.5. For example, for k =
5, i.e., with 11 components, the approximation is shown below:

¥
+
"

A better approximation is obtained by using k = 10, i.e.,

L

For k = 20, the fitting is even better, but it takes longer to produce the graph:

T
I\ + |I
A A H

Fourier series applications in differential equations
Suppose we want to use the periodic square wave defined in the previous
example as the excitation of an undamped spring-mass system whose

homogeneous equation is: d2y/dX? + 0.25y = 0.

We can generate the excitation force by obtaining an approximation with k
=10 out of the Fourier series by using SW(X) = F(X,10,0.5):

: DEF IMENSHI=Fi,18, ,. Si
HOLA
[TERR] Ee | Y1 | 13 |
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We can use this result as the first input to the function LDEC when used to obtain

a solution to the system d2y/dX? + 0.25y = SW(X), where SW(X) stands for
Square Wave function of X. The second input item will be the characteristic

equation corresponding to the homogeneous ODE shown above, i.e.,
X*2+0.25" .

With these two inputs, function LDEC produces the following result (decimal
format changed to Fix with 3 decimals).

4. @19E-2cCA+HE, BEEA, -2
| ILAF [ LAF [LOEC] |

Pressing 3 allows you to see the entire expression in the Equation writer.
Exploring the equation in the Equation Writer reveals the existence of two
constants of infegration, cCO and cC1. These values would be calculated using
initial conditions. Suppose that we use the values ¢CO = 0.5 and ¢cC1 =-0.5,
we can replace those values in the solution above by using function SUBST (see
Chapter 5). For this case, use SUBST(ANS(1),cC0=0.5) @=), followed by
SUBST(ANS(1),cC1=-0.5) @ . Back into normal calculator display we can

use:

WCCR+HE, BEE, —
i1, EEE, e

BE-+H(E . HEE ,
[1 BEE],cC1=-

The latter result can be defined as a function, FW/(X), as follows (cutting and
pasting the last result into the command):

4. 819E-6. THE+E. G0E,
sDEFI HE[ FRGRI=i4, B19E-2"
HOYH

We can now plot the real part of this function. Change the decimal mode to
Standard, and use the following:
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GHEEEEFLOT WINDOM - FUNCTI0N S
H-Yieu:d. all.
V=Wigu:-1. 4.5
Indep LoH: Hiah:DeFault
step: DeFault _Fixal=

FLOT = FUNCTION

Entdr HiniHuH indep war walug

ERIT] |  [AUTé [ERASE] DFAH |

EDIT]| ABD | DEL [CHOOZ|ERASE] DFAH |

The solution is shown below:

AN

Fourier Transforms

Before presenting the concept of Fourier transforms, we'll discuss the general
definition of an integral transform.  In general, an integral transform is a
transformation that relates a function f() to a new function F(s) by an integration

of the form F(s) = Ibl(‘(s,t) - f(¢)-dt. The function K(s,t) is known as the

kernel of the transformation.

The use of an integral transform allows us to resolve a function into a given
spectrum of components. To understand the concept of a spectrum, consider
the Fourier series

f)=a,+ i (a,-cosmx+b, -sinw,x),

n=1

representing a periodic function with a period T.  This Fourier series can be re-

J

written as f(x)=a, + ZAn cos(@,x+@,), where

n=1

A =+la’+b, ¢, =tan"l£

bl’l
an

forn=1,2, ...
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The amplitudes A,, will be referred to as the spectrum of the function and will be
a measure of the magnitude of the component of f(x) with frequency f, = n/T.
The basic or fundamental frequency in the Fourier series is fo = 1/T, thus, all
other frequencies are multiples of this basic frequency, i.e., f, = nfg. Also, we
can define an angular frequency, ®, = 2nt/T = 2rf, = 21 n-fg = n-©g, where
o is the basic or fundamental angular frequency of the Fourier series.

Using the angular frequency notation, the Fourier series expansion is written as

F)=a,+3 4, -cos(@,x +9,).

=a, +i(an -cosw, x+b, -sinw, x)

n=1

A plot of the values A, vs. @, is the typical representation of a discrete

spectrum for a function. The discrete spectrum will show that the function has
components at angular frequencies ®, which are integer multiples of the

fundamental angular frequency wg.

Suppose that we are faced with the need to expand a non-periodic function into
sine and cosine components. A non-periodic function can be thought of as
having an infinitely large period. Thus, for a very large value of T, the
fundamental angular frequency, wg = 21/T, becomes a very small quantity, say

Aw. Also, the angular frequencies corresponding to ®, = n-0wg =n-Aw, (n=1,

2, ..., =), now take values closer and closer to each other, suggesting the need
for a continuous spectrum of values.

The non-periodic function can be written, therefore, as

f(x)= I:[C(a)) -cos(w- x)+ S(w)-sin(w- x)|dw,
where

C(w) = ﬁ [~ f()-cos(@-x)- b,

Page 16-43



and

S(w) = i [~ f()-sin(@-x)- dx.

The continuous spectrum is given by

A(@) = J[C(@)] +[S(@)]

The functions C(®), S(®), and A(w) are continuous functions of a variable o,
which becomes the transform variable for the Fourier transforms defined below.

Example 1 — Determine the coefficients C(w), S(w), and the continuous spectrum
A(w), for the function f(x) = exp(x), for x > 0, and f(x) = 0, x < 0.

In the calculator, set up and evaluate the following integrals to calculate C(w)
and S(o), respectively. CAS modes are set to Exact and Real.

o o
Ei[ & C0S e i L[ e
mla a

| CUR= | EIG m| EVAL [FACTO] EDIT | CURE | EIG mf ENAL IFACTO| SIHF

Their results are, respectively:

1 11

[2'w2+2]'1T [2-w2+2]-1'r

| CUES | EIG .| EVAL [FACTO]

| CUR: | BTG m] EVAL [FACTO] STHF |

The continuous spectrum, A() is calculated as:

=

(=) (me) S

EIG | EVAL [FACTO] SINF EIG =) EVAL |[FACTO] SINF
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Define this expression as a function by using function DEFINE (C2) 2 ). Then,

plot the continuous spectrum, in the range 0 < ® < 10, as:

Definition of Fourier transforms

T

=

Different types of Fourier transforms can be defined. The following are the
definitions of the sine, cosine, and full Fourier transforms and their inverses used

in this Chapter.
Fourier sine transform

Fs{7(1)) = F(w) = % [ @) -sin(e-1)-ar

Inverse sine tra nsform

FHF@) = f(0)= [ F(@)-sin(@-1)-di

Fourier cosine tra nsform

Felf(f)) = F(w) = % [ @) cos(@-1)-dr

Inverse cosine tra nsform

F {F(o)}=f(n)= I: F(w)-cos(w-t)-dt

Fourier transform (proper)

FU@)=F@= [ 70

Inverse Fourier transform (proper)

F{F(w)! = f(x):ﬁ- j:F(a))-e-"” dt

Example 1 — Determine the Fourier transform of the function f(t) = exp(- 1), for t

>0, and f(t) = 0, for t<O.
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The continuous spectrum, F(), is calculated with the integral:

—(l+1a))tdt — hm —(1+ia))tdt

1
Ejo g—»o\/_ J

=lim
£—>o0 27[

I jI-exp(-(I+iw)r) | _ 1 1
l+iw or 1+io

This result can be rationalized by multiplying numerator and denominator by
the conjugate of the denominator, namely, 1-iw. The result is now:

F(a))—i- L _ (1) (fltie
2r 1+iow 27 \1+iw 1-iw

_ et e
2\ 1+ w? 1+ w?

which is a complex function.

The absolute value of the real and imaginary parts of the function can be
plotted as shown below

Notes:
The magnitude, or absolute value, of the Fourier transform, |F(w)|, is the
frequency spectrum of the original function (t). For the example shown above,

|F(@)| = 1/[2n(1+0?)]"/2 The plot of |F(®)| vs. ® was shown earlier.

Some functions, such as constant values, sin x, exp(x), x2, etc., do not have
Fourier transform. Functions that go to zero sufficiently fast as x goes to infinity
do have Fourier transforms.
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Properties of the Fourier transform
Linearity: If a and b are constants, and f and g functions, then F{a-f + b-g} = a

F{f 1+ b F{g}.

Transformation of partial derivatives. Let u = u(x,t). If the Fourier transform
transforms the variable x, then

F{ou/ax} = io F{u}, F{o2u/0x?%} = -0? F{u},

F{ou/at} = oF{u}/at, F{ou/at?} = 92F{u}/ot?
Convolution: For Fourier transform applications, the operation of convolution is
defined as

% o)(x) = . _&). o(&)
(f*e) = [ fx=&)-8(&)-dé&

The following property holds for convolution:
Fit*g} = Fif}-Fig}.

Fast Fourier Transform (FFT)

The Fast Fourier Transform is a computer algorithm by which one can calculate
very efficiently a discrete Fourier transform (DFT). This algorithm has
applications in the analysis of different types of time-dependent signals, from
turbulence measurements to communication signals.

The discrete Fourier transform of a sequence of data values {x1Li=01,2 ..,
n-1, is a new finite sequence {X\}, defined as

n—1
X, :lej -exp(—i - 27tkj / n), k=012,.,n-1
n

J=0

The direct calculation of the sequence X involves n products, which would

involve enormous amounts of computer (or calculator) time particularly for large
values of n. The Fast Fourier Transform reduces the number of operations to the
order of n-logyn.  For example, for n = 100, the FFT requires about 664

operations, while the direct calculation would require 10,000 operations. Thus,
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the number of operations using the FFT is reduced by a factor of 10000/664 =
15.

The FFT operates on the sequence {x;} by partitioning it into a number of shorter
sequences. The DFT’s of the shorter sequences are calculated and later
combined together in a highly efficient manner.  For details on the algorithm
refer, for example, to Chapter 12 in Newland, D.E., 1993, “An Introduction to
Random Vibrations, Spectral & Wavelet Analysis — Third Edition,” Longman
Scientific and Technical, New York.

The only requirement for the application of the FFT is that the number n be a
power of 2, i.e., select your data so that it contains 2, 4, 8, 16, 32, 62, efc.,
points.

Examples of FFT applications

FFT applications usually involve data discretized from a time-dependent signall.
The calculator can be fed that data, say from a computer or a data logger, for
processing. Or, you can generate your own data by programming a function
and adding a few random numbers to it.

Example 1 - Define the function f(x) = 2 sin (3x) + 5 cos(5x) + 0.5*RAND,
where RAND is the uniform random number generator provided by the
calculator. Generate 128 data points by using values of x in the interval

(0,12.8). Store those values in an array, and perform a FFT on the array.

First, we define the function f(x) as a RPN program:

<< > x ‘2*SIN(3*x) + 5*COS(5*x)’ EVAL RAND 5 * + >NUM >>

and store this program in variable Next, type the following program to

generate 2™ data values between a and b. The program will take the values of
m, g, and b:

<<>mab<<2"m EVAL > n << ‘(b-a)/(n+1) EVAL > Dx << 1 n FOR |
‘a+(j-1)*Dx" EVALf NEXT n >ARRY >> >> >> >>

Store this program under the name GDATA (Generate DATA). Then, run the
program for the values, m =5, a =0, b = 100. In RPN mode, use:
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The figure below is a box plot of the data produced. To obtain the graph, first
copy the array just created, then transform it into a column vector by using:
OBJ> >ARRY (Functions OBJ=> and > ARRY are available in the
command catalog, (@) _ar ). Store the array into variable EDAT by using
function STOZ (also available through (P _ar ). Select Bar in the TYPE for
graphs, change the view window to H-VIEW: 0 32, V.VIEW: -10 10, and
BarWidth to 1. Press to return to normal calculator display.

To perform the FFT on the array in stack level 1 use function FFT available in the
MTH/FFT menu on array ZDAT: FFT. The FFT returns an array of complex
numbers that are the arrays of coefficients X of the DFT.  The magnitude of the

coefficients X represents a frequency spectrum of the original data. To obtain

the magnitude of the coefficients you could transform the array into a list, and
then apply function ABS to the list. This is accomplished by using: OBJ>
(@) SLST s

Finally, you can convert the list back to a column vector to be stored in ZDAT, as

follows: OBJ> >LIST >ARRY STOX

To plot the spectrum, follow the instructions for producing a bar plot given
earlier. The vertical range needs to be changed to -1 to 80. The spectrum of
frequencies is the following:

The spectrum shows two large components for two frequencies (these are the
sinusoidal components, sin (3x) and cos(5x)), and a number of smaller
components for other frequencies.

Page 16-49



Example 2 - To produce the signal given the spectrum, we modify the program
GDATA to include an absolute value, so that it reads:

<< > mab<<2"m EVAL 2> n << ‘(b-a)/(n+1) EVAL > Dx << 1 n FOR j
‘a+(j-1)*Dx’ EVALf ABS NEXT n ARRY >> >> >> >>

Store this version of the program under GSPEC (Generate SPECtrum). Run the
program with m = 6, a =0, b = 100. In RPN mode, use:

B E R ES WB BN

Press when done, to keep an additional copy of the spectrum array.
Convert this row vector info a column vector and store it into ZDAT. Following
the procedure for generating a bar plot, the spectrum generated for this
example looks as shown below. The horizontal range in this case is O o 64,
while the vertical range is -1 to 10:

To reproduce the signal whose spectrum is shown , use function IFFT.  Since we
left a copy of the spectrum in the stack (a row vector), all you need to do if find
function IFFT in the MTH/FFT menu or through the command catalog, (7)) _ar .
As an alternative, you could simply type the function name, i.e., type

(aerd) (aee) (1) (B (A (D @) .- The signal is shown as an array (row vector) with
complex numbers. We are interested only in the real part of the elements. To
extract the real part of the complex numbers, use function RE from the CMPLX
menu (see Chapter 4), e.g., type (@) (@rd) & @ @) . What results is another
row vector. Convert it info a column vector, store it into ZDAT, and plot a bar
plot to show the signal. The signal for this example is shown below, using a

horizontal range of O to 64, and a vertical range of -1 to 1:
L

L HI 1 "'.l'J'I."' | l|| Lk
g, oM T ey
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Except for a large peak at t = O, the signal is mostly noise. A smaller vertical
scale (-0.5 to 0.5) shows the signal as follows:
b

Solution to specific second-order differential equations

In this section we present and solve specific types of ordinary differential
equations whose solutions are defined in terms of some classical functions, e.g.,
Bessel’s functions, Hermite polynomials, etc. Examples are presented in RPN
mode.

The Cauchy or Euler equation
An equation of the form x2.(d%y/dx?) + a-x- (dy/dx) + b-y = 0, where a and b
are real constants, is known as the Cauchy or Euler equation. A solution to the

Cauchy equation can be found by assuming that y(x) = x".
Type the equation as: x*2*d1d1y(x)+a*x*d1y(x)+b*y(x)=0’
Then, type and substitute the suggested solution: ‘y(x) = x*n’

The result is: ‘x*2*(n*(x*(n-1-1)*(n-1)))+a*x*(n*x*(n-1))+b*x"n =0, which
simplifies to 'n*(n-1)*x"n+a*n*x"n+b*x"n = 0". Dividing by x"n, results in

an auxiliary algebraic equation: ‘n*(n-1)+a*n+b = 0, or.

n2+(a—1)-n+b=0_

If the equation has two different roots, say ny and np, then the general
solution of this equation is y(x) = Ky-x "y + Kox .

If b =(1-0)2/4, then the equation has a double root nj = ny = n =
(1-a)/2, and the solution turns out to be  y(x) = (K7 + Ko-In x)x".

Legendre’s equation

An equation of the form (1x?)-(d%y/dx?)2:x- (dy/dx)+n- (n+1) -y = 0, where n
is a real number, is known as the Legendre’s differential equation. Any solution
for this equation is known as a Legendre’s function. When n is a nonnegative
integer, the solutions are called Legendre’s polynomials. Legendre’s
polynomial of order n is given by
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(2]’[—21’}’1)' xn—2m

"m(n—m)-(n—2m)! -

B, (x)= Z(—l)’" 3

e R ) R
2" - (n))? 2" A n-1)l(n—2)!

where M = n/2 or (n-1)/2, whichever is an integer.

Legendre’s polynomials are pre-programmed in the calculator and can be
recalled by using the function LEGENDRE given the order of the polynomial, n.
The function LEGENDRE can be obtained from the command catalog () _ar )
or through the menu ARITHMETIC/POLYNOMIAL menu (see Chapter 5). In
RPN mode, the first six Legendre polynomials are obtained as follows:

O LEGENDRE, result: 1, ie., Po(x) = 1.0.

1 LEGENDRE, result: ‘X', ie., P1(x) = x.

2 LEGENDRE, result: ‘(3*X"2-1)/2’, ie., Po(x) = (3x%1)/2.
3 LEGENDRE, result: ‘(5*X*3-3*X)/2’, i.e., P4(x) =(5x3-3x)/2.
4 LEGENDRE, result: (35*X~4-30*X"2+3)/8’, i.e.,

P4(x) =(35x*-30x2+3)/8.
5 LEGENDRE, result: “(63*X"5:70*X"3+15*X)/8/, i.e.,
P5(x) =(63x°-70x3+15x)/8.

The ODE  (1x2)-(d%y/dx?)-2:x- (dy/dx)+[n- (n+1)-m2/(1x?)] -y = O, has for
solution the function y(x) = P,™(x)= (1™ 2.(d™Pn/dx™). This function is
referred to as an associated Legendre function.

Bessel’s equation

The ordinary differential equation x2-(d2y/dx?) + x- (dy/dx)+ (x%v?) -y = 0,
where the parameter v is a nonnegative real number, is known as Bessel’s

differential equation.  Solutions to Bessel’s equation are given in terms of
Bessel functions of the first kind of order v:

JV(X) — i (—l)m . x2m

Sl DV +m+1)
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where v is not an integer, and the function Gamma I'(c) is defined in Chapter

3.

If v =n, an integer, the Bessel functions of the first kind for n = integer are

defined by

. oo (_l)m .x2m
T =" Y (4 m)!’

Regardless of whether we use v (non-integer) or n (integer) in the calculator, we
can define the Bessel functions of the first kind by using the following finite
series:

A0k S LoL)

k H C3HD
fre=r] El:_'E-r|+n_':l

HLCn+H !

| CUES | BTG EVAL [FACTO]

Thus, we have control over the function’s order, n, and of the number of
elements in the series, k. Once you have typed this function, you can use
function DEFINE to define function J(x,n,k). This will create the variable n
the soft-menu keys. For example, to evaluate J3(0.1) using 5 terms in the series,

calculate J(0.1,3,5), i.e., in RPN mode: (- ) (1) (r)(3 )G (5) he
result is 2.08203157E-5.

If you want to obtain an expression for Jo(x) with, say, 5 terms in the series, use
J(x,0,5). The result is

1-0.25*x"2+0.015625*x"4-4.3403777E-4*x"6+6.782168E-6 *x" 8-
6.78168*x"10".

For non-integer values v, the solution to the Bessel equation is given by
y(x) = Ky-Jy(x)+K2:Jy(x).

For integer values, the functions Jn(x) and J-n(x) are linearly dependent, since

Inlx) = (1)"Ln(),

therefore, we cannot use them to obtain a general function to the equation.
Instead, we introduce the Bessel functions of the second kind_defined as
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Yo(x) = [Jy(x) cos vit - J_,(x)]/sin vz,

for non-integer v, and for n integer, with n > 0, by

i h h 2m
Y(x)—— J, ()0 )+ Z(ZBH }1(1'(”;'_+”};3';)-x

- Z —m— 1)'
T 22m n .
where v is the Euler constant, deflned by

y =lim[1 +l+l+...+l— Inr]=0.57721566490...,

r—eo 2 3 r

and h,, represents the harmonic series

hm=1+l+l+...+l
2 3 m

For the case n = 0, the Bessel function of the second kind is defined as

=D"" -h,

Y(x)—— Jo(x)-(In= +7/)+Zz— x?"
m=0 2 " ( ')
With these definitions, a general solution of Bessel’s equation for all values of v

is given by y(x) = Ky-Jy(x)+Ko- Yy (x).

In some instances, it is necessary to provide complex solutions to Bessel’s
equations by defining the Bessel functions of the third kind of order v as

Mix) = J,(x)+i-Yy(x), and H,2(x) = Jy(x)-i-Y,(x),

These functions are also known as the first and second Hankel functions of order

V.

In some applications you may also have to utilize the so-called modified Bessel
functions of the first kind of order v defined as I, (x)= V-, (i-x), where i is the unit
imaginary number. These functions are solutions to the differential equation

x2-(d%y/dx?) + x- (dy/dx)- (x2+v?2) -y = 0.
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The modified Bessel functions of the second kind,
Ky(x) = (/2)[Ly (x)-ly (x)]/sin v,

are also solutions of this ODE.

You can implement functions representing Bessel’s functions in the calculator in
a similar manner to that used to define Bessel’s functions of the first kind, but
keeping in mind that the infinite series in the calculator need to be translated
into a finite series.

Chebyshev or Tchebycheff polynomials

The functions T, (x) = cos(n-cos! x), and U,(x) = sin[(n+1) cos! x1/(1x2)172,
n=0, 1, ... are called Chebyshev or Tchebycheff polynomials of the first and
second kind, respectively. The polynomials Tn(x) are solutions of the differential
equation (1x?)-(d%y/dx?) — x- (dy/dx) + n?y = 0.

In the calculator the function TCHEBYCHEFF generates the Chebyshev or
Tchebycheff polynomial of the first kind of order n, given a value of n > 0. If
the integer n is negative (n < 0), the function TCHEBYCHEFF generates a
Tchebycheff polynomial of the second kind of order n whose definition is

U, (x) = sin(n-arccos(x))/sin(arccos(x)).

You can access the function TCHEBYCHEFF through the command catalog
() et ).

The first four Chebyshev or Tchebycheff polynomials of the first and second kind
are obtained as follows:

0 TCHEBYCHEFF, result: 1, ie., To(x) = 1.0.

-0 TCHEBYCHEFF, result: 1, ie., Ug(x) = 1.0.
1 TCHEBYCHEFF, result: ‘X, ie., Tq1(x) = x.

-1 TCHEBYCHEFF, result: 1, ie., Uq(x) =1.0.

2 TCHEBYCHEFF, result: ‘2*X"2-1, ie., To(x) =2x21.
-2 TCHEBYCHEFF, result: ‘2*X, ie., Up(x) =2x.

3 TCHEBYCHEFF, result: ‘4*X*3-3*X, i.e., T3(x) = 4x3-3x.
-3 TCHEBYCHEFF, result: ‘4*X*2-17, i.e., Us(x) = 4x21.
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Laguerre’s equation

Laguerre’s equation is the second-order, linear ODE of the form x-(d2y/dx
+(1—x) (dy/dx) + ny = 0. Laguerre polynomials, defined as

L=l Lx= 200D,
n! dx

are solutions to Laguerre’s equation. Laguerre’s polynomials can also be

m(ng

nn=1) D"
4

2)

L,2,...

’

calculated with:

m:

L,m=>5

T

=l-n-x+

The term

n) n! _C
. iy

is the m-th coefficient of the binomial expansion (x+y)". It also represents the
number of combinations of n elements taken m at a time. This function is
available in the calculator as function COMB in the MTH/PROB menu (see also
Chapter 17).

You can define the following function to calculate Laguerre’s polynomials:

n m
L(xw,mi= Z %-CDHB(n,mJ-}:m
m=a ’

When done typing it in the equation writer press use function DEFINE to create
the function L(x,n) into variable

To generate the first four Laguerre polynomials use, L(x,0), L(x, 1), L(x,2), L(x,3).
The results are:

Lo(X) = .

Lq(x) = Tx.
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Lo(x) = 1-2x+ 0.5x2
L 3(x) = 1-3x+1.5x%0.16666...x°.

Weber's equation and Hermite polynomials

Weber’s equation is defined as d2y/dx2+(n+1/2-x2/4)y =0,forn=0, 1, 2,
... A particular solution of this equation is given by the function , y(x) =
exp(xZ/4)H " (x/N2), where the function H"(x) is the Hermite polynomial:

> d”

n

Hyj*=1, H *(x)=(=1)"e" — (™), n=12,.

In the calculator, the function HERMITE, available through the menu
ARITHMETIC/POLYNOMIAL. Function HERMITE takes as argument an integer
number, n, and returns the Hermite polynomial of n-th degree. For example, the
first four Hermite polynomials are obtained by using:

0 HERMITE, result: 1, ie, Ho =1.

1 HERMITE, result: "2*X, ie, H = 2x

2 HERMITE, result: "4*X"22', e, Hy' = 4x%2.

3 HERMITE, result: "8*X3-12*X,, e, Hy" = 8x312x.

Numerical and graphical solutions to ODEs

Differential equations that cannot be solved analytically can be solved
numerically or graphically as illustrated below.

Numerical solution of first-order ODE

Through the use of the numerical solver ((P)Mmsy ), you can access an input
form that lets you solve first-order, linear ordinary differential equations. The
use of this feature is presented using the following example. The method used
in the solution is a fourth-order Runge-Kutta algorithm preprogrammed in the
calculator.

Example 1 - Suppose we want to solve the differential equation, dv/dt =-1.5
v172 withv =4 att = 0. We are asked to find v for t = 2.
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First, create the expression defining the derivative and store it into variable EQ.
The figure to the left shows the ALG mode command, while the right-hand side
figure shows the RPN stack before pressing Go1).

£

=H
t-1.5JuBER s -1.5
-[1.5u] L= '

=

Then, enter the NUMERICAL SOLVER environment and select the differential
equation solver: (P Jnmsy (3D . Enter the following parameters:

: 2 SOLNE YU CTI=FiT, '\

Fi =1.2%!

Indep:t Init:@ Final 2
Fokn: 1 Init:d Fina ! [N
Tol: . BHAA] step: DF 1t _5tifF

Frgsz S0LNE For Final =oln walug

[EDIT] | [  [INIT+[E0LNE
T3 (wait) The result is 0.2499 = 0.25. Press §

To solve, press:

Solution presented as a table of values
Suppose we wanted to produce a table of values of v, for t = 0.00, 0.25, ...,
2.00, we will proceed as follows:

First, prepare a table to write down your results. Write down in your table the
step-by-step results:

t Y
0.00 0.00
0.25
2.00

Next, within the SOLVE environment, change the final value of the independent
variable to 0.25, use :

(Changes initial value of t to 0.25, and final value of t to 0.5, solve for v(0.5) =
2.640..)
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(wait) §

(Changes initial value of t to 0.5, and final value of t to 0.75, solve for v(0.75)
=2.066...)

(wait)

(Changes initial value of t to 0.75, and final value of t to 1, solve for v(1) =
1.562...)

Repeat fort = 1.25, 1.50, 1.75, 2.00. Press ##l after viewing the last result in
......... To return to normal calculator display, press or (WD The
different solutions will be shown in the stack, with the latest result in level 1.

The final results look as follows (rounded to the third decimal):

t \"
0.00 4.000
0.25 3.285
0.50 2.640
0.75 2.066
1.00 1.562
1.25 1.129
1.50 0.766
1.75 0.473
2.00 0.250

Graphical solution of first-order ODE

When we can not obtain a closed-form solution for the integral, we can always
plot the integral by selecting Diff Eq in the TYPE field of the PLOT
environment as follows: suppose that we want to plot the position x(t) for a
velocity function v(t) = exp(+?), with x = 0 at t = 0. We know there is no
closed-form expression for the integral, however, we know that the definition of
v(t) is dx/dt = exp(?).

The calculator allows for the plotting of the solution of differential equations of
the form Y'(T) = F(T,Y). For our case, we let Y = x and T =, therefore, F(T,Y) =
f(t, x) = exp(+2). Let's plot the solution, x(t), for t = 0 to 5, by using the following
keystroke sequence:
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(2D om0 (simultaneously, if in RPN mode) to enter PLOT environment
Highlight the field in front of TYPE, using the @y keys. Th
i, and highlight Diff Eg, using the (@3 keys. Press
Change field F: to ‘EXP(- t*2)’

Make sure that the following parameters are set to: H-VAR: 0, V-VAR:
1

Change the independent variable to t
Accept changes to PLOT SETUP:
(=) wn_ (simultaneously, if in RPN mode). To enter PLOT WINDOW

environment
Change the horizontal and vertical view window to the following settings:
H-VIEW: -1 5; V-VIEW: -1 1.5

Also, use the following values for the remaining parameters: Init: O, Final:
5, Step: Default, Tol: 0.0001, Imf Soln 0
To plot the graph use: |

[ 2oon [, v] | [EDIT[CANCL]

When you observe the graph being plotted, you'll notice that the graph is not

very smooth. That is because the plotter is using a time step that may be a bit
large for a smooth graph. To refine the graph and make it smoother, use a step
of 0.1. Press and change the Step : value to 0.1, then use
once more fo repeat the graph. The plot will take |onger to be compleied but
the shape is definitely smoother than before. Try the following:
to see axes labels and range.

-1i. 5.

-1.

Notice that the labels for the axes are shown as O (horizontal, for t) and 1
(vertical, for x). These are the definitions for the axes as given in the PLOT
SETUP window () 21 ) i.e., H-VAR: O, and V-VAR: 1. To see the graphical
solution in detail use the following:
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To recover menu and return to PICT environment.

To determine coordinates of any point on the graph.

Use the @ (® keys to move the cursor around the plot area. At the bottom of
the screen you will see the coordinates of the cursor as (X,Y), i.e., the calculator
uses X and Y as the default names for the horizontal and vertical axes,
respectively. Press (w1 to recover the menu and return to the PLOT
WINDOW environment. Finally, press to return to normal display.

Numerical solution of second-order ODE
Integration of second-order ODEs can be accomplished by defining the solution
as a vector. As an example, suppose that a spring-mass system is subject to a
damping force proportional to its speed, so that the resulting differential
2
equation is: d’x =-18.75-x—1.962- d_
dr® dt

or, x"=-18.75x-1.962 x',

subject to the initial conditions, v=x'=6, x =0, att = 0. We want to find x,
x' att=2

Re-write the ODE as: w' = Aw, where w =[x x'], and A is the 2 x 2 matrix

shown below.
X '_ 0 1 X
x| [-18.75 —-1.962| | x'

The initial conditions are now written as w = [0 4], fort = 0. (Note: The
symbol [ ]T means the transpose of the vector or matrix).

To solve this problem, first, create and store the matrix A, e.g., in ALG mode:

[ 18 75 -1. 952]"“
_18.75 -1, 963

Then, activate the numerical differential equation solver by using: NUMSLY
To solve the differential equation with starting time t = 0 and final
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time t = 2, the input form for the differential equation solver should look as
follows (notice that the Init: value for the Soln: is a vector [0, 6]):

OLYE Y CTI=F T, &
kahl
Ind-zp t Init:@ Final 2

zotn: 1w Indit:[ . @, Final [N
Tol:  BEEAL tep: DF 11 _stiff

Frgzz Z0LNE For Final =olpn ualug

[EDIT] | |  JINIT+[Z0LNE
Press i (wait) £ to solve for w(t=2). The solution reads [.16716... -
6271..], ie., x(2) = 0.16716, and x'(2) = v(2) = -0.6271. Press

return to SOLVE environment.

Solution presented as a table of values

In the previous example we were interested only in finding the values of the
position and velocity at a given time t. If we wanted to produce a table of
values of x and x', fort = 0.00, 0.25, ..., 2.00, we will proceed as follows:
First, prepare a table to write down your results:

t X X'
0.00 0.00 6.00
0.25
2.00

Next, within the SOLVE environment, change the final value of the independent
variable to 0.25, use:

ay .25 O E wait) £
(Solves for w att = 0.25, w = [O 968 1.368]. )
) i3 (wait) ESHEEE

(Changes initial value of t 1o O. 25, c:nd final volue of t to 0.5, solve again for

w(05] = 0.748 2616)
.75 (wait)

(Changes initial value of tto 0.5, and final value of 1o 0. 75, solve again for

w(0.75) = [0.0147 -2.859])
a1 EEE

| (wait)
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(Changes initial value of tto 0.75, and final value of t o 1, solve again for w(1)
= [-0.469 -0.607])

Repeat fort = 1.25, 1.50, 1.75, 2.00. Pres after viewing the last result in
To return to normal calculator display, press or The
different solutions will be shown in the stack, with the latest result in level 1.

The final results look as follows:

t x x' t x X
0.00f 0.000| 6.000 1.25| -0.354| 1.281
0.25| 0.968| 1.368 1.50] 0.141| 1.362
0.50| 0.748| 2.616 1.75| 0.227| 0.268
0.75| -0.015| -2.859 2.00| 0.167| -0.627
1.00| -0.469| -0.607

Graphical solution for a second-order ODE

Start by activating the differential equation numerical solver, sy ()
. The SOLVE screen should look like this:

ALYE Y'CTXI=FiT, '\ &
Fi A%
Indep:t Init:@ Final 2
sobn: 0 Init:[ @, Finat [
Tol: . BHAA] step: DF 1t _5tifF

Frgsz S0LNE For Final =oln walug

EpIT] | |  [INIT+[Z0LNE

Notice that the initial condition for the solution (Soln: w Init:[0., ...) includes the

vector [0, 6]. Press

Next, press (<) 2 (simultaneously, if in RPN mode) to enter the PLOT
environment. Highlight the field in front of TYPE, using the (@< keys. Then,
press and highlight Di££ Eq, using the (@3 keys. Press
Modify the rest of the PLOT SETUP screen to look like this:
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W-tar:1 — FtiFF

. W-Tick:10. ' Fixqls

Chonsg type oF plot
| [CHoos]  [ARESs|ERASE| DRAN |

Notice that the option V-Var: is set to 1, indicating that the first element in the
vector solution, namely, x/, is to be plotted against the independent variable t.

Accept changes to PLOT SETUP by pressing

Press () v (simultaneously, if in RPN mode) to enter the PLOT WINDOW
environment. Modify this input form to look like this:

Final: 2.5
A Tol:.op0d
Init-foln: [0.,6.1

Entar HihiHUuH horizontal walug

EpIT] | | [ERAZE|

To plot the x’ vs. t graph use The plot of x’ vs. t looks like this:

[ ZooH [ei,va] [ [EDIT[CANCL]

To plot the second curve we need to use the PLOT SETUP input form once, more.
To reach this form from the graph above use:
(<) 2w (simultaneously, if in RPN mode) . Change the value of the V-Var: field
to 2, and press (do not press or you would loose the graph
produced above). Use: to see axes labels and range.
Notice that the x axis label is the number O (indicating the independent
variable), while the y-axis label is the number 2 (indicating the second variable,
i.e., the last variable plotted). The combined graph looks like this:
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=5,

Press 1 to return to normal calculator display.

Numerical solution for stiff first-order ODE
Consider the ODE: dy/dt = -100y+100t+101, subject to the initial condition

y(0)=1.

Exact solution

This equation can be written as dy/dt + 100y = 100t + 101, and solved
using an integrating factor, IF(f) = exp(100t), as follows (RPN mode, with CAS
set to Exact mode):

“(100*t+101)*EXP(100*t)’ @@ ‘' @= RISCH

The result is ‘(t+1)*EXP(100*1)".

Next, we add an integration constant, by using: ‘C’

Then, we divide by Fl(x), by using: ‘EXP(100*t)" Eve)(=).

The result is: ‘((t+1)*EXP(100*)+C)/EXP(100*1)’ i.e., y(t) = 1+t +C-e'0% Use of
the initial condition y(0) = 1, results in 1 =1+ 0 + C-e%, or C =0, the
particular solution being y(t) = 1+t.

Numerical solution

If we attempt a direct numerical solution of the original equation dy/dt = -
100y+100t+101, using the calculator’'s own numerical solver, we find that the
calculator takes longer to produce a solution that in the previous first-order
example. To check this out, set your differential equation numerical solver (=)

NUM.SLY @
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3 ZOLME ¥ (TIEF (T,

—186. #Y+168, *
Indep:t Init:@ Final 2
Foln: ' Init:] Fina ! [N
Tol:, BEAE] Step: [f 11 _StirF

Frazs Z0LYE For Findl soln walug

EDIT] | |  IINIT+Z0LNE

Here we are trying to obtain the value of y(2) given y(0) = 1. With the soin:
Final field highlighted, press You can check that a solution takes about
6 seconds, while in the previous first-order example the solution was almost
instantaneous. Press to cancel the calculation.

This is an example of a stiff ordinary differential equation. A stiff ODE is one
whose general solution contains components that vary at widely different rates
under the same increment in the independent variable. In this particular case,

the general solution, y(t) = 1+ t +C-e'%% contains the components ‘' and
'C-e'00" which vary at very different rates, except for the cases C=0 or C=0
(e.g., for C=1,1=0.1, C-e19%" =22026).

The calculator's ODE numerical solver allows for the solution of stiff ODEs by
selecting the option _stiff inthe SOLVE Y’ (T) = F(T,Y) screen. With this
option selected you need to provide the values of 9f/dy and of/dt. For the case
under consideration df/dy = -100 and of/at = 100.

Enter those values in the corresponding fields of the soLve v/ (1) = F(T,V)
screen:

SOLYE YU AETIZFOT, YD &
F -1A,, aFau: —1@,, arat: 1EE
Indep:t  Init:H F:.n-:ll. =
Soln: Y Imit:]l 2.9
Tol: , HEEA] Ztep: F 1t ﬂSt:.FF

Frezz Z0LNE For Final foln walug

EDIT] | [ [IRIT+[=0Lv

This

time, the solution in produced in about 1 second. Press
solution: 2.9999999999 i.e., 3.0.
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Note: The option stiff is also available for graphical solutions of differential
equations.

Numerical solution to ODEs with the SOLVE/DIFF menu

The SOLVE soft menu is activated by using 74 MENU in RPN mode. This menu
is presented in detail in Chapter 6. One of the sub-menus, DIFF, contains
functions for the numerical solution of ordinary differential equations for use in
programming. These functions are described next using RPN mode and system
flag 117 set to SOFT menus. (See note in page 16-75).

The functions provided by the SOLVE/DIFF menu are the following:

Function RKF
This function is used to compute the solution to an initial value problem for a

firstorder differential equation using the Runge-Kutta-Fehlbert 4 -5 order
solution scheme. Suppose that the differential equation to be solved is given by
dy/dx = f(x,y), with y = 0 at x = 0, and that you will allow a convergence
criteria € for the solution. You can also specify an increment in the independent
variable, Ax, to be used by the function. To run this function you will prepare
your stack as follows:

30 {X, Y, Hxy)}

2: {e Ax}

I: Xfinal

The value in the first stack level is the value of the independent variable where
you want to find your solution, i.e., you want to find, yinal = fs(Xfinal), Where f(x)
represents the solution to the differential equation. The second stack level may
contain only the value of €, and the step Ax will be taken as a small default
value.  After running function the stack will show the lines:

2: {IXII Iyl’ lf(xly)l}
1: €
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The value of the solution, yjingl, Will be available in variable This function

is appropriate for programming since it leaves the differential equation
specifications and the tolerance in the stack ready for a new solution. Notice
that the solution uses the initial conditions x = 0 aty = 0. If, your actual initial
solutions are x = X at y = yini, You can always add these values to the

solution provided by RKF, keeping in mind the following relationship:

RKF solution Actual solution

X y X y

0 0 Xinit Yinit
Xfinal Yfinal | Xinit * Xfinal | Yinit * Yfinal

The following screens show the RPN stack before and after applying function
RKF for the differential equation dy/dx = x+y, e = 0.001, Ax = 0.1.

iy ::{él- f

ontains the value 4.3880...

After applying function RKF, variable

Function RRK
This function is similar to the RKF function, except that RRK (Rosenbrock and
Runge-Kutta methods) requires as the list in stack level 3 for input not only the
names of the independent and dependent variables and the function defining
the differential equation, but also the expressions for the first and second
derivatives of the expression. Thus, the input stack for this function will look as
follows:

3 X,y fixy)' 'of/ox' 'of/ay' }

: {e Ax}

1: Xfinal

The value in the first stack level is the value of the independent variable where
you want fo find your solution, i.e., you want to find, yfinal = fs(Xfinal), Where f(x)

represents the solution to the differential equation. The second stack level may
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contain only the value of €, and the step Ax will be taken as a small default
value. After running function , the stack will show the lines:

2: {X, Y, Hxy) ‘of/ox' ‘of /vy }
1: {e Ax}

The value of the solution, yfngl, Will be available in variable §

This function can be used to solve so-called “stiff” differential equations.

The following screen shots show the RPN stack before and after application of
function RRK:

SHEE N H '—1ERFg+ ] BEE =1
+1@1’ 1@a '-1@@' > i oL o= ';I '—11313*?+1aa*x
E Lo.Eal L1 i: +1@1l" 1@a '-l@Et >

|
EEE IRRFET|RRERETIRKFER|RSEER

The value stored in variable y is 3.00000000004.

Function RKFSTEP

This function uses an input list similar to that of function RKF, as well as the
tolerance for the solution, and a possible step Ax, and returns the same input
list, followed by the tolerance, and an estimate of the next step in the
independent variable. The function returns the input list, the tolerance, and the
next step in the independent variable that satisfies that tolerance. Thus, the
input stack looks as follows:

3: {IXI’ Iyll 1 (le)/}
: €
1: AX

After running this function, the stack will show the lines:
3 : {IXII Iyl, 1 (X’ y)l}
2: €
1: (AX)next

Thus, this function is used to determine the appropriate size of a time step to
satisfy the required tolerance.

The following screen shots show the RPN stack before and after application of
function RKFSTEP:
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Lo Pyt o Yy
: = IfIIElEll = IflElEll
1: il « S4E422E95EE 1

| REE [RERFET|RERET|RKFEE] | KRR [RRFET|RERETIRKFERIRZEEE]

These results indicate that (Ax),e = 0.34049...

Function RRKSTEP

This function uses an input list similar to that of function RRK, as well as the
tolerance for the solution, a possible step Ax, and a number (LAST) specifying
the last method used in the solution (1, if RKF was used, or 2, if RRK was used).
Function RRKSTEP returns the same input list, followed by the tolerance, an
estimate of the next step in the independent variable, and the current method
(CURRENT) used to arrive at the next step. Thus, the input stack looks as
follows:

40 XY, Hxy)'}

3: €
2: AXx
1 LAST

After running this function, the stack will show the lines:
4 XY, )
3: €
2: (AX)next
1: CURRENT

Thus, this function is used to determine the appropriate size of a time step
((AX)next) to satisfy the required tolerance, and the method used to arrive at that

result (CURRENT).

The following screen shots show the RPN stack before and after application of

function RRKSTEP:

O™ g 1L L~ R e O U™ g L L L Rl e
+181" 168 '-18' +181°7 1@ '-1@' >

: « BEE] : . HEE]

. . % 2. SEEFESSIBB?EIB

| kKK |RRFET|RERET|RKFER]
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These results indicate that (Ax),e = 0.00558... and that the RKF method
(CURRENT = 1) should be used.

Function RKFERR

This function returns the absolute error estimate for a given step when solving a
problem as that described for function RKF.  The input stack looks as follows:

2: {IXI’ Iyll i (le)/}
1: Ax

After running this function, the stack will show the lines:
40 {%, Y, Hxy)']

3: I3
2: Ay
1: error

Thus, this function is used to determine the increment in the solution, Ay, as well
as the absolute error (error).

The following screen shots show the RPN stack before and after application of
function RKFERR:

Lox g 'xEg' G

: .1

T ox oy "wxy' : Bereal 242271

. : -1.29537439701E-&

| ERE [REFETIRERETIRRFER] | ERE [RRFETIRERET|RRFER|RZEER]

These result show that Ay = 0.827... and error = -1.89...x10%.

Function RSBERR

This function performs similarly to RKERR but with the input elements listed for
function RRK. Thus, the input stack for this function will look as follows:

2: X, 'y, Hixy) ‘of/ox' ‘ot/vy' }
1: Ax

After running the function, the stack will show the lines:
4: X, Y, ‘Hxy) ‘of/ox ‘of/vy' }:
3: €
2: Ay
1

error
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The following screen shots show the RPN stack before and after application of
function RSBERR:

d :H o '-1@@*?+1@E*K
=H +1@1 18 '-I@!’

=H o 1@@*?+1@B*4 =H .1l

+1@1 1@ =H 4,15144617156

: . 1: 2.?6211?16614

ERK |RRFETIRERETIRKFER|RZEER

These results indicate that Ay = 4.1514... and error = 2.762..., for Dx = 0.1.
Check that, if Dx is reduced to 0.01, Ay = -0.00307... and error = 0.000547.

Note: As you execute the commands in the DIFF menu values of x and y will
be produced and stored as variables in your calculator. The results provided
by the functions in this section will depend on the current values of x and y.
Therefore, some of the results illustrated above may differ from what you get in

your calculator.

Page 16-72



Chapter 17
Probability Applications

In this Chapter we provide examples of applications of calculator’s functions to
probability distributions.

The MTH/PROBARBILITY.. sub-menu - part 1

The MTH/PROBABILITY.. sub-menu is accessible through the keystroke sequence
CeomH_ . With system flag 117 set to CHOOSE boxes, the following list of
MTH options is provided (see left-hand side figure below). We have selected
the PROBABILITY.. option (option 7), to show the following functions (see right-
hand side figure below):

Hg" HATH HEND i R [PROEREILITY HERU i
| EA — - -

2.HATRIN.. 2. FERN

3.LIST.. -

Y. HYFEREOLIC.. o pane

5.KEAL.. = UTFC

&. FRZE.. 7 UTFF

;.Eﬁanan:w.. 2. UTFN

[ 1 1 [ [chncl] of |

In this section we discuss functions COMB, PERM, ! (factorial), RAND, and RDZ.

Factorials, combinations, and permutations

The factorial of an integer n is defined as: n! =n- (n-1) - (n-2)...3-2-1. By
definition, O! = 1. Factorials are used in the calculation of the number of
permutations and combinations of objects. For example, the number of
permutations of r objects from a set of n distinct objects is

P =nn-D(n-1..(n-r+)=n/(n-r)!

n r

Also, the number of combinations of n objects taken r at a time is

(n] _n(n=D(n=2)..(n—r+1) _ nl

r r! rl(n—r)!
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To simplify notation, use P(n,r) for permutations, and C(n,r) for combinations.
We can calculate combinations, permutations, and factorials with functions
COMB, PERM, and ! from the MTH/PROBABILITY.. sub-menu. The operation of
those functions is described next:

COMB(n,r): Combinations of n items taken r at a time

PERM(n,r): Permutations of n items taken r at a time

nl: Factorial of a positive integer. For a non-integer, x! returns T'(x+1),
where T'(x) is the Gamma function (see Chapter 3). The factorial
symbol (!) can be entered also as the keystroke combination

) (P J(2).

Example of applications of these functions are shown next:

s COME(1A. 6]
21a.
fPERMI1E. 5.]
151268,
1.1
47980 GEAE.

Random numbers

The calculator provides a random number generator that returns a uniformly
distributed, random real number between O and 1. The generator is able to
produce sequences of random numbers. However, after a certain number of
times (a very large number indeed), the sequence tends to repeat itself. For that
reason, the random number generator is more properly referred to as a pseudo-
random number generator. To generate a random number with your calculator
use function RAND from the MTH/PROBABILITY sub-menu. The following
screen shows a number of random numbers produced using RAND. The
numbers in the left-hand side figure are produced with calling function RAND
without an argument. If you place an argument list in function RAND, you get
back the list of numbers plus an additional random number attached to it as
illustrated in the right-hand side figure.

IEET R ledeg- T el n T ]
= RAMD RAHDIS. ]
. S291993523633 5. 4. 18825424442E-23
= RAHD fRAMDZ. 5.
4.33821214444E-2 i12. O . roe27a433805)0
= RAMD fRAHDIL. 2. .3 )
234922982888 1. 2. 2. 4. 87838725137
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Random number generators, in general, operate by taking a value, called the
“seed” of the generator, and performing some mathematical algorithm on that
“seed” that generates a new (pseudo)random number. If you want to generate
a sequence of number and be able to repeat the same sequence later, you can
change the "seed" of the generator by using function RDZ(n), where n is the
“seed,” before generating the sequence. Random number generators operate
by starting with a "seed" number that is transformed into the first random
number of the series. The current number then serves as the "seed" for the next
number and so on. By "re-seeding" the sequence with the same number you
can reproduce the same sequence more than once. For example, try the

following:

RDZ(0.25) Use 0.25 as the "seed."

RAND() First random number = 0.75285...
RAND() Second random number = 0.51109...
RAND() Third random number= 0.085429....
Re-start the sequence:

RDZ(0.25) Use 0.25 as the "seed."

RAND() First random number = 0.75285...
RAND() Second random number = 0.51109...
RAND() Third random number= 0.085429....

To generate a sequence of random numbers use function SEQ. For example, to
g nerate a list of 5 random numbers you can use, in ALG mode:
pdnlaSad In RPN mode, use the following program:

« >n« 1 nFORjRND NEXT n >LST » »

Store it into variable RLST (Random LiST), and use

list of 5 random numbers.

to produce a

Function RNDM(n,m) can be used to generate a matrix of n rows and m

columns whose elements are random integers between -1 and 1(see Chapter
10).

Discrete probability distributions

A random variable is said to be discrete when it can only take a finite number
of values. For example, the number of rainy days in a given location can be
considered a discrete random variable because we count them as integer
numbers only. Let X represent a discrete random variable, its probability mass
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function (pmf) is represented by f(x) = P[X=x], i.e., the probability that the
random variable X takes the value x.

The mass distribution function must satisfy the conditions that

f(x) >0, for all x,
and

D f(x)=1.0

all x

A cumulative distribution function (cdf) is defined as

F(x)=P[X <x]=Y f(k)
k<x
Next, we will define a number of functions to calculate discrete probability
distributions. We suggest that you create a sub-directory, say,
HOME\STATS\DFUN (Discrete FUNctions) where we will define the probability
mass function and cumulative distribution function for the binomial and Poisson
distributions.

Binomial distribution

The probability mass function of the binomial distribution is given by

f(n,p,x)= {nj p(=p)"7, x=012,..n
x

where (") = C(n,x) is the combination of n elements taken x at a time. The
values n and p are the parameters of the distribution. The value n represents
the number of repetitions of an experiment or observation that can have one of
two outcomes, e.g., success and failure. If the random variable X represents the
number of successes in the n repetitions, then p represents the probability of
getting a success in any given repetition. The cumulative distribution function
for the binomial distribution is given by
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F(n,p,x)= Zf(n, p,x), x=012,...n
k=0

Poisson distribution
The probability mass function of the Poisson distribution is given by

-1 x
f(4,x)= % x=0,1.2,...,00
X

In this expression, if the random variable X represents the number of
occurrences of an event or observation per unit time, |engfh, areaq, volume, efc.,
then the parameter | represents the average number of occurrences per unit
time, length, area, volume, etc. The cumulative distribution function for the
Poisson distribution is given by

F(4,x)= Zx:f(l, x), x=0,1,2,..,00
=0

Next, use function DEFINE ()2 _ ) to define the following probability mass
functions (pmf) and cumulative distribution functions (cdf):

The function names stand for:

pmfb:  probability mass function for the binomial distribution

cdtb:  cumulative distribution function for the binomial distribution
- pmfp: probability mass function for the Poisson distribution

cdfp:  cumulative distribution function for the Poisson distribution

Examples of calculations using these functions are shown next:
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Continuous probability distributions

The probability distribution for a continuous random variable, X, is
characterized by a function f(x) known as the probability density function (pdf).
The pdf has the following properties: f(x) > 0, for all x, and

PLX <x]= F(x)= [ f(&)de.
[ r@dc=1.

Probabilities are calculated using the cumulative distribution function (cdf), F(x),

defined by PLY < x]=F(x) = [ f(&)d¢ , where P[X<x] stands for “the

probability that the random variable X is less than the value x".

In this section we describe several continuous probability distributions including
the gamma, exponential, beta, and Weibull distributions.  These distributions

are described in any statistics textbook. Some of these distributions make use of
a the Gamma function defined earlier, which is calculated in the calculator by
using the factorial function as T'(x) = (x-1)!, for any real number x.

The gamma distribution
The probability distribution function (pdf) for the gamma distribution is given by

f(x) =m-x“_l -exp(—%),for x>0,a>0,8>0;

The corresponding (cumulative) distribution function (cdf) would be given by an

integral that has no closed-form solution.

The exponential distribution
The exponential distribution is the gamma distribution with a = 1. lts pdf is
given by
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f(x)= % : exp(—%), for x>0,8>0,

while its cdf is given by F(x) = 1 - exp(x/B), for x>0, B >0.

The beta distribution
The pdf for the gamma distribution is given by

f(x)zl“r(‘gj)-—-;(ﬁ,b)’)'xa_l (A=) for 0<x<la>0,8>0

As in the case of the gamma distribution, the corresponding cdf for the beta
distribution is also given by an integral with no closed-form solution.

The Weibull distribution
The pdf for the Weibull distribution is given by

fx)=a-B-x"" exp(-a-x?), forx>0,a>0,8>0
While the corresponding cdf is given by
F(x)=1-exp(-a-x"), forx>0,a>0,8>0

Functions for continuous distributions

To define a collection of functions corresponding to the gamma, exponential,
beta, and Weibull distributions, first create a sub-directory called CFUN
(Continuous FUNCctions) and define the following functions (change to Approx
mode):

Gamma pdf: 'gpdf (x) = x™(0-1) *EXP (-x/B) / (B o*GAMMA (o) ) '
Gamma cdf: 'gedf (x) = [(0,x,gpdf (t),t)"

Beta pdf:

' Bpdf (x) = GAMMA (o+B) *x™ (0t-1) * (1-x) * (B-1) / (GAMMA (o) *GAMMA (f) )
Beta cdf: 'Bedf (x) = J(0,x, Bpdf (t),t) "
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Exponential pdf: 'epdf (x)

EXP (-x/B) /B"

(
Exponential cdf: 'ecdf (x) = 1 - EXP(-x/B)"
Weibull pdf: '"Wpdf (x) = a*B*x” (B-1) *EXP (-o*x™p)
Weibull cdf: "Wedf (x) = 1 - EXP(-o*x™P) "

Use function DEFINE to define all these functions. Next, enter the values of o

and B, e.g., CIOE) @ (P @ @=)

Finally, for the cdf for Gamma and Beta cdf’s, you need to edit the program
definitions to add >NUM to the programs produced by function DEFINE. For
example, the Gamma cdf, i.e., the function gedf, should be modified to read: «
> x"ONUM(| (0,%,gpdf (t),t)) ' » and stored back into & Repeat
the procedure for Bedf. Use RPN mode to perform these changes.

Unlike the discrete functions defined earlier, the continuous functions defined in
this section do not include their parameters (o. and/or B) in their definitions.
Therefore, you don't need to enter them in the display to calculate the functions.
However, those parameters must be previously defined by storing the
corresponding values in the variables o and B. Once all functions and the
values o and B have been stored, you can order the menu labels by using
function ORDER. The call to the function will be the following:

ORDER({'ct,'B' gpdf, gedf, BpdF, Bedf, epdf; ecdf, WpdF, Wedf})

Following this command the menu labels will show as follows (Press to
move to the second list. Press once more to move to the first list):

Some examples of application of these functions, for values of = 2, B = 3, are
shown below. Notice the variable IERR that shows up in the second screen shot.
This results from a numerical integration for function gedf.
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Continuous distributions for statistical inference

In this section we discuss four continuous probability distributions that are
commonly used for problems related to statistical inference. These distributions

are the normal distribution, the Student’s t distribution, the Chi-square (x?)
distribution, and the F-distribution. The functions provided by the calculator to
evaluate probabilities for these distributions are contained in the MTH/
PROBABILITY menu introduced earlier in this chapter. The functions are NDIST,
UTPN, UTPT, UTPC, and UTPF. Their application is described in the following
sections. To see these functions activate the MTH menu: (=DM and select

the PROBABILITY option:

KA i RAD i
i HHH HERD R o [FROEREILITY HENU
|1 VECTOFR., — — | ——
2. 2.FERH
I.LIET. £
Y. HYFERENLILC.. Y. RAND
5.REAL.. 5.RDZ
& .ERZE.. & UTFE
7 .FROEREILITY.. 7.UTFF
2.FFT.. . UTEN

[ 1 1 [  [cencL] ok | [ 1 [ [cenci] ok |

Normal distribution pdf

The expression for the normal distribution pdf is:
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where 1 is the mean, and 62 is the variance of the distribution. To calculate the
value of f(1,62 x) for the normal distribution, use function NDIST with the
following arguments: the mean, y, the variance, 62, and, the value x , i.e.,

NDIST(1,62 x). For example, check that for a normal distribution, f(1.0,0.5,2.0)
= 0.20755374.

Normal distribution cdf

The calculator has a function UTPN that calculates the upper-ail normal
distribution, i.e., UTPN(x) = P(X>x) = 1 - P(X<x). To obtain the value of the
upper-tail normal distribution UTPN we need to enter the following values: the

mean, 1; the variance, 6% and, the value x, e.g., UTPN((1, 62 x)

For example, check that for a normal distribution, with u = 1.0, 62=0.5,
UTPN(0.75) = 0.638163. Use UTPN(1.0,0.5,0.75) = 0.638163.

Different probability calculations for normal distributions [X is N(u,02)] can be
defined using the function UTPN, as follows:

P(X<a) = 1 - UTPN(u, 6%a)

P(a<X<b) = P(X<b) - P(X<a) = 1 - UTPN(u, 62b) - (1 - UTPN(y, 6%q)) =
UTPN(u, 62,a) - UTPN(, 62,b)

P(X>c) = UTPN(u, 62,

Examples: Using u = 1.5, and 62 = 0.5, find:
P(X<1.0) = 1-P(X>1.0) = 1 - UTPN(1.5, 0.5, 1.0) = 0.239750.
P(X>2.0) = UTPN(1.5, 0.5, 2.0) = 0.239750.
P(1.0<X<2.0) = F(1.0) - F(2.0) = UTPN(1.5,0.5,1.0) - UTPN(1.5,0.5,2.0) =
0.7602499 - 0.2397500 = 0.524998.

The Student-t distribution

The Student+, or simply, the 1, distribution has one parameter v, known as the
degrees of freedom of the distribution. The probability distribution function (pdf)
is given by
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v+1

F(T) 12 _v+l
f)=—~5— (1+—) 2 ,—o<t<oo
R

where T'(0) = (a-1)! is the GAMMA function defined in Chapter 3.

The calculator provides for values of the upper-ail (cumulative) distribution
function for the t-distribution, function UTPT, given the parameter v and the value
of t, i.e., UTPT(v,1). The definition of this function is, therefore,

UTPT(v,t)= [ f()dr =1~ [ f@wdi=1-pPr <)

For example, UTPT(5,2.5) = 2.7245...E-2. Other probability calculations for the
t-distribution can be defined using the function UTPT, as follows:

P(T<a) = 1 - UTPT(v,q)

P(a<T<b) = P(T<b) - P(T<a) = 1 - UTPT(v,b) - (1 - UTPT(v,a)) =
UTPT(v,a) - UTPT(v,b)

P(T>c) = UTPT(v,c)

Examples: Given v = 12, defermine:
P(T<0.5) = 1-UTPT(12,0.5) = 0.68694..
P(-0.5<T<0.5) = UTPT(12,-0.5)-UTPT(12,0.5) = 0.3738...
P(T>-1.2) = UTPT(12,-1.2) = 0.8733...

The Chi-square distribution

The Chi-square (x2) distribution has one parameter v, known as the degrees of
freedom. The probability distribution function (pdf) is given by

14 X

f(x)zv;'x2 e 2,v>0,x>0
> 14
22 . T(Z
(2)
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The calculator provides for values of the upper-ail (cumulative) distribution

function for the y2distribution using [UTPC] given the value of x and the
parameter v. The definition of this function is, therefore,

UTPC(v,x)= [ f(x)ds=1-[ f(x)dc=1-P(X <x)

To use this function, we need the degrees of freedom, v, and the value of the
chi-square variable, x, i.e., UTPC(v,x). For example, UTPC(5, 2.5) =
0.776495...

Different probability calculations for the Chi-squared distribution can be defined
using the function UTPC, as follows:

P(X<a) = 1 - UTPC(v,q)

P(a<X<b) = P(X<b) - P(X<a) = 1 - UTPC(v,b) - (1 - UTPC(v,q)) =
UTPC(v,a) - UTPC(v,b)

P(X>c) = UTPC(v,c)

Examples: Given v = 6, determine:
P(X<5.32) = 1-UTPC(6,5.32) = 0.4965..
P(1.2<X<10.5) = UTPC(6,1.2)-UTPC(6,10.5) = 0.8717...
P(X> 20) = UTPC(6,20) = 2.769..E-3

The F distribution

The F distribution has two parameters vN = numerator degrees of freedom, and
vD = denominator degrees of freedom. The probability distribution

function (pdf) is given by

, r<VN;VD)< )2 oFe
(X)_ VN+VD
(f> r(f) (I—VN Y
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The calculator provides for values of the upper-ail (cumulative) distribution
function for the F distribution, function UTPF, given the parameters vN and vD,
and the value of F. The definition of this function is, therefore,

UTPF (VN VD, F) = f f(F)dF =1~ ’_w F(F)dF =1-P(3 <F)

For example, to calculate UTPF(10,5, 2.5) = 0.161834...

Different probability calculations for the F distribution can be defined using the
function UTPF, as follows:

P(F<a) = 1 - UTPF(VN, vD,a)

P(a<F<b) = P(F<b) - P(F<a) = 1 -UTPF(VN, vD,b)- (1 - UTPF(vN, vD,a))
= UTPF(VN, vD,a) - UTPF(vN, vD,b)

P(F>c) = UTPF(vN, vD,a)

Example: Given vN = 10, vD = 5, find:

P(F<2) = 1-UTPF(10,5,2) = 0.7700...
P(5<F<10) = UTPF(10,5,5) - UTPF(10,5,10) = 3.4693..E2
P(F>5) = UTPF(10,5,5) = 4.4808..E2

Inverse cumulative distribution functions

For a continuous random variable X with cumulative density function (cdf) F(x) =
P(X<x) = p, to calculate the inverse cumulative distribution function we need to
find the value of x, such that x = F1(p). This value is relatively simple to find for
the cases of the exponential and Weibull distributions since their cdf’s have a
closed form expression:

Exponential, F(x) =1 - exp(x/B)
Weibull, F(x) = T-exp(-axP)

(Before continuing, make sure to purge variables o and B). To find the inverse
cdf's for these two distributions we need just solve for x from these expressions,
i.e.,

Page 17-13



Exponential: Weibull:

__F
=5EIL'-.-'E[|:-=1—E S e
=X —
[ 3 LN~ Chr=t=11)
:SOLVElp=1-& & F
w=—IELHI—-(p—11) wES

For the Gamma and Beta distributions the expressions to solve will be more
complicated due to the presence of integrals, i.e.,

x ] -

— 2 exp(—2)dz
BT (e) B

e Beta, = ana—-i_ﬁ).za—l N _Z)ﬂ-l dz
"T'(a)-T(B)

A numerical solution with the numerical solver will not be feasible because of
the integral sign involved in the expression. However, a graphical solution is
possible. Details on how to find the root of a graph are presented in Chapter

12. To ensure numerical results, change the CAS setting to Approx. The
function to plot for the Gamma distribution is

e Gamma, Pp~=

Y(X) = [0,X,z"(o-1)*exp(z/B)/ (B o * GAMMA(a)), z)-p
For the Beta distribution, the function to plot is

Y(X) =
[(0,X, 27 (e 1)*(12)(B-1) *GAMMA o+ B)/ (GAMMA(0) * GAMMA(B)), ) -p

To produce the plot, it is necessary to store values of @, B, and p, before
attempting the plot. For example, for oo = 2, B = 3, and p = 0.3, the plot of
Y(X) for the Gamma distribution is shown below. (Please notice that, because of
the complicated nature of function Y(X), it will take some time before the graph
is produced. Be patient.)

Page 17-14



There are two roots of this function found by using function within the plot
environment. Because of the integral in the equation, the root is approximated
and will not be shown in the plot screen. You will only get the message
Constant? Shown in the screen. However, if you press at this point, the
approximate root will be listed in the display. Two roots are shown in the right-
hand figure below.

(—1.9,8.]
(2.2,8.)
| _F | IERF |

Constant?

Alternatively, you can use function to estimate the roots by tracing
the curve near its intercepts with the x-axis. Two estimates are shown below:

\ z.2fy \ z.2fy
1 R

6.5

=1.3 ¥:3.34E-Z 2.7 W:a.P1E-Y

These estimates suggest solutions x = -1.9 and x = 3.3. You can verify these
“solutions” by evaluating function Y1(X) for X =-1.9 and X = 3.3, i.e.,

Yli-1.9

EES24410121

For the normal, Student’s t, Chi-square (x?), and F distributions, which are
represented by functions UTPN, UTPT, UPTC, and UTPF in the calculator, the

inverse cuff can be found by solving one of the following equations:

Normal, p = 1 = UTPN(u,62,x)
Student’s t, p = 1 — UTPT(v,1)
Chi-square, p = 1 — UTPC(v,x)

F distribution: p = 1 — UTPF(VN,vD,F)
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Notice that the second parameter in the UTPN function is 62, not 62,
representing the variance of the distribution. Also, the symbol v (the lower-case
Greek letter no) is not available in the calculator. You can use, for example, y
(gamma) instead of v. The letter 7 is available thought the character set

(C2) cus ).

For example, to obtain the value of x for a normol dlstrlbuhon with 1 = 10, 62
= 2, with p = 0.25, store the equation ‘% s 0= s # " info variable
EQ (figure in the left-hand side below). Then launch the numerical solver, to
get the input form in the right-hand side figure:

OLVE ERUATION

Eq: UTPH s o2asd
heH

x:

t'p=1. —UTF'H a2, «I'BER
I_II:'l.-Fi:h 'fl.l.gl:r 5}{:'

Enter walug or prass SOLVE

EDIT] | |

The next step is to enter the values of y, 62, and p, and solve for x:

'"—UTPHtuiuz,x)

Enter walug or prass SOLVE

EOIT] | |

This input form can be used to solve for any of the four variables involved in the
equation for the normal distribution.

To facilitate solution of equations involving functions UTPN, UTPT, UTPC, and
UTPF, you may want to create a sub-directory UTPEQ were you will store the
equations listed above:
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2'p=1. —UTPHi, 02, ' FEQH 'p=1, —UTFCiv ' BEQC
p=1.~UTPH o aEs = ELUTPC
2'p=1. —LTETEv L R EGT :'p=1, ~UTPFiqH, 0, FIREGF

[
F=1.—-UTPTCw,t2 p=1. —UTPF (v, ~D, F
I | EeC | EeT [ Een | | |

Thus, at this point, you will have the four equations available for solution. You
needs just load one of the equations into the EQ field in the numerical solver
and proceed with solving for one of the variables. Examples of the UTPT, UTPC,
and UPTF are shown below:

ZOLVE EQUATIO OLVE EQUATION

Enter walug or prazs SOLVE

EODIT] | |

Notice that in all the examples shown above, we are working with p = P(X<x).
In many statistical inference problems we will actually try to find the value of x
for which P(X>x) = o.. Furthermore, for the normal distribution, we most likely

will be working with the standard normal distribution in which u =0, and 62 =
1. The standard normal variable is typically referred to as Z, so that the
problem to solve will be P(Z>z) = o.. For these cases of statistical inference
problems, we could store the following equations:

t'=UTPHIA, .1, z"FEGHA $ 1o =UTPCl, =) BEQCH
a=UTPHEG, s 1. 520 a=UTPCE g

t'=UTP T+, BEQTH ' =UTPFi~H,~0LF 'REGF A
a=UTPTC vt s a=UITPE ¢y w01y F
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With these four equations, whenever you launch the numerical solver you have
the following choices:

HeHord: gHasre | select: i
]
] FEOG By
amELH FROG oo
-—Er FROG i
= FEOG 21
=t FEOG |
=~ FROG ™

ECIT [ COFY | HOWE | KCL [EVAL | TREE

Examples of solution of equations EQNA, EQTA, EQCA, and EQFA are shown

below:

SOLVE ERUATIO SOLVE EXUATION
Eq:ge=UTPHIB. v 1a 0zl =uEgTPTiw,t}

Enter walug or press ZOLVE Enter valug or press ZOLVE

EDIT| |  [vaks[InFafsn EDIT] | |

Eq: =UTFF Ceby «Da F 2
w L85 wh: 5
= F: E

Enter walug or press SOLVE Enter vwalug or press SOLVE

EDIT] | [vaks [InFafsn EDIT] | |
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Chapter 18
Statistical Applications

In this Chapter we introduce statistical applications of the calculator including
statistics of a sample, frequency distribution of data, simple regression,
confidence intervals, and hypothesis festing.

Pre-programmed statistical features

The calculator provides pre-programmed statistical features that are accessible
through the keystroke combination () s (same key as the number key).
The statistical applications available in the calculator are:

Frequancigs.,
LFit data.,
LEUHHAry stats.
Hypoth. te=ts
LConF . anterual.,

2
Z
y
]
g

These applications are presented in detail in this Chapter. First, however, we
demonstrate how to enter data for statistical analysis.

Entering data

For the analysis of a single set of data (a sample) we can use applications
number 1, 2, and 4 from the list above. All of these applications require that
the data be available as columns of the matrix ZDAT. This can be
accomplished by entering the data in columns using the matrix writer, Ca)mmw

This operation may become tedious for large number of data points. Instead,
you may want to enter the data as a list (see Chapter 8) and convert the list into
a column vector by using program CRMC (see Chapter 10). Alternatively, you
can enter the following program to convert a list into a column vector. Type the
program in RPN mode:

« OBJ> 1 2 >LST >ARRY »
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Store the program in a variable called LXC. After storing this program in RPN
mode you can also use it in ALG mode.

To store a column vector into variable ZDAT use function STOZ, available
through the catalog ((P) _ar ), e.g., STOZ (ANS(1)) in ALG mode.

Example 1 — Using the program LXC, defined above, create a column vector
using the following data: 2.1 1.2 3.1 45 23 1.1 23 15 1.6 22
1.2 25.

In RPG mode, type in the data in a list:

{21 1.2 3.1 45 23 1.1 23 15 1.6 22 1.2 25}
Use function STOZ to store the data into =DAT.

Note: You can also enter stohshccl dofc by |aunch|ng a statistics apphcahon
(SUCh as (R O - wa OF Bupirampry ko )cnd
pressing | Thls |ounches the Mqtrlx Writer. Enter the dofo as you usually
do. In this case, when you exit the Matrix Writer, the data you have entered is
automatically saved in ZDAT.

Calculating single-variable statistics

Assuming that the single data set was stored as a column vector in vari
2DAT. To access the different STAT programs, press (P ST . Press
select 1. Single-var.. There will be available to you an input form labeled
SINGLE-VARIABLE STATISTICS, with the data currently in your ZDAT variable
listed in the form as a vector. Since you only have one column, the field col:
should have the value 1 in front of it. The Type field determines whether you
are working with a sample or a population, the default setting is Sample. Move
the cursor to the horizontal line preceding the fields Mean, Std Dev, Variance,
Total, Maximum, Minimum, pressing the } soft menu key to select those
measures that you want as output of this program. When ready, press B,
The selected values will be listed, appropriately labeled, in the screen of your
calculator.
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Example 1 - For the data stored in the previous example, the single-variable
statistics results are the following:

Mean: 2.13333333333, Std Dev: 0.964207949406,
Variance: 0.929696969697
Total: 25.6, Maximum: 4.5, Minimum: 1.1

Definitions
The definitions_used for these quantities are the following:

Suppose that you have a number data points x1, x, x3, ..., representing
different measurements of the same discrete or continuous variable x. The set of
all possible values of the quantity x is referred to as the population of x. A
finite population will have only a fixed number of elements x;. If the quantity x
represents the measurement of a continuous quantity, and since, in theory, such
a quantity can take an infinite number of values, the population of x in this case
is infinite.  If you select a sub-set of a population, represented by the n data
values {x1, xg, ..., x,}, we say you have selected a sample of values of x.
Samples are characterized by a number of measures or statistics. There are
measures of central tendency, such as the mean, median, and mode, and
measures of spreading, such as the range, variance, and standard deviation.

Measures of central tendency _
The mean (or arithmetic mean) of the sample, x, is defined as the average
value of the sample elements,

1 n
X=—:) X,
n ; ’
The value labeled Total obtained above represents the summation of the
values of x, or Zx; = n- x. This is the value provided by the calculator under the
heading Mean. Other mean values used in certain applications are the

geometric mean, xg, or the harmonic mean, x}, defined as:

. 1 1
X, =RX X, 0, ——Z—.
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Examples of calculation of these measures, using lists, are available in Chapter

8.

The median is the value that splits the data set in the middle when the elements
are placed in increasing order. If you have an odd number, n, of ordered
elements, the median of this sample is the value located in position (n+1)/2. If
you have an even number, n, of elements, the median is the average of the
elements located in positions n/2 and (n+1)/2. Although the pre-programmed
statistical features of the calculator do not include the calculation of the median,
it is very easily to write a program to calculate such quantity by working with
lists. For example, if you want to use the data in ZDAT to find the median, type
the following program in RPN mode (see Chapter 21 for more information on
programming in User RPL language).:

« > nC « RCLE DUP SIZE 2 GET IF 1 > THEN nC COL- SWAP DROP OBJ->
1 + >ARRY END OBJ-> OBJ-> DROP DROP DUP > n « ->LIST SORT IF 'n
MOD 2 == 0’ THEN DUP ‘n/2’" EVAL GET SWAP ‘(n+1)/2" EVAL GET + 2 /
ELSE ‘(n+1)/2" EVAL GET END “Median” >TAG » » »

Store this program under the name MED. An example of application of this
program is shown next.

Example 2 — To run the program, first you need to prepare your DAT matrix.
Then, enter the number of the column in EDAT whose median you want to find,
and press For the data currently in ZDAT (entered in an earlier example),
use program MED fo show that Median: 2.15.

The mode of a sample is better determined from histograms, therefore, we leave
its definition for a later section.

Measures of spread

The variance (Var) of the sample is defined as 2 = ! i(x -X).
X n _1 1

i=1

The standard deviation (St Dev) of the sample is just the square root of the
variance, i.e., Sy.
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The range of the sample is the difference between the maximum and minimum
values of the sample. Since the calculator, through the pre-programmed
statistical functions provides the maximum and minimum values of the sample,
you can easily calculate the range.

Coefficient of variation
The coefficient of variation of a sample combines the mean, a measure of
central tendency, with the standard deviation, a measure of spreading, and is

defined, as a percentage, by: V, = (s,/ x)100.

Sample vs. population

The pre-programmed functions for single-variable statistics used above can be
applied to a finite population by selecting the Type: Population in the
SINGLE-VARIABLE STATISTICS screen. The main difference is in the values of
the variance and standard deviation which are calculated using n in the
denominator of the variance, rather than (n-1).

Example 3 - If you were to repeat the exercise in Example 1 of this section,
using Population rather than sample as the Type, you will get the same
values for the mean, total, maximum, and minimum. The variance and
standard deviation, however, will be given by: Variance: 0.852, Std Dev:
0.923.

Obtaining frequency distributions

The application 2. Frequencies.. in the STAT menu can be used to obtain
frequency distributions for a set of data. Again, the data must be present in the
form of a column vector stored in variable ZDAT. To get started, press

() _smr The resulting input form contains the following fields:
IDAT: the matrix containing the data of interest.

Col: the column of ZDAT that is under scrutiny.

X-Min: the minimum class boundary (default = -6.5).

Bin Count: the number of classes(default = 13).

Bin Width: the uniform width of each class (default = 1).
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Definitions
To understand the meaning of these parameters we present the following
definitions: Given a set of n data values: {xq, x9, ..., x,} listed in no particular

order, it is often required to group these data into a series of classes by
counting the frequency or number of values corresponding to each class.
(Note: the calculators refers to classes as bins).

Suppose that the classes, or bins, will be selected by dividing the interval (xp,
Xtop), into k = Bin Count classes by selecting a number of class boundaries, i.e.,
{xB1, xBo, ..., xBi41}, so that class number 1 is limited by xB1-xB,, class
number 2 by xBo- xB3, and so on. The last class, class number k, will be limited
by xBj - xB | ;1.

The value of x corresponding to the middle of each class is known as the class

mark, and is defined as xM; = (xB; + xB ;,1)/2, fori=1, 2, ..., k.

If the classes are chosen such that the class size is the same, then we can define
the class size as the value Bin Width = Ax = (Xmax - Xmin) 7 ki

and the class boundaries can be calculated as xB; = xpq; + (i - 1) * Ax.

Any data point, X, i=1,2...,n, belongs to the i-th class, if xB; < xj < xB iy

The application 2. Frequencies.. in the STAT menu will perform this frequency
count, and will keep track of those values that may be below the minimum and
above the maximum class boundaries (i.e., the outliers).

Example 1 - In order to better illustrate obtaining frequency distributions, we
want to generate a relatively large data set, say 200 points, by using the
following:

First, seed the random number generator using: f * in ALG mode,
or 25 (e Fl+Z in RPN mode (see Chapter ]7)
Type in the following program in RPN mode:

«=>n «1nFORjRAND 100 * 2 RND NEXT n >LIST » »

and save it under the name RDLIST (RanDom number LIST generator).
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Generote the list of 200 number by using RDLIST(200) in ALG mode, or
& (= in RPN mode.

Use program LXC (see above) to convert the list thus generated into a
column vector.

Store the column vector into ZDAT, by using function STOZX.

Obtain single-variable information using: () _smr Use Sample for
the Type of data set, and select all options as results. The results for this
example were:

Mean: 51.0406, Std Dev: 29.5893..., Variance: 875.529...
Total: 10208.12, Maximum: 99.35, Minimum: 0.13

This information indicates that our data ranges from values close to zero to
values close to 100. Working with whole numbers, we can select the range of
variation of the data as (0,100). To produce a frequency distribution we will
use the interval (10,90) dividing it into 8 bins of width 10 each.

Select the program 2. Frequencies.. by using () % (30 The
data is already loaded in ZDAT, and the option Col should hold the value 1
since we have only one column in ZDAT.

ge X-Min to 10, Bin Count to 8, and Bin Width to 10, then press

Using the RPN mode, the results are shown in the stack as a column vector in
stack level 2, and a row vector of two components in stack level 1. The vector
in stack level 1 is the number of outliers outside of the interval where the
frequency count was performed. For this case, | get the values [ 25. 22.]
indicating that there are, in my ZDAT vector, 25 values smaller than 10 and 22
larger than 90.

Press (@) to drop the vector of outliers from the stack. The remaining result
is the frequency count of data. This can be translated into a table as shown
below.

This table was prepared from the information we provided to generate the
frequency distribution, although the only column returned by the calculator is
the Frequency column (f;). The class numbers, and class boundaries are easy
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to calculate for uniform-size classes (or bins), and the class mark is just the

average of the class boundaries for each class.  Finally, the cumulative

frequency is obtained by adding to each value in the last column, except the

first, the frequency in the next row, and replacing the result in the last column of

the next row. Thus, for the second class, the cumulative frequency is 18+15 =

33, while for class number 3, the cumulative frequency is 33 + 16 = 49, and so

on. The cumulative frequency represents the frequency of those numbers that

are smaller than or equal to the upper boundary of any given class.

Class | Class Bound. | Class | Frequency | Cumulative
No. mark.
i XB; | XB Xm; fi frequency
< XBq | outlier  below 25
range
1 10 20 15 18 18
2 20 30 25 14 32
3 30 40 35 17 49
4 40 50 45 17 66
5 50 60 55 22 88
6 60 70 65 22 110
7 70 80 75 24 134
k=81 80 90 85 19 153
>XB, Joutliers above 22
range

Given the (column) vector of frequencies generated by the calculator, you can
obtain a cumulative frequency vector by using the following program in RPN

mode:
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« DUP SIZE 1 GET - freq k « {k 1} 0 CON - cfreq « ‘freq(1,1)" EVAL
‘cfreq(1,1)" STO 2 k FOR j ‘cfreq(j-1,1) +freq(j,1)" EVAL ‘cfreq (j, 1)’ STO NEXT

cfreq »»»

Save it under the name CFREQ. Use this program to generate the list of
cumulative frequencies (press with the column vector of frequencies in the
stack). The result, for this example, is a column vector representing the last
column of the table above.

Histograms

A histogram is a bar plot showing the frequency count as the height of the bars
while the class boundaries shown the base of the bars. If you have your raw
data (i.e., the original data before the frequency count is made) in the variable
2DAT, you can select Histogram as your graph type and provide information
regarding the initial value of x, the number of bins, and the bin width, to
generate the histogram. ~Alternatively, you can generate the column vector
containing the frequency count, as performed in the example above, store this
vector into ZDAT, and select Barplot as your graph type. In the next example,
we show you how to use the first method to generate a histogram.

Example 1 - Using the 200 data points generated in the example above
(stored as a column vector in DAT), generate a histogram plot of the data

using X-Min = 10, Bin Count = 16, and Bin Width = 5.

First, press () 28 (simultaneously, if in RPN mode) to enter the PLOT
SETUP screen. Within this screen, change Type: to Histogram, and check
that the option Col: 1 is selected. Then, press
Next, press () WN_ (simultaneously, if in RPN mode) to enter the PLOT
WINDOW - HISTOGRAM screen. Within that screen modify the
information to HView: 10 90, VView: 0 15, Bar Width: 5.

Press to generate the following histogram:
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Press to return to the previous screen. Change the V-view and Bar
Width once more, now to read VView: 0 30, Bar Width: 10. The new

histogram, based on the same data set, now looks like this:

A plot of frequency count, f;, vs. class marks, xM;, is known as a frequency
polygon. A plot of the cumulative frequency vs. the upper boundaries is
known as a cumulative frequency ogive. You can produce scatterplots that
simulate these two plots by entering the proper data in columns 1 and 2 of a
new EDAT matrix and changing the Type: to SCATTER in the PLOT SETUP
window.

Fitting data to a function y = f(x)

The program 3. Fit data.., available as option number 3 in the STAT menu, can
be used to fit linear, logarithmic, exponential, and power functions to data sets
(x,y), stored in columns of the ZDAT matrix. In order for this program to be
effective, you need to have at least two columns in your ZDAT variable.

Example 1 - Fit a linear relationship to the data shown in the table below:
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First, enter the two rows of data into column in the variable ZDAT by using
the matrix writer, and function STOZ.

To access the program 3. Fit data., use the following keystrokes:
() _smr I i The input form will show the current ZDAT, already
loaded. If needed, change your set up screen to the following parameters
for a linear fitting:

1
Hodel: Limear Fit

Enter statiztical data

[EBIT [CHoos] — [PREDJCARCL] ok |
To obtain the data fitting press The output from this program, shown
below for our particular data set, consists of the following three lines in RPN
mode:

3:'0.195238095238 + 2.00857142857*X'
2: Correlation: 0.983781424465
1: Covariance: 7.03

Level 3 shows the form of the equation. In this case, y = 0.06924 + 0.00383 x.
Level 2 shows the sample correlation coefficient, and level 1 shows the
covariance of x-y.

Definitions

For a sample of data points (x,y), we define the sample covariance as

I & _ —
Sxy = : ’(xi _x)(yl _y)
n—13

The sample correlation coefficient for x,y is defined as

Page 18-11



Where s,, s, are the standard deviations of x and y, respectively, i.e.

Y
2 I < —\2 2 I < —\2
si=—> (x,=%)°  si=——> (y,—7)

n—13 n—1+,4

The values s,, and r,, are the "Covariance" and "Correlation," respectively,
obtained by using the "Fit data" feature of the calculator.

Linearized relationships

Many curvilinear relationships "straighten out" to a linear form. For example,
the different models for data fitting provided by the calculator can be linearized
as described in the table below.

Indep. Depend.

Type of Actual Linearized variable | Variable | Covar.
Fitting Model Model £ n Stn
Linear y =a+ bx [same] X y Sxy

Log. y=a+bln(x) [same] In(x) y Sin(x).y
Exp. | y=aeP* | In(y)=In(a)+bx x ) | Sxing)
Power y=axP In(y) = In(a) + b In(x) In(x) In(y) Sin(x),In(y)

1 = —
The sample covariance of &1 is given by S, = ;Z(é =&)m, =)

Also, we define the sample variances of & and n, respectively, as

Z—Ln _E\2 ZZLn ey
s l3e-o s-LSa-n

s
The sample correlation coefficient re, is re, = £
Se oSy
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The general form of the regression equation is m = A + BE.

Best data fitting

The calculator can determine which one of its linear or linearized relationship
offers the best fitting for a set of (x,y) data points. We will illustrate the use of
this feature with an example. Suppose you want to find which one of the data

fitting functions provides the best fit for the following data:

X 02 | 05 1 1.5 2 4 5 10
y 13161273212 [1.65|1.29 |0.47 | 0.29 | 0.01

First, enter the data as a matrix, either by using the Matrix Writer and entering
the data, or by entering two lists of data corresponding to x and y and using
the program CRMC developed in Chapter 10. Next, save this matrix into the
statistical matrix ZDAT, by using function STOX.

Finally, launch the data fit application by using: (2D sur (O < The
display shows the current ZDAT, already loaded. Change your set up screen to
the following parameters if needed:

Press

3: '3.99504833324 *EXP(-.579206831203*X)’'
2: Correlation: -0.996624999526
1: Covariance: -6.23350666124

The best fit for the data is, therefore, y = 3.995 e0-58x

Obtaining additional summary statistics
The application 4. Summary stats.. in the STAT menu can be useful in some

calculations for sample statistics. To get started, press () ST once more,
The

move to the fourth option using the down-arrow key <&”, and press
resulting input form contains the following fields:

SDAT: the matrix containing the data of interest.
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X-Col, Y-Col:  these options apply only when you have more than two
columns in the matrix ZDAT. By default, the x column is
column 1, and the y column is column 2.

X _ IY... summary statistics that you can choose as results of this
program by checking the appropriate field using [v'CHK]
when that field is selected.

Many of these summary statistics are used to calculate statistics of two variables

(x,y) that may be related by a function y = f(x). Therefore, this program can be

thought off as a companion fo program 3. Fit data..

Example 1 - For the x-y data currently in ZDAT, obtain all the summary statistics.

To access the summary stats... option, use: () _su I
Select the column numbers corresponding to the x- and y-dataq, i.e., X-Col:
1, and Y-Col: 2
Using the |
Press

ey select all the options for outputs, i.e., _ZX, _ZY, etc.
to obtain the following results:

3X: 24.2, 3Y: 11.72, £X2: 148.54, 3Y2: 26.6246, TXY: 12.602, Nx:8

Note: There are two other applications under the STAT menu, namely, 5.
Hypth. tests.. and 6. Conf. Interval.. These two applications will be discussed

later in the chapter.

Calculation of percentiles

Percentiles are measures that divide a data set into 100 parts. The basic
procedure fo calculate the 100-p-th Percentile (O < p < 1) in a sample of size n
is as follows:

1. Order the n observations from smallest to largest.

2. Determine the product n-p
A. If n-p is not an integer, round it up to the next integer and find the

corresponding ordered value.
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B. If n-p is an infeger, say k, calculate the mean of the kth and (k-1) th

ordered observations.

Note: Integer rounding rule, for a non-integer x.yz..., if y = 5, round up to

x+1; if y < 5, round up to x.

This algorithm can be implemented in the following program typed in RPN
mode (See Chapter 21 for programming information):

« SORTDUP SIZE > pXn«np* >k «IFk CEIL k FLOOR - NOT THEN X k
GET Xk 1 + GET + 2 / ELSE k O RND X SWAP GET END » » »

which we'll store in variable %TILE (percent-ile). This program requires as
input a value p within O and 1, representing the 100p percentile, and a list of
values. The program returns the 100p percentile of the list.

Example 1 - Determine the 27% percentile of the list {21 013512367 9}.
In RPN mode, enter 0.27 @) {21013512367 9} @ § In ALG
mode, enter %TILE(0.27,{2,1,0,1,3,5,1,2,3,6,79}. The resultis 1.

The STAT soft menu

All the pre-programmed statistical functions described above are accessible
through a STAT soft menu. The STAT soft menu can be accessed by using, in
RPN mode, the command: 96 MENU

You can create your own program, say Eiffiifl, to activate the STAT soft menu
directly. The contents of this program are simply: « 96 MENU ».

The STAT soft menu contains the following functions:

| EFAF | 10AF | FLOT | FIT |

Pressing the key corresponding to any of these menus provides access to
different functions as described below.
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The DATA sub-menu
The DATA sub-menu contains functions used to manipulate the statistics matrix
>DATA:

| E- | CLE [EDAT] |

The operation of these functions is as follows:

2+ : add row in level 1 to bottom of DATA matrix.

T : removes last row in ZDATA matrix and places it in level of 1 of the stack.
The modified EDATA matrix remains in memory.

CLX : erases current ZDATA matrix.

2DAT: places contents of current EDATA matrix in level 1 of the stack.

(<) =DAT: stores matrix in level 1 of stack into ZDATA matrix.

The ZPAR sub-menu

The ZPAR sub-menu contains functions used to modify statistical parameters.
The parameters shown correspond to the last example of data fitting.

col: 1.
col: 2.

Intercept: 2.99584333
lope: -, 579205231263
odel: ESPFIT

| rioL [ HooL | EFAF [REZET]

The parameters shown in the display are:

Xcol: indicates column of EDATA representing x (Default: 1)
Ycol: indicates column of ZDATA representing y (Default: 2)
Intercept: shows intercept of most recent data fitting (Default: O)
Slope: shows slope of most recent data fitting (Default: 0)

Model: shows current data fit model (Default: LINFIT)

The functions listed in the soft menu keys operate as follows:
XCOL: entered as n , changes Xcol to n.
YCOL: entered as n , changes Ycol to n.
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SPAR: shows statistical parameters.
RESET: reset parameters fo default values
INFO: shows statistical parameters

The MODL sub-menu within PAR
This sub-menu contains functions that let you change the data-fitting model to
LINFIT, LOGFIT, EXPFIT, PWRFIT or BESTFIT by pressing the appropriate button.

The 1VAR sub menu

The 1VAR sub menu contains functions that are used to calculate statistics of
columns in the SDATA matrix.

ﬁl : mmmmﬂ@

The functions available are the following:

FEpEM| FYAR] [ [=TAT|

TOT: show sum of each column in ZDATA matrix.

MEAN: shows average of each column in ZDATA matrix.

SDEV: shows standard deviation of each column in SDATA matrix.

MAXZ: shows maximum value of each column in ZDATA matrix.

MINZ: shows average of each column in ZDATA matrix.

BINS: used as x,, Ax, n [BINS], provides frequency distribution for data in
Xcol column in ZDATA matrix with the frequency bins defined as
[Xg, XsHAX], [Xg,Xs+2AX], ..., [XgXs+NAX].

VAR: shows variance of each column in ZDATA matrix.

PSDEV: shows population standard deviation (based on n rather than on (n-1))

of each column in ZDATA matrix.
PVAR: shows population variance of each column in ZDATA matrix.
MINZ: shows average of each column in ZDATA matrix.

The PLOT sub-menu

The PLOT sub-menu contains functions that are used to produce plots with the
data in the ZDATA matrix.
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The functions included are:

BARPL: produces a bar plot with data in Xcol column of the DATA matrix.
HISTP: produces histogram of the data in Xcol column in the SDATA matrix,
using the default width corresponding to 13 bins unless the bin size is
modified using function BINS in the 1VAR sub-menu (see above).
SCATR: produces a scatterplot of the data in Ycol column of the ZDATA matrix
vs. the data in Xcol column of the DATA matrix. Equation fitted will be
stored in the variable EQ.

The FIT sub-menu
The FIT sub-menu contains functions used o fit equations to the data in columns
Xcol and Ycol of the EDATA matrix.

1:
|_LF_|FREDHIFREDY] CORF ]

The functions available in this sub-menu are:

[ [ [ | [:TAT]

ZLINE: provides the equation corresponding to the most recent fitting.
LR: provides intercept and slope of most recent fitting.

PREDX: used asy , given y find x for the fitting y = f(x).
PREDY: used as x given x find y for the fitting y = f(x).

CORR: provides the correlation coefficient for the most recent fitting.
COV: provides sample co-variance for the most recent fitting

PCOV: shows population co-variance for the most recent fitting.

The SUMS sub-menu

The SUMS sub-menu contains functions used to obtain summary statistics of the
data in columns Xcol and Ycol of the ZDATA matrix.

TX : provides the sum of values in Xcol column.

2Y : provides the sum of values in Ycol column.
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¥X*2 : provides the sum of squares of values in Xcol column.

XY"2 : provides the sum of squares of values in Ycol column.

IX*Y: provides the sum of xv, i.e., the products of data in columns Xcol and
Ycol.

NZ : provides the number of columns in the SDATA matrix.

Example of STAT menu operations
Let EDATA be the matrix shown in next page.

Type the matrix in level 1 of the stack by using the Matrix Writer.
To store the matrix into ZDATA, use:
Calculate statistics of each column

produces [38.5 87.5 82799.8]

produces [5.5. 12.5 11828.54...]

produces [3.39... 6.78... 21097.01...]
produces [10 21.5 55066]

produces [1.1 3.7 7.8]

produces [11.52 46.08 445084146.33]
produces [3.142... 6.284... 19532.04...]
produces [9.87... 39.49... 381500696.85...]

Data:
1.1 3.7 7.8 ]
3.7 89 101
22 59 25
55 125 612

6.8 151 2245
92 19.9 24743
10.0 21.5 55066

Generate a scatterplot of the data in columns 1 and 2 and fit a straight line
to it:
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resefs statistical parameters

FAD HYZ HEX K= 'H'
HOHEY

1:
ACOL | ¥COL | NODL | EFAR REZET| INFQ

produces scatterplot
draws data fit as a straight line

ZoiH [, Ya]TRACE] FCh | EDIT [CARCL

returns to main display
Determine the fitting equation and some of its statistics:

produces '1.5+2*X!

produces Intercept: 1.5, Slope: 2
produces 0.75

produces 3. 50

produces 1.0

produces 23.04

produces 19.74...

Obtain summary statistics for data in columns 1 and 2:

produces 38.5
produces 87.5
produces 280.87
produces 1370.23
produces 619.49
produces 7
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Fit data using columns 1 (x) and 3 (y) using a logarithmic fitting:

select Ycol = 3, and
select Model = Logfit

cal: 3,
Interge t: 1.5

1:
HCOL | YCOL | MoDL | EFAFK [REZET| INFO

produce scattergram of y vs. x
show line for log fitting

iously, the logit is not a good choice.
returns to normal display.

y using:
i shows EXPFIT as the best fit for these data

ACOL | YCOL | MODL | EFAR |RESET] INFO

produces '2.6545*EXP(0.9927 *X)'
produces 0.99995... (good correlation)
produces 6.8139

produces 463.33
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produce scattergram of y vs. x
show line for log fitting

[ Z00H [ 0%, FITTRACE]

To return to STAT menu use:
To get your variable menu back use: ().

Confidence intervals

Statistical inference is the process of making conclusions about a population
based on information from sample data. In order for the sample data to be
meaningful, the sample must be random, i.e., the selection of a particular
sample must have the same probability as that of any other possible sample out
of a given population. The following are some terms relevant to the concept of
random sampling:

Population:  collection of all conceivable observations of a process or
attribute of a component.

Sample: sub-set of a population.

Random sample: a sample representative of the population.

Random variable: real-valued function defined on a sample space. Could
be discrete or continuous.

If the population follows a certain probability distribution that depends on a
parameter 8, a random sample of observations (X1,X9,X3, ..., X,), of size n,

can be used to estimate 6.

Sampling distribution: the joint probability distribution of X;,X9,X3,... , X.

A statistic: any function of the observations that is quantifiable and does not
contain any unknown parameters. A statistic is a random variable that
provides a means of estimation.
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Point estimation: when a single value of the parameter 6 is provided.
Confidence interval: a numerical interval that contains the parameter 6 at a
given level of probability.

Estimator: rule or method of estimation of the parameter 6.

Estimate: value that the estimator yields in a particular application.

Example 1 - Let X represent the time (hours) required by a specific
manufacturing process to be completed. Given the following sample of values
of X: 22 25 2.1 23 2.2. The population from where this sample is
taken is the collection of all possible values of the process time, therefore, it is
an infinite population. Suppose that the population parameter we are trying to
estimate is its mean value, 1. We will use as an estimator the mean value of
=1 DX,
the sample, X, defined by (a rule): nia _
For the sample under consideration, the estimate of p is the sample statistic x =
(2.2+2.5+2.1+2.3+2.2)/5 = 2.26. This single value of X, namely x = 2.26,

constitutes a point estimation of the population parameter p.

Estimation of Confidence Intervals

The next level of inference from point estimation is interval estimation, i.e.,
instead of obtaining a single value of an estimator we provide two statistics, a
and b, which define an interval containing the parameter 8 with a certain level
of probability. The end points of the interval are known as confidence limits,
and the interval (a,b) is known as the confidence interval.

Definitions

Let (C},C,) be a confidence interval containing an unknown parameter 6.

Confidence level or confidence coefficient is the quantity (1-a), where O < o
< 1, such that P[C; <6 < C,] =1 - a, where P[ ] represents a probability

(see Chapter 17). The previous expression defines the so-called two-sided
confidence limits.

A lower one-sided confidence interval is defined by Pr[C; < 6] = 1 - a.
+ An upper one-sided confidence inferval is defined by Pr[6 < C ] = 1 - o
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The parameter a. is known as the significance level. Typical values of o are
0.01, 0.05, 0.1, corresponding to confidence levels of 0.99, 0.95, and
0.90, respectively.

Confidence intervals for the population mean when the

population variance is known

let X be the mean of a random sample of size n, drawn from an infinite
population with known standard deviation 6. The 100(1-a) % [i.e., 99%, 95%,
90%, etc.], central, two-sided confidence interval for the population mean p is
( X-zg/2:0/\n, X+z4/9:6/\n), where 2./, is a standard normal variate that

is exceeded with a probability of o0 /2. The standard error of the sample
mean, X, is -6/Vn.

The one-sided upper and lower 100(1-0)) % confidence limits for the population
mean W are, respectively, X+z,-6/Yn, and X-z,-6/Vn . Thus, a lower, one-
sided, confidence interval is defined as (- , X+z,-6/Vn), and an upper, one-
sided, confidence interval as (X—z,-6/Vn,+e). Notice that in these last two
infervals we use the value z,, rather than z,.

In general, the value z| in the standard normal distribution is defined as that
value of z whose probability of exceedence is k, i.e., Pr[Z>z|] = k, or Pr[Z<z,]
=1-k. The normal distribution was described in Chapter 17.

Confidence intervals for the population mean when the
population variance is unknown

let X and S, respectively, be the mean and standard deviation of a random
sample of size n, drawn from an infinite population that follows the normal
distribution with unknown standard deviation 6. The 100:(1-a) % [i.e., 99%,
95%, 90%, efc.] central two-sided confidence interval for the population mean
Wis ( X=to1 /2 -S /AN, X+1t1 o/2-S/n), where t 1 /o is Student's t
variate with v = n-1 degrees of freedom and probability 0,/2 of exceedence.

The one-sided upper and lower 100 (1-a) % confidence limits for the
population mean u are, respectively,

X+t01 o/2:S/Vn, and X=t 1 4/2-S /\n.
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Small samples and large samples

The behavior of the Student's t distribution is such that for n>30, the distribution
is indistinguishable from the standard normal distribution. Thus, for samples
larger than 30 elements when the population variance is unknown, you can use
the same confidence interval as when the population variance is known, but
replacing 6 with S. Samples for which n>30 are typically referred to as large
samples, otherwise they are small samples.

Confidence interval for a proportion

A discrete random variable X follows a Bernoulli distribution if X can take only
two values, X = O (failure), and X = 1 (success). Let X ~ Bernoulli(p), where p
is the probability of success, then the mean value, or expectation, of X is E[X] =
p, and its variance is Var[X] = p(1-p).

If an experiment involving X is repeated n times, and k successful outcomes are
recorded, then an estimate of p is given by p’=k/n, while the standard error of
p'is Oy = V(p-(1-p)/n) . In practice, the sample estimate for p, i.e., p’ replaces
p in the standard error formula.

For a large sample size, n>30, and n-p > 5 and n-(1-p)>5, the sampling
distribution is very nearly normal. Therefore, the 100(1-0) % central two-sided
confidence interval for the population mean p is (p'+z,/2Gg; P'+24,/2:Cy ).
For a small sample (n<30), the interval can be estimated as (p't.1,6,/2:Gp P+

],OL/Q'Gp')'

Sampling distribution of differences and sums of statistics

Let S7 and S, be independent statistics from two populations based on samples
of sizes ny and ny, respectively. Also, let the respective means and standard
errors of the sampling distributions of those statistics be ng; and pgy, and 65,
and o9, respectively. The differences between the statistics from the two
populations, S1-So, have a sampling distribution with mean 1 51_s9 = Ug7 - 1o,
2)]/2

and standard error 6 ¢1_so = (0512 + G5 . Also, the sum of the statistics

T1+To has a mean 1 57459 = Hs1 +isy, and standard error 6¢1,57 = (0512 +

o502)'/2.
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Estimators for the mean and standard deviation of the difference and sum of the
statistics S and S, are given by:

Hgss =X 2 X,

In these expressions, Xj and X, are the values of the statistics S7 and S, from
samples taken from the two populations, and 6512 and 6¢52 are the variances

of the populations of the statistics S1 and S5 from which the samples were
taken.

Confidence intervals for sums and differences of mean values

If the population variances 612 and 6,2 are known, the confidence intervals for
the difference and sum of the mean values of the populations, i.e., witiy, are
given by:

For large samples, i.e., n; > 30 and ny > 30, and unknown, but equal,

2

population variances 612 = 65, the confidence intervals for the difference and

sum of the mean values of the populations, i.e., wytu,, are given by:

If one of the samples is small, i.e., n} < 30 or ny < 30, and with unknown, but

equal, population variances 612 = 6,2, we can obtain a “pooled” estimate of

the variance of pytu,, as sp2 = [(n1-1)-5124(ny1)-5521/( nq+n52).
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In this case, the centered confidence intervals for the sum and difference of the
mean values of the populations, i.e., wytuy, are given by:

(()?1 X))t 000 -s;, ()?1 T X))+ 000 'S;)

where v = ny+ny2 is the number of degrees of freedom in the Student's t
distribution.

In the last two options we specify that the population variances, although
unknown, must be equal.  This will be the case in which the two samples are
taken from the same population, or from two populations about which we
suspect that they have the same population variance. However, if we have
reason to believe that the two unknown population variances are different, we
can use the following confidence interval

(ylin)'f'tv,a/z'Sz’ )

X, tX,

(()?1 in)_t

2
val2 " Sx4x,

where the estimated standard deviation for the sum or difference is

S2 S2

1 2

Sxex, = —
I/Z1 I/ZZ

and n, the degrees of freedom of the t variate, are calculated using the integer
value closest to

L [(S2/n)+(S2 /)]
LS ny) [y =] +[(S2 /ny) /(ny =1)]

Determining confidence intervals

The application 6. Conf Interval can be accessed by using (7)) _smr (&
The application offers the following options:
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ConfFidencg intgruals

1.2-INT: 1 K.
2=INT: pi-pd.,

| [ [CAnCL]

These options are to be interpreted as follows:

1.

ZINT: 1 w.: Single sample confidence interval for the population mean, u,
with known population variance, or for large samples with unknown
population variance.

ZINT: u1-p2.: Confidence interval for the difference of the population
means, [1- Uy, with either known population variances, or for large
samples with unknown population variances.

ZINT: 1 p.: Single sample confidence interval for the proportion, p, for
large samples with unknown population variance.

ZINT: p1- p2.: Confidence inferval for the difference of two proportions,
p1-pa, for large samples with unknown population variances.

TINT: 1 p.: Single sample confidence interval for the population mean, y,
for small samples with unknown population variance.

T-INT: u1—p2.: Confidence interval for the difference of the population
means, - Uy, for small samples with unknown population variances.

Example 1 — Determine the centered confidence interval for the mean of a
population if a sample of 60 elements indicate that the mean value of the
sample is x = 23.3, and its standard deviation is s = 5.2. Use o = 0.05. The
confidence level is C = 1-o. = 0.95.

Select case 1 from the menu shown above by pressing

Enter the values

required in the input form as shown:
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Press to obtain a screen explaining the meaning of the confidence interval
in terms of random numbers generated by a calculator. To scroll down the
resulting screen use the down-arrow key & . Pres when done with the
help screen. This will return you to the screen shown above.

The result shown in the

To calculate the confidence interval, press
caleulator is:

.4 ConFidence interua

ritical T=12, BAESIS
wouin =21, 9567

woHax =24, 6433

HELF |GKAFHICANCL] 0K

The result indicates that a 95% confidence interval has been calculated. The
Critical z value shown in the screen above corresponds to the values tz, in

the confidence interval formula ( X—ZG/Q'G/\/H , X+zu/2-0/\/n ). The vqluesil

Min and p Max are the lower and upper limits of this interval, i.e., @ Min = X-
z4/2°0/\n, and p Max = X+z,/2-6/n.

Press I to see a graphical display of the confidence interval information:

HELF | TERT [CARCL] 0K
The graph shows the standard normal distribution pdf (probability density
function), the location of the critical points £z, the mean value (23.3) and the
corresponding interval limits (21.98424 and 24.61576). Press to return
to the previous results screen, and/or press to exit the confidence interval
environment.  The results will be listed in the calculator’s display.
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Example 2 -~ Data from two samples (samples 1 and 2) indicate that x; =
57.8 and x9 = 60.0. The sample sizes are nj = 45 and ny = 75. Ifitis
known that the populations’ standard deviations are 67 = 3.2, and 6, = 4.5,
determine the 90% confidence interval for the difference of the population
means, i.e., Wi- L 9.

o access the confidence interval feature in the
to select option 2. ZINT: p 1 - u2.. Enter the

Press _STAT /&
calculator.  Press
following values:

3w, KNOHN cEEE
=2 EE.
w2 g5
n2: 7.

SaHpLe Hean For population 1

ECIT]  JHELF]  [CAACL] ok |

When done, press

a0 ¢ ConFidence dinterwal SEEE
Critical 2=41. 644854

wh Hin =—3, 2EEA24 1

ul Hax =—1, @3FIF5I

[ | [HELF |GRAFH[CANCL] oF |

[ | [HELF|TERT [CAncL] o |

The variable Ap represents w1 — u2.

Example 3 — A survey of public opinion indicates that in a sample of 150
people 60 favor increasing property taxes to finance some public projects.
Determine the 99% confidence interval for the population proportion that would
favor increasing taxes.

Press () _STAT (&N} o access the confidence interval feature in the
calculator.  Press &> < o select option 3. ZINT: w1 —pu2.. Enter the
following values:
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ZgHple Zuccess Count

EDIT]  [HELF]  [CARCL] oK |

When done, press BHE.

SR Y2 ConFidence dnteruadl EHEEE
Critical 2=42 . 575329

A Hin =, 29CICGE
A Hax =, SEIEIEZ

L1 [HELF[TERTICANCL] 0K |

| | [HELF JGRAFH[CANCL] @R |

Example 4 ~ Determine a 90% confidence interval for the difference between
two proportions if sample 1 shows 20 successes out of 120 trials, and sample
2 shows 15 successes out of 100 ftrials.

Press () ST ( to access the confidence interval feature in the
calculator.  Press & 3 3 BELEE to select option 4. ZINT: p1 - p2.. Enter
the following values:

FaHple 1 succers count

EDIT]  [HELF]  [CANCL] 0K |

When done, press

EEEE 0.2 ConFidence dinteruadl EHEEE
Critical 2=4+1 . 644354
wn min =—, BE445606
o Hax =, BYVFE993 U | z

[ | [HELF JaRaPH[CANCL] ob | | | THELF|TERT[CANCL] OF |
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Example 5 — Determine a 95% confidence interval for the mean of the
population if a sample of 50 elements has a mean of 15.5 and a standard
deviation of 5. The population’s standard deviation is unknown.

Press () _STT ( to access the confidence interval feature in the
calculator.  Press (@ (@ to select option 5. T-INT: . Enter the

following values:
B#EConF. InT.: 1 JITTTA LT
= I“

SaHple Hean

ECIT]  [HELF]  [CARCL] ok |

. The results, as text and graph, are shown below:

-2.005575 +Crit. T+ 2.005575
P o A §

When done, press

o an ¥ Confidence antarual SEEE
Critical T=42, BA9S7S

v oHin =14, BFSEZ
BoHax =16, D2E9E

14.7075902 + 5B ¢ EEAET
1 15.5 l ]
[ | [HELF |akaFH[cancL] ok ] [ | [HELF[TERT[CARCL] oH |

The figure shows the Student’s t pdf for v = 50 - 1 = 49 degrees of freedom.

Example 6 - Determine the 99% confidence interval for the difference in means
of two populations given the sample data: x; = 157.8 , x5 = 160.0, n; = 50,
ny = 55. The populations standard deviations are s; = 13.2, s o = 24.5.

to access the confidence interval feature in the
to select option 6. TINT: u1—u2.. Enter the

Press _STAT /&N §
calculator.  Press (@
following values:

SEECONF. INT.: 3 M, UNKROMN o#EE
m1: 157, 8 =2: 164,
s1:13. 2 2:24.3
ni: 56, na: 55,
oo led

Fooled if checked
E0IT HELF|  [chncL| ok |

The results, as text and graph, are shown below:

hen done, press f
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EHEE D¢ ConFidence dnterwal HEEEE
Cratical T=42, 6355632
ap Hin =—12, 2EE9S
ap Hax =7, BEESTE

LN,

-3.E35633 +Crit. T+ 2_635£33
-13.30038 + 33,7 I + 7OZ0037E
-3.3 | am

[ 1 THeLF [oaph[cancL] ok [ [ THELF [TEHT[CARCL] 0k |

These results assume that the values s and s, are the population standard
deviations. If these values actually represent the samples’ standard deviations,
you should enter the same values as before, but with the option pooled
selected. The results now become:

SR Y2 ConFidence dnteruadl EHEEE
Critical T=42. 624485
wiobin =—12, 42526
we Hax =2, @25261 u T

-3.E344ME +Crit. T+ 2.E34Y0E
-13.43535 + ssé:ez-::: + @.025261
| -y | @

[ | [HELF JaRaPH[CANCL] ok | | | THELF|TERT[CANCL] OF |

Confidence intervals for the variance
To develop a formula for the confidence interval for the variance, first we
introduce the sampling distribution of the variance: Consider a random sample

X1, Xy ..., X, of independent normally-distributed variables with mean ,

n

§P=—— > (X, -X),
i=1

_n—l‘»

variance 62, and sample mean X. The statistic
1

is an unbiased estimator of the variance ¢2.

ny
The quantity (7 —1)- S_z = Z(Xi - X)?, hasa Y12 (chi-square)

o i=1

distribution with v = n-1 degrees of freedom. The (1-0)- 100 % two-sided
confidence interval is found from

Prx2n1 10y < (n-1)-5%/62 < %201 oyl = 1-
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The confidence inferval for the population variance 62 is therefore,

[(-1)-52/ %201 0725 (0°1)S%/ %201 100]-

where in_],a/Q , and X2n-1,1-a/2 are the values that a %2 variable, with v = n-1
degrees of freedom, exceeds with probabilities a,/2 and 1- o /2, respectively.

The one-sided upper confidence limit for 62 is defined as (n-1)-5%/ in-H-a'

Example 1 - Determine the 95% confidence interval for the population variance
62 based on the results from a sample of size n = 25 that indicates that the

sample variance is s2 = 12.5.

In Chapter 17 we use the numerical solver to solve the equation o = UTPC(y,x).
In this program, 7y represents the degrees of freedom (n-1), and o represents the
probability of exceeding a certain value of x (x2), i.e., Pr[x? > 52l = o

For the present example, oo = 0.05, y= 24 and o = 0.025. Solving the
equation presented above results in X2n-1,(x/2 = X224,0.025 = 39.3640770266.

On the other hand, the value x2n_1,a/2 = x224,0,975 is calculated by using the

values y= 24 and 0. = 0.975.  The result is x2n_1,1_u/2 = X224,0.975 =
12.4011502175.

The lower and upper limits of the interval will be (Use ALG mode for these
calculations):

(n-1):52/ %21 o/2 = (25-1)-12.5/39.3640770266 = 7.62116179676

(n-1)-5%/ %201 10/2 = (25-1):12.5/12.4011502175 = 24.1913044144

Thus, the 95% confidence interval for this example is:

7.62116179676 < 62 < 24.1913044144.
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Hypothesis testing

A hypothesis is a declaration made about a population (for instance, with
respect to its mean). Acceptance of the hypothesis is based on a statistical test
on a sample taken from the population. The consequent action and decision-
making are called hypothesis testing.

The process of hypothesis testing consists on taking a random sample from the
population and making a statistical hypothesis about the population. If the
observations do not support the model or theory postulated, the hypothesis is
rejected. However, if the observations are in agreement, then hypothesis is not
rejected, but it is not necessarily accepted.  Associated with the decision is a
level of significance o.

Procedure for testing hypotheses

The procedure for hypothesis testing involves the following six steps:
1. Declare a null hypothesis, Hg. This is the hypothesis to be tested. For

example, Hp: w1-up = 0, i.e., we hypothesize that the mean value of
population 1 and the mean value of population 2 are the same. If Hy is

true, any observed difference in means is attributed to errors in random
sampling.

2. Declare an alternate hypothesis, Hy. For the example under consideration,
it could be Hq: ni-p # O [Note: this is what we really want to test.]

3. Determine or specity a test statistic, T. In the example under consideration, T
will be based on the difference of observed means, X;- Xo.

4. Use the known (or assumed) distribution of the test statistic, T.

5. Define a rejection region (the critical region, R) for the test statistic based on
a pre-assigned significance level o.

6. Use observed data to determine whether the computed value of the test
statistic is within or outside the critical region. If the test statistic is within the
critical region, then we say that the quantity we are testing is significant at
the 1000 percent level.
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Notes:
1. For the example under consideration, the alternate hypothesis Hy: pq-uy # 0

produces what is called a two-tailed test. If the alternate hypothesis is Hq: py-uy
> 0 or Hq: py-uy < 0, then we have a one-tailed test.

2. The probability of rejecting the null hypothesis is equal to the level of
significance, i.e., Pr[TeR|Hp]=0.. The notation Pr[A|B] represents the
conditional probability of event A given that event B occurs.

Errors in hypothesis testing

In hypothesis testing we use the terms errors of Type | and Type Il to define the
cases in which a true hypothesis is rejected or a false hypothesis is accepted
(not rejected), respectively. Let T = value of fest statistic, R = rejection region, A
= acceptance region, thus, RNA = &, and RUA = Q, where Q = the parameter
space for T, and & = the empty set. The probabilities of making an error of
Type | or of Type Il are as follows:

Rejecting a true hypothesis, Pr(Type | error] = Pr[TeR|Hg] = o
Not rejecting a false hypothesis, Pr[Type Il error] = Pr[Te A|H;] = B

Now, let's consider the cases in which we make the correct decision:
Not rejecting a true hypothesis, Pr[Not(Type | error)] = Pr[TeA|Hg]l =1 - o
Rejecting a false hypothesis,  Pr[Not(Type Il error)] = Pr [TeR|H;]1=1-B

The complement of B is called the power of the test of the null hypothesis H vs.
the alternative Hy. The power of a test is used, for example, to determine a
minimum sample size to restrict errors.

Selecting values of o and 8

A typical value of the level of significance (or probability of Type | error) is o =
0.05, (i.e., incorrect rejection once in 20 times on the average). If the
consequences of a Type | error are more serious, choose smaller values of o,
say 0.01 or even 0.001.
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The value of B, i.e., the probability of making an error of Type Il, depends on o,
the sample size n, and on the true value of the parameter tested. Thus, the
value of B is determined affer the hypothesis testing is performed. It is
customary to draw graphs showing B, or the power of the test (1- ), as a
function of the true value of the parameter tested. These graphs are called
operating characteristic curves or power function curves, respectively.

Inferences concerning one mean

Two-sided hypothesis

The problem consists in testing the null hypothesis Hy: 1 = i, against the
alternative hypothesis, Hy: p= i, at a level of confidence (1-0)100%, or
significance level o, using a sample of size n with a mean x and a standard
deviation s. This test is referred to as a two-sided or two-tailed test. The
procedure for the test is as follows:

First, we calculate the appropriate statistic for the test (t, or z.) as follows:

+ Ifn < 30 and the standard deviation of the population, o, is known, use the
_F-4,
° o/n

If n > 30, and 6 is known, use z, as above. If 6 is not known, replace s for
X—H,

s/\/;

If n < 30, and & is unknown, use the tstatistic 7, =

z-statistic: z

Ginz, ie,use z =

X—HU,
s/\/;

,withv=n-1

degrees of freedom.
Then, calculate the P-value (a probability) associated with either z, or t, , and

compare it to o to decide whether or not to reject the null hypothesis. The P-
value for a two-sided test is defined as either

P-value = P(|z|>|z,]), or, Pvalue =P(|t|>|t,]).
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The criteria to use for hypothesis testing is:

Reject H,, if P-value < o
Do not reject H,, if P-value > o.

The P-value for a two-sided test can be calculated using the probability functions
in the calculator as follows:

If using z, P-value = 2-UTPN(O, 1, | z,|)
If using t, P-value = 2-UTPT(v, |1, )

Example 1 - Test the null hypothesis Hy: u = 22.5 ( = p,), against the
alternative hypothesis, Hy: n#22.5, at a level of confidence of 95% i.e., a. =

0.05, using a sample of size n = 25 with a mean x = 22.0 and a standard
deviation s = 3.5. We assume that we don't know the value of the population
standard deviation, therefore, we calculate a t statistic as follows:

_¥-p, _220-225 oo
s/Aln 3.5/425

The corresponding P-value, for n = 25 - 1 = 24 degrees of freedom is

tO

P-value = 2:.UTPT(24,-0.7142) = 2.0.7590 = 1.518,

since 1.518 > 0.05, i.e., P-value > o, we cannot reject the null hypothesis Hy:

=22.0.

One-sided hypothesis
The problem consists in testing the null hypothesis Hy: 1 = i, against the

alternative hypothesis, Hy: >y, or Hy: <y, at a level of confidence (1-
®)100%, or significance level o, using a sample of size n with a mean x and a
standard deviation s. This test is referred to as a one-sided or one-tailed fest.
The procedure for performing a one-side test starts as in the two-tailed test by
calculating the appropriate statistic for the test (t, or z,) as indicated above.
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Next, we use the P-value associated with either z,, or t, , and compare it to o to

decide whether or not to reject the null hypothesis. The P-value for a two-sided
test is defined as either

P-value = P(z > |z,|), or, Pvalue =P(t> |t,]).
The criteria to use for hypothesis testing is:

Reject H,, if P-value < o
Do not reject H,, if P-value > o.

Notice that the criteria are exactly the same as in the two-sided test. The main
difference is the way that the P-value is calculated. The P-value for a one-sided
test can be calculated using the probability functions in the calculator as
follows:

If using z, Pvalue = UTPN(O, 1,z,)
If using t, P-value = UTPT(v,1,)

Example 2 - Test the null hypothesis Hy: w = 22.0 ( = p,), against the
alternative hypothesis, Hq: 1 >22.5 at a level of confidence of 95% i.e., o =

0.05, using a sample of size n = 25 with a mean x = 22.0 and a standard
deviation s = 3.5. Again, we assume that we don't know the value of the
population standard deviation, therefore, the value of the t statistic is the same
as in the two-sided test case shown above, i.e., t,=-0.7142, and P-value, for v

= 25 -1 = 24 degrees of freedom is

P-value = UTPT(24, |-0.7142]|) = UTPT(24,0.7142) = 0.2409,

since 0.2409 > 0.05, i.e., P-value > 0, we cannot reject the null hypothesis H,:
u=220.

Inferences concerning two means
The null hypothesis to be tested is Hy: 11-1y = §, at a level of confidence (1-
a)100%, or significance level o, using two samples of sizes, n; and ny, mean

Page 18-39



values x7 and x5, and standard deviations s1 and sq. If the populations
standard deviations corresponding to the samples, 61 and 6 5, are known, or if
ni > 30 and ny > 30 (large samples), the test statistic to be used is

:()?1_)_52)_5
o 2 2
g L0

n n,

If nq < 30 or ny < 30 (at least one small sample), use the following test statistic:

‘= (¥, —Xx,)-0 \/nlnz(nl'i'nz_z)
\/(”1 —D)s? +(n, = 1)s; n+n,

V4

Two-sided hypothesis
If the alternative hypothesis is a two-sided hypothesis, i.e., Hy: w11y # 8, The P-

value for this test is calculated as

If using z, Pvalue = 2.UTPN(O, 1, |2, |)
If using t, P-value = 2-UTPT(v, |t,|)

with the degrees of freedom for the t-distribution given by v = nj + ny - 2. The
test criteria are

Reject H,, if P-value < o

Do not reject H,, if Pvalue > o.

One-sided hypothesis
If the alternative hypothesis is a two-sided hypothesis, i.e., Hq: puy-up < §, or,

H1: wyup < §,, the P-value for this test is calculated as:

If using z, P-value = UTPN(O, 1, |z,])
If using 1, P-value = UTPT(v, |1,])
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The criteria to use for hypothesis testing is:

Reject H, if P-value < o
Do not reject H,, if P-value > a.

Paired sample tests
When we deal with two samples of size n with paired data points, instead of
testing the null hypothesis, Hy: 111-up = 8, using the mean values and standard

deviations of the two samples, we need to treat the problem as a single sample
of the differences of the paired values. In other words, generate a new random
variable X = X;-X5, and test Hy: w = 8, where | represents the mean of the

population for X.  Therefore, you will need to obtain x and s for the sample of
values of x. The test should then proceed as a one-sample test using the
methods described earlier.

Inferences concerning one proportion
Suppose that we want to test the null hypothesis, Hp: p = pg, where p represents

the probability of obtaining a successful outcome in any given repetition of a
Bernoulli trial. To test the hypothesis, we perform n repetitions of the
experiment, and find that k successful outcomes are recorded. Thus, an
estimate of p is given by p’ = k/n.

The variance for the sample will be estimated as sp2 = p'(1-p')/n = k-(nk)/n3.

Assume that the Z score, Z = (p-pg)/sp, follows the standard normal distribution,
i.e., Z~N(O,1). The particular value of the statistic to test is zg = (p"-po)/sp.

Instead of using the P-value as a criterion to accept or not accept the hypothesis,
we will use the comparison between the critical value of z0 and the value of z
corresponding fo o or 0,/2.

Two-tailed test
If using a two-tailed test we will find the value of z ,/p, from

PF[Z> Zoc/?] = 1-d>(za/2) = OL/2, or d>(z (1/2) =1- OC/Q,
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where ®(z) is the cumulative distribution function (CDF) of the standard normal
distribution (see Chapter 17).

Reject the null hypothesis, Ho, if zg >z, /9, or it zg < - z4 /.

In other words, the rejection region is R = { |zg| > z,,/7 }, while the acceptance
region is A = {|zg| <zy/2 }.

One-tailed test
It using a one-tailed test we will find the value of S, from

PriZ> z,] = 1-®(zy) = o, or ®(z o) = 1- 0,

Reject the null hypothesis, Ho, if zg >z, and Hy: p>py, or if zg < -z, and Hy:
P<po-

Testing the difference between two proportions
Suppose that we want fo test the null hypothesis, Ho: p1-p2 = pg, where the p's

represents the probability of obtaining a successful outcome in any given
repetition of a Bernoulli trial for two populations 1 and 2. To test the
hypothesis, we perform ny repetitions of the experiment from population 1, and

find that ky successful outcomes are recorded. Also, we find k; successful
outcomes out of ny trials in sample 2. Thus, estimates of p; and p, are given,
respectively, by p1’ = ky/n1, and py’ = ko/ns.

The variances for the samples will be estimated, respectively, as

s12=p1'(1-p1)/n1 = ky-(nyky)/ne3, and 92 = py'(1-p9)/ng = ko (nok)/ng3.

And the variance of the difference of proportions is estimated from: SP2 =512+

522 .
Assume that the Z score, Z = (p1-p2po)/sp, follows the standard normall
distribution, i.e., Z ~ N(O,1). The particular value of the statistic to fest is zg =

(P1"-P2"P0)/Sp-
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Two-tailed test
If using a two-tailed test we will find the value of z /p, from

Pr[Z> Z(x/?] = ]-(D(Z(X/Q) = 0(/2, or q)(Z 06/2) =1- OL/Q,

where ®(z) is the cumulative distribution function (CDF) of the standard normall
distribution.

Reject the null hypothesis, Ho, if zg >z /9, or it zg < -z /9.

In other words, the rejection region is R = { |zg| > z,/2 }, while the acceptance
region is A = {|zg| < zq/2 }.

One-ailed test
If using a one-tailed test we will find the value of z,, from

PriZ> z,] = 1-®(zy) = o, or ®(z o) = 1- 0,

Reject the null hypothesis, H, if zg >z, and Hy: py-p2 > po, or if zg < - 24, and
H1: p1-p2 <po-

Hypothesis testing using pre-programmed features

The calculator provides with hypothesis testing procedures under application 5.
Hypoth. fests.. can be accessed by using () _SHT (& (2

As with the calculation of confidence intervals, discussed earlier, this program
offers the following 6 options:

Hypothgris ferts

1.

2.2-Test: -
F.2-Tast: 1 F..
Y.2-Test: Fi-Fa..
5
&

T-Tast:
LT-Test:

These options are interpreted as in the confidence interval applications:
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1. ZTest: 1 w.: Single sample hypothesis testing for the population mean, y,
with known population variance, or for large samples with unknown
population variance.

2. ZTest: ul-p2.: Hypothesis testing for the difference of the population
means, Wi- Wy, with either known population variances, or for large
samples with unknown population variances.

3. ZTest: 1 p.: Single sample hypothesis testing for the proportion, p, for
large samples with unknown population variance.

4. ZTest: pl— p2.: Hypothesis testing for the difference of two proportions, p1-
po, for large samples with unknown population variances.

5. TTest: 1 n.: Single sample hypothesis testing for the population mean, u,
for small samples with unknown population variance.

6. TTest: ul-u2.: Hypothesis testing for the difference of the population
means, W1- Uy, for small samples with unknown population variances.

Try the following exercises:

Example 1 - For pg = 150, 6 = 10, x = 158, n = 50, for o = 0.05, test the
hypothesis Hp: 1 = 1o, against the alternative hypothesis, Hy: W # pg.

Press () _STAT (& (a

calculator.  Press

o access the hypothesis testing feature in the

| to select option 1. ZTest: 1 .

Enter the following data and pres

s e=TEST: 1 "q ENOHN o

SidAniFicance Lgn

gl
EODIT]  JHELE]  [CANCL] o |

You are then asked to select the alternative hypothesis. Select u #150, and
The result is:

press &
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EEEE R OCt pe1G0. gt 5.7 LVL EEEE
Test 2=5, 656854
Frob=1, 541 726E-2
Critical 2=41.959954
Critical 2={14V,2,152.8%

[ | [HELF JGRAFH[CANCL] @K |
Then, we reject Hp: 1 = 150, against Hy: w # 150. The test z value is zg =
5.656854. The Pvalue is 1.54x10°8. The critical values of *z,/9 =
+1.959964, corresponding to critical x range of {147.2 152.8}.

This information can be observed graphically by pressing the soft-menu key

+ﬂ Fit
4 i
-1.559%64 +Crit, 2+ 1.35356Y4
Tast 2=5.65625Y
5=152,
147.3322 +0rit, R 453.7742
| 150, 1

[ | [HELF|TERT[CANCL] o |

Example 2 - For pg = 150, x =158, s =10, n = 50, for a. = 0.05, test the
hypothesis Hp: 1 = 1o, against the alternative hypothesis, Hq: w > pg. The
population standard deviation, o, is not known.

Press STAT (&N (&Y
calculator.  Press (@ Q)

Enter the following data and press

to access the hypothesis testing feature in the
o select option 5. T-Test: 1 .

T-TEST: 1w, UNKNOHN oS85
A, 28,

Mull hypothesiz population Hean

EODIT]  JHELE]  [CANCL] o |

The result is:

Select the alternative hypothesis, Hy: u > 150, and press
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S Reject wE1G0. Ot 5. LVL EEEE
Test T=5, 656854
Frob= , BEHOEEID2525
Critical T=1, 676551
Critical 5=152, 271

| | [HELF JGRAFH[CANCL] oF |

We reject the null hypothesis, Hp: 1 = 150, against the alternative hypothesis,
Hq: w> 150. The test t value is tg = 5.656854, with a Pvalue =
0.000000393525. The critical value of tis t, = 1.676551, corresponding to a

critical x = 152.371.

to see the results graphically as follows:

F+
0 1
Crit. T+ 1.6PEE5L

Test T=5.GGEZ5Y
=163,

Crit. F+ 153,371
150. I q

| | [HELF | TERT[CARCL] @R |

Example 3 - Data from two samples show that x; = 158, x3 = 160, s7 = 10,
sp=4.5, n1 =50, and ny =55. For oo = 0.05, and a “pooled” variance, test
the hypothesis Hp: -1, = 0, against the alternative hypothesis, Hq: -, < 0.

Press STAT (& (&
calculator.  Press ¢\
following data and press

Select the alternative hypothesis p1< u2, and press

=TEZT: 2 M, IJI'IHI'II:IEI g

H =a: .

1: 1A, 24,5

ni: 5@, n2: 55,
L v Fooled?

ZaHpLle H@an For population 1

EODIT]  [HELR]  [cAncL] oK |

to access the hypothesis testing feature in the
o select option 6. T-Test: u1-u2.: Enter the

The result is
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s gocept pi=pd at GUF LWL EEEEE
Test T=—1.34177R

Frob= . AF1 20951
Critical T=—1. 859752

| [ [HELF |GRAFH[CANCL] oK |

Thus, we accept (more accurately, we do not reject) the hypothesis: Hp: -, =
0, or Hp: 1=y, against the alternative hypothesis Hi: p—1, <0, or Hy: py=p,.
The test t value is ty = -1.341776, with a Pvalue = 0.09130961, and critical t is
—t,, =-1.659782. The graphical results are:

++
u T

-1 658782 + Crit. T
Test T=-1.24177%

ax=-g3,
=2.474002 +Crit, ox
1 Y Y
| 1  [HELF[TERT JCARCL] ok |

These three examples should be enough to understand the operation of the
hypothesis testing pre-programmed feature in the calculator.

Inferences concerning one variance
The null hypothesis to be tested is , Hy: 62 = 6,2, at a level of confidence (1-

)100%, or significance level o, using a sample of size n, and variance s2. The
test statistic to be used is a chi-squared test statistic defined as

, _(n—=1s?

o O_é
Depending on the alternative hypothesis chosen, the P-value is calculated as
follows:

- Hpo?2<o.? Pvalue = P(x2<y,2) = T-UTPC(v,x02)
Hy: 02> 6,2 Pvalue = P(x2>%,2) = UTPC(v,%02)
Hy: 62 #6,2 P-value =2-min[P(x2<x.2), P(x%>%02)] =

2:min[1-UTPC(v,%02), UTPC(v,x02)]
where the function min[x,y] produces the minimum value of x or y (similarly,
max[x,y] produces the maximum value of x or y). UTPC(v,x) represents the
calculator’s upper-ail probabilities for v =n - 1 degrees of freedom.
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The test criteria are the same as in hypothesis testing of means, namely,
Reject H,, if P-value < o

Do not reject H,, if Pvalue > o.

Please notice that this procedure is valid only if the population from which the
sample was taken is a Normal population.

Example 1 - Consider the case in which 602 =25, 0=0.05, n = 25, and s2 =
20, and the sample was drawn from a normal population. To test the

2 2 we first calculate

2:(n—l)s2 _(25-1-20

o 2
o 0

Withv =n-1=25-1 =24 degrees of freedom, we calculate the P-value as,

hypothesis, Hy: 62 = 6,2 against H: 62 < o,

=192

Pvalue = P(x2<19.2) = 1-UTPC(24,19.2) = 0.2587....

Since, 0.2587... > 0.05, i.e., Pvalue > o, we cannot reject the null hypothesis,
Ho: 62 =25(= 6,2).

Inferences concerning two variances
The null hypothesis to be tested is , Hy: 6,2 = 652 at a level of confidence (1-
0)100%, or significance level o, using two samples of sizes, ny and ny, and

variances s12 and s,2. The fest statistic to be used is an F test statistic defined
as

where s\? and sp? represent the numerator and denominator of the F statistic,
respectively. Selection of the numerator and denominator depends on the
alternative hypothesis being tested, as shown below. The corresponding F
distribution has degrees of freedom, vy = n-1, and vp = np-1, where ny and
np, are the sample sizes corresponding to the variances sy 2 and sp?,
respectively.
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The following table shows how to select the numerator and denominator for F
depending on the alternative hypothesis chosen:

Alternative Test Degrees

hypothesis statistic of freedom

Hq: 6,2 < 652 (one-sided) Fo = s92/512 VN =nol, vp = ny-1
Hq: 6,2 > 652 (one-sided) Fo = s12/s92 VN =n1-1, vp = nyl
Hq: 6,2#052 (two-sided) Fo = sp2/sm2 VN = - 1,vp = npy ]

2

sm2=max(s12,s5?), sp2=min(s;2s5?)

(*) np is the value of n corresponding to the sy, and n, is the value of n
corresponding fo s,

The P-value is calculated, in all cases, as: P-value = P(F>F,) = UTPF(vy, vp,Fo)

The test criteria are:
Reject H,, if P-value < o

Do not reject H,, if P-value > o.

Example1 - Consider two samples drawn from normal populations such that n;
=21,ny=31,52=0.36, and sy2 = 0.25. We fest the null hypothesis, H,:

6,2 = 652 at a significance level o = 0.05, against the alternative hypothesis,
Hq: 6,2 % 692 For a two-sided hypothesis, we need to identify sy, and sy, as
follows:
s 2_ 2.2y _ _ — .2
M =max(sq%,s97) = max(0.36,0.25) = 0.36 = s;
s 2=min(s12552) = min (0.36,0.25) = 0.25 = 5,2
Also,
np=ny = 2],
Np =ny =31,

v =y - 1= 21-1=20,
vp=ny-1 = 31-1 =30.
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Therefore, the F test statistics is F, = st/sm2:0.36/O.25:1 44

The P-value is P-value = P(F>F,) = P(F>1.44) = UTPF(vy, vp,Fo) =
UTPF(20,30,1.44) = 0.1788...

Since 0.1788... > 0.05, i.e., P-value > o, therefore, we cannot reject the null

hypothesis that Hy: 6,2 = 6,2,

Additional notes on linear regression

In this section we elaborate the ideas of linear regression presented earlier in
the chapter and present a procedure for hypothesis testing of regression
parameters.

The method of least squares

Let x = independent, non-random variable, and Y = dependent, random
variable. The regression curve of Y on x is defined as the relationship between
x and the mean of the corresponding distribution of the Y’s.

Assume that the regression curve of Y on x is linear, i.e., mean distribution of
Y’'s is given by A + Bx. Y differs from the mean (A + B-x) by a value &, thus
Y = A + B-x + ¢, where ¢ is a random variable.

To visually check whether the data follows a linear trend, draw a scattergram or
scatter plot.

Suppose that we have n paired observations (x;, y;); we predict y by means of

"y = a + b-x, where a and b are constant.

Define the prediction error as, €; = y; - “y; = y; - (a + b-x;).

The method of least squares requires us to choose a, b so as to minimize the
sum of squared errors (SSE)

SSE=3e? =3[y, —(a+bx,)T
i1

i=1
the conditions

J J
——(SSE)=0  —(SSE)=0
2 556 2 55
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We get the, so-called, normal equations:

Zn:yi =a-n+b-Zn:xi
i=l i=1

n n n

= . . 2
2N yi=a Y +b ) x;
i=l i=1 i=1

This is a system of linear equations with a and b as the unknowns, which can
be solved using the linear equation features of the calculator. There is,
however, no need to bother with these calculations because you can use the 3.
Fit Data ... option in the (®) ST menu as presented earlier.

Notes:
« a,b are unbiased estimators of A, B.

The Gauss-Markov theorem of probability indicates that among all

unbiased estimators for A and B, the least-square estimators (a,b) are the
most efficient.

Additional equations for linear regression

The summary statistics such as Zx, ¥x2, etc., can be used to define the following
quantities:

S, =Zn:(xi ~X)' =(n-1)-s; =Zn:xf2 _l(ixij
i=1 i=1 NS
S, =3 =7 =(n=Dsi =3 —%Zyj
S, = i(xi -xX)(y; -y’ = (n=1)-s, = ixiyi _%[ixij(iyij
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From which it follows that the standard deviations of x and y, and the
covariance of x,y are given, respectively, by

s = Sxx s = Syy 5 = Syx
SoVn-1 7 Nn-l g Y n-l
. S S,
Also, the sample correlation coefficient is ry = v
S.Xx : SW
In terms of X, Y, Sy Sy and S, the solution to the normal equations is:
b — Sxy — Sxy
- = 2
a = y - bx XX SX

Prediction error

The regression curve of Y on x is defined as Y = A + B:x + &. If we have a set
of n data points (x;, y;), then we can write Y;=A +B-x;+¢, (i=1,2,...,n),
where Y; = independent, normally distributed random variables with mean (A +

B-x;) and the common variance 6% ¢; = independent, normally distributed

random variables with mean zero and the common variance 2.

let y; = actual data value, “y; = a + b-x; = least-square prediction of the data.

Then, the prediction error is: e, = yi - "y; = y; - (a + b-x;).

An estimate of 62 is the, so-called, standard error of the estimate,

4 S, —(S,)*/S —
sez:ﬁz{yi—(wbx,-)]% 2] B 1'Sﬁ’(l—rfy)
T4 =l

n—2 n—2

Confidence intervals and hypothesis testing in linear regression
Here are some concepts and equations related to statistical inference for linear
regression:
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Confidence limits for regression coefficients:

For the slope (B): b = (t 126/2)5e/VSxx < B < b +(t n2.6/2)5e/VSxw
For the intercept (A):

A~ [t nga/2)sel1/nt X%/S,6012 < A< a+(tnga/2)sel(1/n)+ X%/
S.]1/2 where t follows the Student's t distribution with v = n — 2, degrees
of freedom, and n represents the number of points in the sample.

Hypothesis testing on the slope, B:
Null hypothesis, Hp: B = B, tested against the alternative hypothesis, Hy:
B # Bg. The fest statistic is tg = (b -Bg)/(se/VS4y), where t follows the

Stud